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Preface 
to the Fifth Russjan Edition 


The title of this book gives the clue to our main aim, which is to 
initiate the reader into the realm of differential and integral calculus 
and, by applying these methods to the more important divisions of 
physics, to demonstrate the significance and power of higher mathe- 
matics. 

The concepts of a derivative and an integral are not so much more 
involved than the notions of an “unknown quantity” or the “similarity 
of triangles” that come from the school syllabus of mathematics. 
The aim to make the concept of the derivative and the integral part 
and parcel of the education of every single person, no matter what his 
field of interest, is long since overdue. 

The new concepts are introduced in the second chapter as simply 
and naturally as possible. Then follows a chapter devoted to the com- 
putational techniques used in higher mathematics. The fourth chap- 
ter and chapters five to eight deal with the application of these tech- 
niques to geometry, to processes of nuclear transformations, mecha- 
nics, molecular physics, and electricity. The reader who has already 
forgotten some of his school material will find Chapter 1 on functions 
and graphs of particular value. The last chapter goes far beyond the 
scope of any elementary course and is added to give the reader a fee- 
ling of what lies ahead. Finally, we conclude with a rough outline 
of the more complicated problems of mathematical physics. 

Many years have passed since the first edition of this book came out 
in Russian (1960) and was followed by a flush of carping criticism of 
the author’s supposed lack of mathematical rigour (some even 
went so far as to accuse him of corrupting the youth with a hazy, 
light-minded approach to a serious subject). 

Actually, the matter boils down to two different approaches to the 
teaching process. 

In many textbooks, the exposition is reminiscent of a dispute car- 
ried on between two scientists. The student is pictured as an opponent 
seeking all manner of objections. The instructor puts forth a conse- 
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cutive and rigorously logical analysis of all objections and proves 
irrevocably the correctness of his propositions. 

In this book, the student is regarded as a friend and ally who puts 
his faith in the teacher and the textbook and wishes ardently to make 
use of and apply to nature and technology the mathematical techni- 
ques offered to him. Comprehension of the subject expands as the 
result of analyzing examples and applications. In the strictly logical 
approach, the question of the significance and usefulness of the theo- 
rems studied remains in the background. In the present text, by con- 
trast, we bring to the fore the mathematical ideas and their relation- 
ship with the study of nature. 

Could it be that this insufficient attention to rigorous proofs stems 
from a kind of consumers’ approach to mathematics on the part of 
the author who is a physicist? I personally do not believe so. Mathe- 
matics advances with the aid ofintuition andin terms of general ideas, 
or to put it more simply still— with the help of inspiration, not mere- 
ly cold logicality. It is only later on that the work is invested with 
formulas and chains of rigorous proof. Textbooks often keep hidden 
the fundamental ideas that inspired the creators of mathematical 
ideas. 

The aged patriarch of modern mathematics, Richard Courant, 
wrote in 1964 (Scientific American, September 1964, p. 43) that for 
a very long time mathematicians accepted Euclid’s geometry as the 
model of a rigorous axiomatic deduction. Courant then adds: “But 
emphasis on this aspect of mathematics is totally misleading if it 
suggests that construction, imaginative induction and combination 
and the elusive mental process called intuition play a secondary role 
in productive mathematical activity or genuine understanding. In 
mathematical education, it is true, the deductive method starting 
from seemingly dogmatic axioms provides a shortcut for covering 
a large territory. But the constructive Socratic method that proceeds 
from the particular to the general and eschews dogmatic compulsion 
leads the way more surely to independent productive thinking.” 

Courant places imagination and intuition ahead of all other things! 

The notorious pitting of poets against physicists (mathematicians 
too) is a figment of the imagination of the poet B. Slutsky. In mathe- 
matics there is more poetry than any poet ever imagined. The history 
of science is proof that good mathematics is prophetic: mathematical 
analysis of the known opens up the path into the realm of the unknown 
and leads to new physical notions. 

In “Higher Mathematics for Beginners” I strove towards a const- 
ructive approach, to the eliciting of the meaning and aims of mathe- 
matical concepts and attempted, at least in part, to convey the 
spirit of the heroic period when these notions were born. 

Since the first edition of 1960, this text has gone through several 
Russian editions and has been translated into a number of languages 
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(Bulgarian, Japanese, French). This fifth edition has been carefully 
reworked from the pedagogical point pf view. I believe that in its 
present form, the text will be useful to students and to teachers of 
mathematics, and also to instructors in physics in the senior forms 
of secondary school and the first year of college. 

The last two chapters (Dirac’s Remarkable Delta Function and 
What Next) are entirely different from the remainder of the book. 
The style too is quite changed. The aim there is to give the reader a 
feeling (of necessity, very superficial) of what complicated things 
lie ahead. | 

In the preparation of this book I have been helped by very many 
people, and to all of them I am deeply indebted. 


Moscow 1973 
Academician Ya. B. Zeldovich 


Chapter 1 


Func tions 
and 
Graphs 


1.1 THE FUNCTIONAL RELATIONSHIP 


Nature, technology and mathematics abound in functional rela- 
tionships. A functional relationship between one quantity (y) and 
another (x) signifies that to every value of z there corresponds a de- 
finite value of y. 

The quantity x in this case is called the independent variable; 
y is the function of this variable. We also sometimes say that z is 
the argument of the function. 

Here are a few examples taken from geometry and physics. 

..’ (1) The volume of a sphere V is a function of its radius r, 
y=-4 


N 
ae 
J 


~ (2) The volume V of a cone with a given altitude k is a function of 
the radius of the base r: 


= 1 2 
V=- nr’h 


(3) The distance z traversed by a freely falling body depends on the 
time ¢ that elapses from the beginning of fall: 


_ gt? 


eee) 


~(4) The current i, by Ohm’s law, depends on the resistance R of 
the conductor for a given potential difference u: 


u 


i=z (1.1-1) 


The list could be extended without end. 

It is characteristic that in most cases in nature and technology the 
quantity of interest (the function) depends on several other quanti- 
ties. Thus, in the last example, the current depends on two quanti- 
ties: the potential difference u and the resistance R. The volume of 
a cone is a function of its altitude h and of the radius r of the base. 
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Assuming all quantities, except one, to be given and constant, we 
study the dependence of the function upon a single variable. In this 
book, we will confine ourselves mainly to functions of one variable. 

For example, taking a given storage battery with a definite poten- 
tial difference u, we will vary the resistance R of the conductor and 
measure the current i. In this experiment, the current depends only 
on the resistance, the quantity u in formula (1.1-1) being regarded 
as a constant coefficient. 

In mathematics, functional relationships are ordinarily defined 
by formulas, for example, 


y = 2x + 3, y = 2? + 5, y = 3 — r — r (1.1-2) 


z—i 


y=] 


In these formulas it is evident that we have to do with functions of 
one variable. The formula enables us to compute the values of the 
function for each given value of the independent variable. 

Knowing the formula that states the dependence of y on z, it is 
easy to form a table of values of y for several arbitrarily given values 
of x. 

By way of an illustration, we will set up a table for the third func- 
tion in (1.1-2) (see Table 1). The upper row contains the values of x 
that we choose, the lower row, under each value of zx, contains the 
appropriate value of y. 


Table 1 
x |-| -|-| oaf] 
y = 313 — z? — T | a7 964 =3 0 4 18 69 


Using this formula it is possible to make a more detailed table 
specifying, say, the values z = 0, 0.1, 0.2, ... . Thus, the formula 
is stronger, as it were, than any table. The formula not only contains 
the information necessary to compile the given table, but also enables 
one to find the values of the function for values of the independent 
variable not contained in the table. On the other hand, the table is 
convenient in that it immediately gives the value of y for any given 
value of x, provided that the needed z is given in the table since com- 
putations via the formula were already carried out in the compilation 
of the table. 

When the law of a phenomenon of nature or of engineering practice 
has been found, it is expressed by a formula. However, it does happen 
that the theory of the phenomenon is lacking and the physicist (or 
chemist, biologist, engineer) is only able to supply experimentally 
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obtained facts—the dependence of the quantity of interest upon the 
quantity that was given in the experiment. This is what happens, say, 
in studies of the relationship between the resistance of a conductor 
and the temperature of the conductor. Here the functional relation- 
ship can only be given in the form of a table containing the experi- 
mental data. 

Experiments show that for a given conductor (of a given material, 
a given cross-seclion and a given length) the electric resistance depends 
on the temperature of the conductor. For each value of the tempe- 
rature 7, the conductor has a definite resistance R so that we can speak 
about a relationship in which the resistance R is a function of the 
temperature T. 

Carrying out measurements, we can find the values of R for various 
T and thus find the dependence (relationship, function) R (T). Here, 
the results of the experiments are given in Table 2, which gives the 
values of R for distinct values of T. 


À Table 2 
T (degrees Celsius) | 0° | 20° 50° | 75° | 100° 
R (ohms) 112.0 118.4 124.6 | 130.3 135.2 


If we are interested in the values of R for other temperatures which 
do not appear:in the table, then additional measurements are required 
because there is no exact formula defining the function R (T). Prac- 
tically speaking, we could offer an approximate formula which is in 
good agreement with experiment at the temperatures for which 
the measurements were made. Let us take the formula 


R = 112.0 + 0.272T — 0.0004T? 
and compile Table 3. 


Table 3 


R (by formula) 124.6 


112.0 | 118.55 


The formula yields values of R that are very close to the experi- 
mental values for those temperatures at which the measurements 
were made, and so one is justified in assuming that for the intermediate 
temperatures (say for 10° or 80° or 90°) the formula will likewise 
give a correct description of the functional relationship R (T). Howe- 
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ver, if we apply the formula outside the range of the investigated 
interval (say for —200° C or +500° C) this may lead to errors since 
there are no grounds to expect that R (T) will be expressed as a qua- 
dratic trinomial. 

Formulas obtained not from theory but experimentally are called 
empirical formulas. 


1.2 COORDINATES 


Coordinates are used as a pictorial way of representing functional 
relationships by means of drawings (graphs). Draw two perpendicu- 
lar straight lines in a plane. Call the horizontal line the z-axis (also 
known as the axis of abscissas), the vertical line the y-axis (also known 
as the axis of ordinates). The point of intersection of the lines is cal- 
led the origin (of coordinates) (point O in Fig. 1). It is customary to 


ML =2,Y=4 
jes Y=#) 


8 


Fig. 4 Fig. 2 


picture the plane with the z- and y-axes not flat on a table, but ver- 
tically in front of the reader. The arrow of the z-axis is from left 
to right, the arrow of the y-axis is upwards. 

A definite pair of values of z and y, say xz = 2, y = 4, is represen- 
ted on a graph by a single point (point A). The position of the point 
is determined by two conditions: the perpendicular AB dropped from 
A on the z-axis cuts off on the axis a line segment OB equal to two 
units of length; the segment OB from the origin O to the foot B of 
the perpendicular is taken to be positive and corresponds to a posi- 
tive value of x when the point B lies to the right of the point O. 

The perpendicular AC dropped from point A on the y-axis cuts off 
on that axis a line segment OC whose length is equal to 4 units. On 
the y-axis, the positive values of y correspond to the foot C of the 
perpendicular lying above the origin of coordinates O. It is customary 
to indicate the positive direction of an axis by an arrow and to place 
the letter-label (legend) of that axis next to the arrowhead. Pictu- 
ring the plane as being vertical, we say that “the greater y is, the 


~ 
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higher the point”. Points corresponding to negative values of y lie 
below those corresponding to positive values. For practical work it 
is convenient to use squared paper (it usually has a grid of milli- 
metre squares) to locate points and plot curves. 

An important piece of practical advice: get into the habit of loca- 
ting any point A (corresponding to specified values of z and y) with- 
out drawing the dashed lines (perpendiculars) AB and AC: this 
should be done mentally so as not to clutter up the drawing with 
extra lines and designations. 

Negative values of z are laid off to the left of O, negative values of y 
are laid off downwards from O. Fig. 2 shows a few examples of points 


Fig. 3 Fig. 4 


for which z and y have different signs. The reader should check to see 
if he agrees with how the points have been indicated. This will test 
his understanding of the foregoing. 

The points given in Fig. 2 are 


A: x=2, y =4; D: z = —2, y = 3; 
E: x = 3, y = —2; F: z= —1, y = —1 


ys 
The coordinates of points are sometimes given briefly in parentheses 
after the name of the point, the first number being the value of\z 
(the abscissa of the point) and the second, the value of y (the see 
of the point). These designations for the four points A, D, E, F are 
given in Fig. 2. 

The coordinate axes divide the plane of the drawing into four 
parts, or quadrants, which are numbered as in Fig. 3. In each quad- 
rant, z and y have definite signs. In the first quadrant, z and y are 
positive, z > 0, y > 0; in the second quadrant, z < 0, y > 0, orz 
is negative and y is positive; in the third quadrant, z < 0, y < 0, 
or x and y are negative; and in the fourth quadrant z > 0, y < 0, 
or z is positive and y is negative. The signs of the four quadrants are 
shown in Fig. 3. Compare them with the signs of the coordinates of 
the points A, D, E, F in Fig. 2. 

If (see Fig. 4) for point G it is given that z = 0, then the point lies 
on the y-axis. The perpendicular from G to the z-axis then coincides 
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with the y-axis. This means that the foot of the perpendicular coinci- 

des with the origin O so that the distance from the foot of the perpen- 

dicular to the origin is zero and we can say that the abscissa of point G 

lying on the y-axis is zero. If for point F it is given that y = 0, then 

this point lies on the z-axis, and the perpendicular drawn from F 

to the y-axis coincides with the z-axis. Its foot is the origin O. 
Several such points are shown plotted in Fig. 4: 


G(x =0,y=3), F(«=2, y=d)), 
H (x = 0, y = —1), K (z = —3, y= 0) 


Finally, the point with z = 0 and y = Q is nothing but the origin 
itself, O. 

Our advice has been not to plot the feet of perpendiculars like in 
Figs. 1 and 2. 

In Fig. 1 we wanted to plot point A (x = 2, y = 4). The points B 
and C merely served as auxiliary points that were used to construct A. 
They proved useful as a first step 
in learning about the coordinate 
system. They are no longer needed 
and we should plot only one point, 
A. If B and C are also plotted, we 
might get the idea that they too 
are needed for some purpose and 
that we had to construct three points: 


A (2, 4), B (2, 0) and C (0, 4) 


Y 


The reader should take the time 
to drill himself in plotting points 
with positive, negative and zero 

Fig. 5 values of z and y. He should also 

be able, at least in approximate 

fashion, to state the values of z and y and their appropriate 
signs for any points marked in a coordinate system. 


Exercise 


1. State the coordinates of the points from A to O (Fig. 5). 


1.3 GEOMETRIC QUANTITIES EXPRESSED IN TERMS OF 
COORDINATES 


The specification of two numbers—the values of z and y, say— 
determines the position of a point in a plane. Therefore all geometric 
quantities referring to this point can be expressed by the coordinates 


of the point. 
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Let us find the distance r from the origin to point A with coordi- 
nates z and y, that is the length\of the line segment r of the straight 
line OA joining the origin O to the point A (Fig. 6) and also the angle 


Fig. 6 Fig. 7 Fig. 8 


a (the letter “alpha” of the Greek alphabet, which is given in the Ap- 
pendix, page 474) between the line OA and the axis of abscissas. 

We draw auxiliary lines AB and AC. The length of OB is equal 
to z, that of AB is equal to OC, or y. From the right triangle OAB, 
by the Pythagorean theorem, we have 


(OA)? = r? = (OB)? + (AB)? = 2? + y’, 
r= +V + y 
and, by the definition of the tangent, we finally get 


= AB sy 
tan a= J5 ~r 


Thus, for example, let x = 2, y = 3 (Fig. 6). Then r = V 13 ~ 3.6, 


œ = arctan La zæ 56° 


2 
Note that the angle a is always reckoned from the positive direction 
of the z-axis; therefore, if y = 2 and z = —2 (Fig. 7), then the angle 
a is obtuse, tan a = 2 = —1, a = 135°, 


When a point lies below the z-axis, it is customary to reckon the 
angle a downwards from the axis, taking a negative. In Fig. 8 we 
have two instances: point A (x = 2, y = —2) for which a = —45° 
and point B (x = —3, y = —3) for which the angle a = —135°. 
Thus, for any point the angle a lies within the range from —180° to 
+180°. 

It is easy to solve the inverse problem: suppose we are given point 
A at a given distance r from the origin O and the line segment OA 
forming an angle a with the z-axis (the positive direction of the z<- 
axis is assumed as usual). It is required to find the coordinates of the 
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point A. Looking at Fig. 6 we see that 
x=rcosa 
y=rsina 


These formulas are valid, without exception, for arbitrary positive 
and negative angles œ and yield the proper signs of z and y in any 
quadrant. 

Let us now examine problems involving two points A, and Ag. 
We denote the coordinates of the first point by z4, y4, the coordinates 
of the second point by z, ya (Fig. 9). Find the distance ri between 
these points and the angle a,, between line segment A,A, and the 
x-axis.* 

It is convenient to draw through A, a straight line parallel to the 
x-axis and through A, a line parallel to the y-axis. In Fig. 9 they are 


Az (3,3) 


Fig. 9 Fig. 10 


shown as dashed lines and their point of intersection is B. In the 
triangle A,A,B the line segment A,B is equal to z, — x, and the 
segment A,B is equal to y — yı. The construction of the triangle 
AÁB is similar to the construction given in Fig. 6. 

By the Pythagorean theorem, 


riz = V (@— 21)? + (Y2— y) 


The-angle a,, is found from the condition 


Yo— y1 

a tan 4. = ET (1.3-1) 

* The subscripts on the letters are known as indices and are not to be confu- 
sed with exponents (which are superscripts). They are read: z,, z sub one, Ao, A 
sub two. The same letter with different indices (yo, Y1, Y2, Ya, Yp) is used in place 
of a variety of letters to emphasize that we are dealing with similar (yet diffe- 
ent) quantities. For instance, z; and z, are quantities on the z-axis (both are 
abscissas), but they refer to distinct points. Now quantities denoted by diffe- 
rent letters but the same index refer to one and the same point: A, denotes 
a certain point, z, denotes the abscissa of that point, y, denotes the ordinate 
of that same point. We sometimes use double-index notation: r2 (which is 
read: “r sub one two” and not “r sub twelve”) is the distance between the first 
point (A,) and the second (42). 
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The reader should assure himself that the formulas hold true for arbi- 
trary signs of all four quantities z4, y,, Z2, Ya and for any relations: 
Ty > Tz OF T4 < Ta, Yr > Yq OF Yi < Yo. 

For example, in Fig. 10 we have the case z; < 0, x, > 0, the coor- 
dinates are A, (x, = —2, yı = 1), A, (tz, = 3, Yy = 3). Here the 
length of A,B is equal to the sum of the absolute values* |z,| = 2, 
|z| = 3. But this is strictly in accord with the general formula 


A,B = z, = z, = 3 — (2) =3 + 2 =5 


Consequently, the expressions for r,, and tan a, are also correct. 

We now consider some problems referring to three points: A4, Ag, 
As. How can we determine, without construction, merely by compu- 
ting from the values of the coordinates of the points, whether these 


Fig. 14 Fig. 12 


three points are collinear, that is, lie on a single straight line? It is 
clear that when the angle a,, between A,A, and the z-axis is equal to 
the angle a4, of A,A, with the x-axis, then this means that the line 
segments A,A, and 4,4; are collinear. In Fig. 11 we have a case 
where O43 > G15, the point Ag, lies above the extension of A,Ag, 
hut the same figure shows us that if a 3 were equal to a,., then Ag 
would be on the straight line A,A, produced. 

From the expression of the tangent of an angle (1.3-1) it follows 
that for a. = Qı we have the following relationship between the 
coordinates of the points: 

Yo— Yt __-_—*Y3— 1 (1.3-2)~ 


To— 24 T3— 2X4 


* The vertical straight lines take the place of the words “absolute value”. 
Thus, for a positive quantity this sign does not change anything, |3| = 3, 
| 0.1] = 0.1. A negative quantity enclosed between vertical bars is equal to the 
wSitive quantity obtained by multiplying the given one by —1; thus, for 
nstance, | —3| = 3, | —0.4] = 0.4. The term “modulus” is a synonym of 
nbsolute value. We can say the modulus, or the absolute value, of —3 is | —3] 
nnd is equal to plus three. 
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Without using trigonometry, we can say that condition (1.3-2) 
is a condition of similarity of two right triangles 4,A4A,B and A,A;C. 
The similarity of the triangles indicates that the angles at the ver- 
tex A, are equal. 

The relation (1.3-2) is also applicable in the case where point A, 
lies between A, and 4, (Fig. 12). If the three points are collinear, 
then from the similarity of the triangles 4,A,B and A,A;C follows 
the proportion (1.3-2). In the example given in Fig. 12, tą — ti < 
< 0, ys — yı < 0, but their ratio is positive and equal to the ratio 
of two positive quantities z, — zı and y — 4. 


Exercises 


1. Plot the points (4, 4), (—1, 1), (—4, —1), (4, —1). 

2. Plot the points (1, 5), (5, 1), (—4, 5), (—5, 1), (—1, —5), (—5, —1), 
(4, —5), (5, —î). 

3. Plot the points (0, 4), (0, —4), (4, 0), (—4, 0). 

4. Find the angle a and the distance from the origin of the points (1, 1), 
(2, —2), (—3, —3), (—4, 4). 

5. Find the distances between the following pairs of points: A; (1, 1), 
a ee (1, 1), Az(—1, —1); As (2, 4), A2 (4, 2); As (—2, —4), 

2 (— > — áj. 

6. Determine whether the point triples lie on a straight line: A, (0, 0), 
Az E (4, 6); Ai (0, 0), A2 (2, 3), A3 (—2, —3); Ai (0, 0), A2 (2, 3), 
Aa (—2, 3): 

7. Write out the coordinates of the vertices of a square of side a if the diago- 
nals of the square coincide with the z- and y-axes. 

8. Write down the coordinates of the vertices of a regular hexagon with side 
a if one of the diagonals coincides with the z-axis, and the centre lies at the 
origin. 

9. (a) Write down the coordinates of the vertices of an equilateral triangle 
with side a, with base on the z-axis, and with the vertex of the subtended angle 
on the y-axis; (b) the same if the base lies on the z-axis and the vertex of one 
of the angles lies at the origin. 

10. Given a point A, with coordinates zı, y4. Write down the coordinates 
of point A2 symmetric to A; about the z-axis; the same for As; symmetric to A, 
about the y-axis;j the same for A, symmetric to A; with respect to the origin. 


1.4 GRAPHICAL REPRESENTATION OF FUNCTIONS. 
THE EQUATION OF THE STRAIGHT LINE 


In Sec. 1.2 it was shown that each pair of values z, y is associated 
with a definite point in the plane. 

If it is given that y is a definite function of z, then this means that 
to every value of x there corresponds a definite value of y. Therefore, 
if we are given a range of values of z we can find the various corres- 
ponding values of y, and these pairs of values will yield many points 
in the plane. If we increase the distinct values of z, by taking them 
closer and closer together, then finally the points will merge into a 
solid curve. This curve is called the graph of the function. Actually, 
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only a few points suffice to plot a graph, the intermediate points and 
the whole graph (curve) itself of the function being obtained by joi- 
ning the points with a smooth curve.°However, in order to avoid 
crude errors we must have a general picture of the form of curves re- 
presenting various functions. We begin with 
a few of the more typical and important func- 
tions. 

We consider the so-called linear relation- 
ship (linear function): 


y = kx + b 


Suppose, say, 
y=2r+1 


We construct a few points for which z and y 
are given in Table 4. Now plot these points on 
the graph in Fig. 13. It is immediately seen 
that these points are collinear (lie on one stra- 
ight line). In this case, we draw the straight 
line (whence the term “linear function”) and 
obtain the entire graph of the function; for any z, the corres- 
ponding point (z, y) lies on that straight line. 


Table 4 


Fig. 13 


How do we prove that, for any function of the form y = kz + b — 
for arbitrary k and b—all points of the graph lie on a single straight 
line? To do this, we will verify that the condition derived at the end 
of Sec. 1.3 remains valid for any triple of points of the graph. Indeed, 
consider two points A (z4, y,) and B (z, ya) whose coordinates 
satisfy the equation y = kx + b. Then 


Yo — Yı = kx, + b — (kzı + b) = k (z — zı) 
whence 
Y2— y1 zp 
T — T1 


This ratio proves to be independent of x; and z,. Hence, for any 
other pair of points of the graph, in particular for the points A (z, 
Yı) and C (£3, Y3), we also get 

¥3— V1 =k 
a gat T1 
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This means that for any three points of the graph, A (zı, yı); 
B (£, Y) and C (x3, ys) the relation 


Y2— y1 — #3 
Ta — T1 Tt3— Ti 


is valid, which means that any three points are collinear and, hence, 
all points of the graph of the function y = kx + b are collinear. 
Thus, the graph of the function y = kx + b is a straight line. 

The equation y = kz + b is called the equation of a straight line. 
The coefficient k defines the angle between the straight line and the 
x-axis. Substituting z = Q0 into the equation, we get y = b, which 
means that one of the points of the straight line is the point (0, b). 
This point lies on the y-axis at a distance b above the origin (if b < 0, 
then the point lies below the origin). Thus, b is the ordinate of the 
point of intersection of the straight line with the y-axis; |b| is the 
length of the line segment cut off by the straight line on the axis of 
ordinates (Fig. 13, b = 1).:It is called the y-intercept. 

To construct a straight line corresponding to a given equation, 
one need not compute the coordinates of a large number of points 
and plot them on the graph: it is clear that the construction of two 
points fully determines a straight line passing through these two 
points. 

For instance, we can always take two points: y = b for r = 0 
and y = b + k for x = 1 and draw the line. For the second point 
we could also take the point of intersection of the straight line with 


the x-axis (x = zo, y = 0). This is called the x-intercept. From the 
condition y = kx) + b=0O we find t=. 

It is useful to do some drilling in the construction of graphs so as 
to be able to glance at an equation and picture roughly the variation 
and the position of the curve in question. 

This is easy to do when we have a linear function whose graph is 
a straight line. The line depends only on two quantities, k and b 
of the equation. Thus, not so many variants have to be examined: 
k can be positive or negative, k can be large or small in absolute value 
(greater than 1 or less than 1), b can be positive or negative. 

Let us see how to carry out such an investigation. 

We start with the case b= 0, or the equation y = kz. The straight 
line here will clearly pass through the origin, that is, through the 
point xz=0, y=0. Fig. 14 depicts several straight lines with diffe- 
rent k: k=0.1, k=1, k=10, k=—0.1, k=—1, k= —10. 
The values of k are indicated at both ends of each line. Check the 
correctness of each line and you will feel sure of the following conclu- 
sions: 

_ (4) If k > 0, then the line lies in the first and third quadrants, if 
k < 0, it lies in the second and fourth quadrants. 
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(2) By the foregoing, if k = 1, the line lies in the first and third 
quadrants. Part of a straight line in the first quadrant forms an angle 
a -- 45° with the z-axis, which means èt bisects the angle between 
the z-axis and y-axis. The “angle with the z-axis” here stands for the 
positive direction of the z-axis (the one with the arrowhead). An ex- 
tension of the straight line lying in the third quadrant forms with 

the z-axis.an angle œ = —135° 
y (the angles are not indicated 
k= | K5 in Fig. 14). 
poy k=) œ (3) For k= —1, the portion 
of the line lying in the second 
quadrant forms an angle a = 


 Stewcaet | k=Q/ y Y= lT 
, —* 
k=O O k =-Q/ 
k=/ k=-] 
k=10 k=-/0 
Fig. 14 Fig. 15 


— 135° with the z-axis, while the prolongation of that line in the 
fourth quadrant forms an angle a@ = —45°. 

(4) If |k|< 1, the straight line is sloping, i.e., closer to the z- 
ae than to the y-axis: the smaller |k|, the closer the line is to the 
w-axis. If |k| > 1, the straight line is steep, closer to the y-axis than 
to the x-axis: the greater |k|, the closer the line is to the y-axis. 

Now that this is clear, let us investigate the general case of 
a straight line with b different from zero. 

In Fig. 15 we have the graph of a straight line with b =0: y = 0.5z. 
llow does it differ from the straight lines with b #0, but with the 
same k, say, y = 0.5x + 2? For the sake of convenience we denote 
Yo = 0.52 and y, = 0.54 + 2.* For each given zx, the quantity y, 
is two units greater than yo. To summarize, then, the points of line 
J are Obtained from the points of line yọ with the same z by an ele- 
vation of two units. The straight line y, is parallel to yo and lies 2 


* The subscripts here are used somewhat differently from our earlier practice; 
vo refers to the entire line and not to the ordinate of a point. It is the ordinate 
of an arbitrary point on a line with given k and b = 0; yz is the ordinate of 
an arbitrary point on a line with given k and b = 2. That is, yọ is not a;number 
hut a NE of z, or yo (x); accordingly, yz is yz (z), wich | is another func- 
tion of z 
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units above it. Quite obviously, this rule holds true for any b (if 
b < 0, then the line lies below the origin and below the corresponding 
straight line y = kz). 

Now that we see how straight lines with equations y = kz are 
located for distinct k, we can readily imagine the general positions 
of straight lines y = kx + b with arbitrary k and b. Exercises that 
will help you to drill this material are given at the end of the section. 

The quantity k in the equation y = kz + b is called the slope of 
the line. It determines how much the line is slanted. In the particular 
case of k = 0 the equation is y = b (it is assumed that y = b for arbi- 
trary values of x), which is associated with a horizontal straight line 
with a slant (slope) of zero. We can imagine a man walking from 
left to right in the direction of increasing values of z. If k > 0, then 
he walks up a positive slope, if k < 0, he walks downhill (negative 
slope). The quantity k indicates the ratio of the variation of the func- 
tion to the variation of the argument. Indeed, 

y (2) —y (21) _ kzz +b— (kzı +) asi 
T— T1 T2 — T1 


We have already calculated this relation—when we proved that a 
linear function on a graph is depicted by a straight line. 

Henceforth, in the general case of an arbitrary function, we will 
consider the quantity 


y (za) —y (2) ~ tani we 2 
T2— T1 


equal to the tangent of the angle between the line segment joining 
the two points z4, y (xı) and z, y (£>) and the axis of abscissas. A li- 
near function is distinguished by the fact that this quantity is the 
same for any two points; it is independent of z, and of z; and for this 
reason all points of a linear function are collinear. 


Exercise 


+ 


Construct the straight lines: y = 3z, y = 3x + 2, y = 32 — 4, y = 2 "E Ly 
y=2—0.52, y = —z — 3. 


1.5 THE PARABOLA 


Consider the function 
y = ar’ 


with distinct values of a. For the first example we take a = 1. 
What general properties does this function have? 
(1) It is always true that y œ> 0, both for z œ> Q and for z < 0. 
This means that the entire curve is located above the x-axis and tou- 
ches the z-axis only at the origin. 
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(2) y has a minimum (smallest value) at x = 0. The minimum of 
y is equal to 0. On the graph, the minimum is the lowest point of the 
curve. 

(3) Associated with two values of x identical in absolute value 
but with opposite signs are values of y identical both in sign and ab- 
solute value. This means that the curve is symmetric about the y- 
axis. 

The curve is shown in Fig. 16. It is called a parabola (for any value 
of a). 

For an arbitrary positive a, the equation y = az? has the same 
properties as indicated above for y = 2’. 

What will happen if a < 0? Consider an example with a = —2, 
y = —2zx?. The curve is shown in Fig. 17 (the scale here is smaller 
(han that of Fig. 16). The properties of this curve are: 

(1) y <0 for arbitrary x. The whole curve lies below the x-axis 
and touches the z-axis at the origin, 

(2) the function y has a maximum value at z = 0. This maximum 
is equal to y = 0. Recalling that negative quantities are smaller 


y=-2z2 
Fig. 16 Fig. 17 


than zero, we see that the maximum value of y is precisely y = 0. 
On the graph the maximum is the uppermost point of the curve, 
(3) the curve is symmetric with respect to the y-axis, as in the case 
of positive a. 
Now let us consider a similar equation: 


y =a (x — n’ 


We take a = 1, n= 3. The curve is given in Fig. 18. This is the same 
parabola as shown in Fig. 16 but it has been displaced rightwards 3 
units along the z-axis. 
This simple fact is not usually realized as readily as it should be. 
If a function y = f (z) is given and we compare it with another 
lunction y = f (x — n), then the second graph‘is shifted rightwards 


28 HIGHER MATHEMATICS FOR BEGINNERS 


from the first by n units. It is assumed here that in both cases f is 
one and the same function. In our example, the symbol f denotes a 
Squaring of the argument, i.e., the quantity in brackets under the 
functional symbol: 


f 8) =g, fh) =k, 
f (x) = z?, f (—x) = 2’, 
f (x — 2) = (xz — 2}, 
f (£ — n) = (x — n’ 


Why is the graph shifted to the right? We will go into this in more 
detail. Suppose the graph of the function y, = f (x) has some kind 
of characteristic point x = xo (a kind of notch, so to say). For exam- 
y ple, at this point the function 

may have, say, a salient point 
or a maximum, orit may merely 
assume some definite value yo. 
y=/2-3" Then that same value yo, or the 
same salient point, appears on 
the graph of the new function 
Ya = f (x — n) when the argu- 
ment of the function f is equal to 
T the old value zo, i.e., z — n = 
= zo. But this means that now 
Fig. 18 the coordinates of the notch are 
t= ziot n- yY =f (x). It is 
clear then that any notch, as it were, moves together with the whole 
graph to the right (x = x) + n in place of xz = zo). Compare the 
curves in Fig. 16 and Fig. 18. Here, for the notch we can take zọ = 0, 
f (zo) = (0)? = 0. 

All this is very simple and elementary, but it is extremely impor- 
tant and the student should not merely learn it but fully comprehend 
the meaning of it. The first urge of most students is to say that when 
we replace y = z? by y = (x — 3)? the curve is displaced to the left 
because we subtract 3 from the value of x. It is well worth your time 
to make a detailed analysis of the examples. 

Now we can state the general rules: 

(1) The curve y = a (x — n)? has the vertical line z = n for its 
axis of symmetry. 

(2) This curve, for a > 0, lies above the z-axis and has a mini- 
mum y = Q for xz = n. For a < 0 the curve lies below the z-axis 
and has a maximum y = 0 forz =n. 

Finally, there is yet another modification of the equation which 
does not alter the shape of the curve. Consider the function 


y=a(x—n)?+m 
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This curve clearly differs from the preceding one (without m) solely 
in the vertical displacement by the quantity m. The position of the 
axis of Symmetry of the curve remains unchanged; for a > 0 the func- 
tion has a minimum at z = n and the value of the function at the 
minimum is equal to y = m (the minimum, together with the whole 
curve, was shifted by the amount m). For a < 0, the point zt = n, 
y =m is a point of maximum. Two examples will suffice: 


y = (t — 3)? + 2 (Fig. 19), 
y = —(x — 3)? + 2 (Fig. 20) 


The axis of symmetry in both figures is indicated by the dashed line. 
The minimum point in Fig. 19 and the maximum point in Fig. 20 


y 


y=-(L-5)*+2 


Y=(L-3)°42 


Fig. 19 Fig. 20 


lie at the intersection of the curve and the dashed axis of symmetry 
To summarize, the function 


er cham T 


is a parabola with axis of symmetry x = n and minimum y (if a > 0) 
at the point z = n, y =m. For a < 0, that point is the maximum 
ory. 7 | Sn S : 

On the graph, the minimal (smallest) value of y corresponds to the 
lowermost point of the curve, that is, the point at which y has the 
smallest value. The maximum of the function y (z) (the greatest value 
of the function) corresponds, on the graph, to the point located above 
all other points. Instead of speaking of the point on the graph which 
corresponds to the maximum or minimum of the function, we sim- 
ply say the maximum point or the minimum point of the curve. 

Removing brackets in the expression y = a (x — n)? + m, we 
write 

y = arz? — 2anx + an? + m 
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This is a polynomial of degree two, which, in its most general form, 


has the notation 
y = az? + bzr +c 


Choosing suitable values for a, n, m in the preceding expression, we 
can make it identical with the latter expression. To do this, compare 
the corresponding terms with x”, with z and without z: 


ax? = axz?, —2anx = bx, aè +m =c 


From the first expression we have a, = a. 


; b 
From the second, —2an = b, n = re 
2 
From the third, an? + m = c, m = c — anr = c= 7. 


Thus, we can write the identity 
b \2 b2 
ax?’ +. bz --c=a Ç +35) + (c=) 


Using the graph of a parabola, we can investigate the solution of 
a quadratic equation and the various cases that arise in that connec- 
tion. We can approach the solution of the quadratic equation 


axẹ? +- br +c = 0 =. \y 

this way: consider the whole curve ax TY 
b \2 b2 

y =ar? 4+br+c=a (z+) ih (c=) 


and find the points of intersection of this curve with the z-axis (z- 
intercepts). At these points y = Q0 and so the values of z corresponding 
to the points of intersection are the roots of the quadratic equation. 

But we know that the curve y = az? + bz + c is a parabola. 
We know that this parabola has an axis of symmetry, the vertical 


line z = — > , and that for a œQ the parabola has a minimum point 

on the axis of symmetry and the altitude (ordinate) of this minimum 
2 

is y = c — ma (we glance at the second part of the last formula; 


this part has the customary form a (x — n)? + m). For a œ 0, the 
limbs of the parabola point upwards. 

It is clear that if the minimum lies above the z-axis, the parabola 
does not intersect the z-axis at any point (Fig. 21, Curve 1), which 
means that for 


b2 Vå 
a> 0, OS a >0 
the quadratic equation has no real roots.* 


* Only real values of z and y are plotted and so complex and imaginary 
roots do not correspond to any points of intersection on the graph. 
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Now, if the minimum lies below the z-axis and the limbs of the 
parabola point up, the parabola will definitely cut the z-axis in two 
points; these points will be symmetric with respect to the line x = 


sie ma (Curve 2 in Fig. 241). y j 7 
Then for 
b2 T 
a>Q0O, c— zz <0 

the equation has two roots x, and z, 
as shown in Fig. 21. 

Finally, there may be an interme- 
diate case where the parabola is tan- 


gent to the z-axis (Curve 3 in Fig. 21). 
This case occurs when 


c—4 =0 SY 


Fig. 24 


If we gradually move from Curve 2 to 
Curve 3 as the parabola moves up- 
wards, then obviously the two roots z, and z, will come closer 
together and, ultimately, at the instant of tangency, will merge. 


2 
That is why, in the case of c — a = 0, we speak not of one root but 


of two equal (coincident) roots of the equation. 

The case a < 0 is considered in a similar manner. Then the curve 
has a maximum and the limbs point down. The reader is advised to 
draw the curves himself and to verify that for 


b2 
a< 0, c— zz <0, there are no real roots, 


2 
a< o0, cs > 0, there are two real roots, 


2 
a<0, e— =0, there are two equal roots (tangency). 


The ordinary formula for the roots of a quadratic equation is 


—b + /b2—4ac 
Zi, 2 = ~ Og 


The equation has two real roots when we are able to take a square 
root of b? — 4ac, that is, when 


b? — 4ac œ> 0 


Write this expression as follows: 
2 
b? —4ac = — 4a (cz) 
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The condition b? — 4ac > 0 holds true in two cases: 
b2 
b2 
(2) a — 0, c— Za > 0. 


These are the two cases of the existence of two roots which were 
obtained earlier from a consideration of the curves y = az? + bx + 
+c. 

Observe, finally, that, depending on the sign of the coefficient a 
of z? in the equation of the parabola, the curve is convex down (for 
a œ 0) or convex up (for a < 0). This property does not depend on 
the values and the signs of b and c in 
the equation of the parabola y=az?+ 
+ br +c. 

An exact definition of convexity is 
this: take two points A (zı, yı) and 
B (£3, Ye) ON a curve and draw a 
straight line through them. If the 
portion of the curve between the two 
points lies below the straight line, 
we say that the curve is convex down. 
If the portion of the curve between 
the points lies above the straight line, 
we say that the curve is convex up. 

The convexity of a parabola is 
readily seen in a drawing, but we 
can also define it algebraically. Take arbitrary zı and z.. They are 
associated with the points on the parabola A (zi, yy = az + br, + 
+c) and B (£, Ya = ax, + bz, +c). We find the coordinates of 
point M lying at the midpoint of the line segment AB. It may be de- 
monstrated geometrically that if line segments AM and WB are equal 
(Fig. 22), then the coordinates of the point M (£m, Ym) are arithme- 
tic means of the coordinates of A and B 


Fig. 22 


_ 4422 
2 


eres — sithe 


and Ym 


Now let us find the coordinates of the point N (z,, Yn) lying on the 
ryt T9 Tit T2 
2 : 2 

the equation, we find y,. The reader can assure himself that 


bana (AE) '— (af tag) = —2(A54)’ 


The other terms involving b and c cancel out. 


parabola for z, = Im = Substituting z, = into 
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anys 
The quantity (357) is positive for arbitrary z1, £a. Consequent- 


ly, for a > 0, Yn < Ym is a point on the,parabola below the corres- 
ponding point (with same z) on the straight line. Thus, the parabola 
is convex down. 


1.6 THE CUBIC PARABOLA, HYPERBOLA AND CIRCLE 


We briefly consider a few more examples of curves representing 
simple functions. 
Fig. 23 depicts a curve defined by the formula 


y=ur+en 


This curve has the distinguishing feature that on any portion of it, 
y increases as x is increased; the curve constantly rises from left to 
right. It has neither maximum nor minimum. Quite obviously, such 
a curve cuts the axis of abscissas only once, when z = 0. Fig. 24 shows 
a curve constructed on the basis of 


á a ees the formula 
y = 3 — L (1.6-1) 


As is evident from the graph, this 
curve has two portions where y in- 


4 


Y=LI-L 


Fig. 23 Fig. 24 


creases with increasing z<: for negative x < —0.57 and for positive 
x > +0.57. Between them, on the interval —0.57 < xz < +0.57, 
the function is decreasing; y decreases as x grows. The function has 
a maximum when z = —0.57, y = +0.38. In this context, the word 
“maximum” does not mean that in the given case y = 0.38 is the grea- 
test possible value of y given by the expression (1.6-1). It is clear that 
for large positive values of x the quantity y will assume arbitrarily 
large values. What is conspicuous about the maximum point (x = 
= —0.57, y = +0.38)? 
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It will be seen from the graph that at this point y is greater than 
at adjacent points. The point of maximum separates the portion of 
the curve where the function is growing (to the left of maximum) 
from the portion where the function is decreasing (to the right of 
the maximum point). This is what is called a local (relative) maxi- 
mum: the value of y at this point is greater than the values of y (z) 


y at other points, but only 
for x that are not too far 
y= -bx tEh away from = —0.57. 


The same goes for the point 
z = +0.57, y = —0.38. 
Here the function has a lo- 
cal (relative) minimum. 
In Fig. 25 we have two 
more examples of curves 
describing polynomials of 
degree three. The cubic equ- 


S 
g 7 2N 78 42 


Y=T 6L74+ NEE 


Fig. 25 Fig. 26 


ation which we get by equating the polynomial to zero has one real 
solution, x = 0.48 in the case of the upper curve, and three roots, 
xı = 1, z, = 2, z3 = 3, in the case of the lower curve. It is easy to 
see that a cubic equation always has at least one real root: to con- 
vince himself, the reader is advised to examine the variation of the 
curve y = az? + bz? + cx +d for very large (in modulus) posi- 
tive and negative values of z. 


The reader is now asked to construct the curves y = xz? and y = —2°. 
In Fig. 26 we have the curve 
LS 


which is called a hyperbola. This curve has the peculiarity that for z 
small and negative, y is a negative quantity, which in modulus (ab- 
solute value) is very large, but for small positive z, y is a very large 
positive quantity (see Table 5). 
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Table 5 


F = | —o.4 | —0.01 | —0.001 | 6.001 


0.01 | 0.1 


y | —1 —10 — 100 —1000 1000 100 10 


l'or this reason we say that the value of y for x = O is +00, i.e., 
plus infinity or minus infinity depending on the side from which we 
approach z = Q. 

From Fig. 26 it is evident that the curve consists of two separate 
branches for z< 0 and for z œQ. 

Up to now we have given y as a function of z and have constructed 
the appropriate curve. Using the circle to illustrate our case, we will 
now solve the converse problem: we specify the curve and desire to 
lind the functional relationship between y and z associated with this 
curve. We consider a circle of radius r with centre at the origin. 
l'oints of the circle are distant r from the origin. By the Pythagorean 
theorem we have | 

r? + yt =r? 


If we want to express y explicitly as a function of z, we get 
y= tVP—2? 


When we consider the circle as a graph of the function y (x), then 
i! is evident from the graph that the function is not single-valued: 
lor every value of x (for |x|< r) there are two points on the curve— 
on the upper and lower semicircles. These two points are associated 
with the two signs of the square root. The function y = + VY r? — z? 
corresponds to the upper semicircle, the function y = — V r? — zr?, 
to the lower semicircle. 

Now let us set up the equation of the circle with centre at the point 
(a, b). We proceed formally. We know that if z is replaced by z — a 
in the expression of the function, the graph is then displaced a units 
to the right. Thus 


y = + Vr — (z — a)? 
is the equation of a circle shifted rightwards a units, that is, with 
centre at the point (x = a, y = 0) on the z-axis. 
To continue, if we now add one and the same quantity b to all 
values of y, the entire graph will go upwards b units.* 


* We could have said that the graph moves up b units when y is replaced 
by y — b, so that we get 


y—b=+ Vr — (z — a)? 


which is equivalent to the equation in the text. 


36 HIGHER MATHEMATICS FOR BEGINNERS 


The desired equation of the circle with centre at the point (a, b) is 
y=+Vr—(@—a)?+b 


In this particular case it would have been easier to derive the 
equation directly in geometric fashion from the expression for the 
distance between the points (x, y) and (a, b): 


r? = (x — a} + (y — b? 


We purposely use the more formal approach to illustrate once again 
how the replacement of x by x — a and y by y — b displaces the curve. 


1.7 ALTERING THE SCALE OF A CURVE 


In the preceding section we learned how to change the equation 
of a curve so that the curve is displaced (this is called a parallel 
translation of the curve). When < is replaced by z + a in the expres- 
sion relating y and z, the corresponding curve is displaced a units 
leftwards, when y is replaced by y + b, the curve is displaced b 
units downwards. To shift the curve g units to the right, we have to 
replace x by x — g, to raise the curve k units up,we have to replace y 
by y—h. 

The equation of a circle of radius r with centre at the origin is 
x? + y? = r?. The equation of a circle of the same radius with centre 
at the point zc = g, yc = h, that is, displaced g units rightwards 
and k units up (the initial position was with centre at the origin) is 


(z — 8g} + (y—-hP=r 


For an arbitrary curve whose equation is written in the form 
y = f (x), we write, for a displacement g units rightwards and h 


units up, 
y — h = f (x — g) or y =h + f (£ — 8) 


For the same translation for a curve whose equation is written in 
the form F (x, y) = 0, we have to replace the equation by F (x — 

Now suppose we want to change the equation of the curve in order 
to increase C-fold all the vertical dimensions. * 

Obviously, in place of the equation yọ = f (x) we have to take the 
equation y, = Cf (x). Then for the same zx the quantity y, will be C 
times greater than before, that is to say, C times yo. 

As an example, recall the equations of straight lines passing through 
the origin. The equation of a straight line passing at an angle of 45° 


* For the sake of simplicity, we from now on assume that C > 1, to increase 
a quantity two-fold means to multiply it by 2, but to increase it 0.3-fold means 
to multiply it by 0.3, or actually to reduce it. 
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in the first quadrant is 
Yo =T 
The equation 
Yı = 10x 


corresponds to a straight line that is more steeply slanted; for a given 
x the ordinate is 10 times greater (see Fig. 14). 

The law of transition from yo = f (x) to yı = Cf (x) may also be 
written thus: in the equation of the curve Yo = f (x) we replace yo 


hy 4, i.e., we write a= f (xz). Then the 


dependence of y, on x is characterized by 
the fact that the curve y; (x) is elongated 
C’-fold vertically as compared with the 
curve Yo (x). 

It would appear at first glance that there 
is no need to waste time on two different 
formulations whose identity is obvious: 


yy = Cf (x) > =f (2) 


One is as~good as the other. But the se- 
cond formulation (yo replaced by it) is co- 


nvenient for the case where the curve is gi- 
ven by an equation not solved for y, that 
is, an equation of the form F (z, y) = Q. 

For example, the equation of a circle of 
radius 1 is conveniently written as 


F (z, y) = v+y—1=0 Fig. 27 


Now how would you write the equation of a curve elongated three 
times along the vertical axis [Fig. 27, the curve labelled y, (21? 
By the rule which we have just stated, in the equation of the circle, 


replace Yo by = to get 
2 
#4 (#10 


This curve is called an ellipse. 
The equation is solved in a simple manner: 


Yo = V1 — z, y = 8V1— z? 
and it is quite evident that y, = 3yo for equal z. But the rule by which 


replacing y by + leads to a C-fold elongation of the curve along the 
vertical axis holds true also for curves defined by a complicated equa- 
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tion F (x, y) = 0 that cannot be solved algebraically for y, say, 
x + y logiy = 0 

The statement concerning y replaced by $ is readily extended to 

the z-coordinate as well. When we replace zo by Z in the equation 


of the curve, the curve stretches C times along the z-axis, which is 
to say, for equal y the value x, is C times zo. 
We begin with examples instead of a proof: 


y=2 and y= = 0.12, 


(see Fig. 14). The first line slants at an angle of 45° to the x-axis, 
the second line is less steep. 
Another illustration: 
T1 


ti +y —i=0, (3) +—1=0 


The first equation corresponds to a circle of radius 1, the second to 


Fig. 28 


the equation of a curve stretched 2-fold along the z-axis. It is easy 
to see that the curve cuts the z-axis at the points 


2 
=o, ($) 1-0, eee 
(Fig. 28). 


To prove this, we can solve the equation for zx: if y = f (£o), y = 
= (3), then we get 


zo=9(y), =P) 


where @ is what is known as the inverse function of f. 

The important thing is that f is one and the same function in the 
formulas involving xo and zı. Therefore @ is also the same for zo 
and zı. Rewriting the second equation 


= 9 (y) > %1=C9(y) 
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we get 
ry (yY) = Czo (y) ° 


which fits the formulation: replacing z by = stretches the curve C 


times along the z-axis. 
Here is an example: 


Xi 
y=10™®, y=10? 
The inverse of the power function is the logarithmic function (loga- 
rithm) 
Xo = logio Y, I = logio y, z= 2 logio y 


What do we do if in the equation y = f (x), kx is substituted for x? 
To take advantage of the above-stated rule, let us recall the rule for 
dividing by a fraction. Multiplication by k is the same as division 
by T 

ki == 


=|] 


Here, $ plays the role of C in the earlier formulas. 


If, bid example, k = $ , then z = 2, i.e., C = 2 and the substitu- 


tion of 0.52, for zo is ee same as replacing zo by 5 -4 and leads to a stret- 
ching of the curve along the z-axis by a factor of 2. 


If k= 3, then þer. or C == , and the replacement of x by 3z 


is the substitution of > for x. What does this signify geometrically? 


3 
Up to now we have considered only the case of positive values of C, 
C > 1 and we stated er salle thus: when, in the equation of the 


curve, y is replaced by 4 F» y>% , the curve is stretched vertically 


by a factor of C; in the substitution t>— , the curve is stretched 
horizontally by a factor of C. 

If C is positive but less than unity, 0 < C < 1, which corresponds 
tok >1, then the substitution y > changes the vertical dimensions 


by a factor of C; but since C < 1, it follows that the C-fold altera- 
tion is a compression. For example, for C = 0.5, a C-fold change 
amounts to a multiplication of the height (ordinate) by 0.5, which 
means an actual a in size by one half. The same goes for the 


substitution E>: for 0< C < 1, this substitution amounts to 
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a compression of the curve. Here is another case. In Fig. 29 we have 
two curves 
Yo = sin z, yı = sin 3x 


The second curve has been compressed horizontally by a factor of 
three. 

The relation y = sinz is a periodic function: for z = 2n x 
zæ 6.3 (which corresponds to an angle of 360° in degree measure), 
the sine has the same value as for x = 0. Adding 27 to any angle 
leaves the value of the sine unchanged. The function y ="sin 3z 


=SiN IL 


Fig. 29 


is also periodic, but the period here is less by a factor of 3. If x varies 
by = = 2.1 radians, then 3z (the angle whose sine is laid off on the 
axis of ordinates) varies by 2n and sin 3z returns to the same value 


sin 3x = sin 3 (z +3) 


Use this example to think over the general assertion that the sub- 
stitution xz — kz in the equation of the curve results in multiplying 


horizontal dimensions by = . In the given example, k = 3, the hori- 
zontal dimensions, in particular the distance along the z-axis between 


the points where y = 0, are multiplied by = , which means a 3-fold 


reduction in size (compression). 

For a periodic function, the substitution z — kx reduces the period 
k times, but increases the frequency (number of periods per unit 
length) k times. 

Despite the simplicity of these arguments, the truly arithmetic 
nature of the reasoning, beginners (the audience for which this book 
is designed) frequently make mistakes here. 


Finally, let us examine what happens in the substitutions y >t 


or z —> = for negative C. A substitution of this kind can be carried 
out in two stages : we write C = —1-b, where b is positive, and then 
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perform two substitutions: 


yi Y2 _ __ _ Y% 
Y > a ra 


The first operation, the substitution yọ —> a , where b œQ, has 


already been analyzed. It leads to a b-fold change in the vertical 
direction. It remains to consider the y 

effect made by the change in sign of y, 

the replacement of y by —y. This was exa- 

mined for separate points in Sec. 1.1. For 

curves, we give the answer without ee 
proof: a change in the sign of y leads to a ae 
reflection of the curve in the z-axis, a X 
change in the sign of z leads to a reflec- 
tion in the y-axis. 

Here is an example: 


F (x, y) = (z — 3)? + y — 5P —4 = 0 


This is the equation of a circle of ra- 
dius 2 with centre at a point with coor- Fig. 30 
dinates x = 3, y = 5. 
The following curves are depicted in Fig. 30: 
F (x, —y) = (z — 3)? + (—y — 5)? — 4 = Q, 
F (—z, y) = (—x — 3? + y — 5? — 4 = 0, 
F (—x, —y) = (—z — 3)? + (-y— 5—4 = 0 
As is evident from the formulas, the sign of F in all cases repre- 
sents one and the same function (follow this through carefully as you 
regard the first part of the formulas). See what happens to the curve 
(circle) under the substitution z ——> —z, y > —y, and under the si- 
multaneous substitution z — —xz, y— —y. A firm grasp of these 
rules will make it possible, after you have analyzed a curve like 
y =f (x) or F (z, y) = 0 
to picture the curves of all similar functions 
1" =7(+ ~) or F (2 ; 1—2) =0 


Co: c1 ea 


C4 


with arbitrary values of the four constants a, b, cy, Ca. 


Exercises 
2 2 2 __ ye 
1. Construct the curves Z +Ù — 1 = 0, ery +e or 1=0, 
— ay2 2 
c2 + wre) — 1 = 0, knowing that z? + y? — 1 = 0 is the equation 


of a circle. In curve sketching, a suggested procedure is the following: mark the 
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centre, the upper and lower points, the extreme right-hand and extreme left- 
hand points, and then join them freehand with a smooth curve. 

2. Make a detailed sketch of the curve y = sin z, taking z from —x to +n 
at 0.252 intervals. It is assumed that z is the angle expressed in radian measure; 
it is therefore convenient to take definite fractions of m because then the angles 
(expressed in degrees) will be integral: 0.257 = 45°, 0.5% = 90° and so on. 

You can also take advantage of Table VI of the Appendix, where the sine 
is given as a function of the angle expressed in radian measure. In all cases, 

ay off z in radians on the axis of abscissas. 

Sketch the following curves. 

(a) y = 2 sin z, 

(b) y = sin 0.52, 

(c) y = 3 sin 3z, 

(d) y = cos z. 

Hint. Take advantage of the trigonometric identity 


cos z=sin (2+5) 
(e) y=cosz+sinz= /2sin (7+) : 
1 1 1 : T 
EEEE E EES EA oe A 2 
(Í) y=cos? r = 5 + 5 cos 2z = 5 + z Sin (22+ 5 ) j 


1 1 qt 
DES ee ee ae 
(g) y=sin? z= 5 z Sin (2+5) 


Construct all these curves from (a) to (g) by translating, stretching or com- 
pressing the curve y = sin z. 

3. Plot the following curves. 

(a) y = +V2? — 1 , l 
or, in symmetric form, y? — z? + 1 = 0, given z from —5 to +5 at intervals 
of 0.5. If y is imaginary for appropriate z, then there is no curve. 

(b) y = 2+ V(r — 1)? — 4, 

(c) y= + Vx? +1. . . 

Hint. Transforming to z? — y? + 1 = 0, observe that (c) is obtained from 
(a) by interchanging z and y; 

(d) 4y? + 4y — z? = 0. 

Hint. Write the equation in the form 


2 
4 (y+) SS e) 


and obtain the curve by translating and compressing Curve (c). 


1.8 PARAMETRIC REPRESENTATION OF A CURVE 


Let each of the quantities z and y be given as a function of time t, 
i.e., suppose we have two functions z (t) and y (t), say, 


x = cost, y = sint 


These relations can be depicted graphically as two curves by plot- 
ting ¢ on the axis of abscissas and z on the axis of ordinates in one 
drawing, and ¢ on the axis of abscissas and y on the axis of ordinates 
in the other. 
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However, the problem may be posed differently: imagine that x 
and y are the coordinates of a point ang each value of ¢ is associated 
with a specific position of the point. Then we want to see what kind 
of curve is described by a point in the zy-plane as ¢ varies. 

We can eliminate ¢ from the two equations that yield x = <z (8 
and y = y (t) to get an expression which will involve only y and z, 
i.e., either y = y (x) or F (x, y) = 0. Then we construct the curve 
in the usual fashion by specifying various z and finding the corres- 
ponding y. 

Thus, in the example given earlier, we find 

2° => y* = cos? t sin? f= 4, 
y=+Vi-2#orx2+y—1=0 
so that the curve is a circle in the zy-plane. 
However, it often happens that even comparatively simple expres- 


sions for x (t) and y (t) lead to such involved formulas when trying 
to eliminate ¢ that it makes no sense to tackle them. For instance, if 


c= att + bi + ct? + dt + e, 
y = a,t* + bat? + cot? + dot -+ Co 
then to eliminate £ we would have to solve a quartic equation, and 
this leads to extremely unwieldy expressions. 
Yet it is possible to construct the curve in the zy-plane without 


eliminating t: it suffices to specify various values of ¢ and find z 
and y for each of them. To illustrate, take Table 6. 


Table 6 


It is clearly not necessary to take ¢ greater than 2x because the 
values of z and y repeat. Using this table we can plot the points of 
the curve. In so doing, we employ only the values of z and y. Those 
values of t for which the z's and y’s have been computed are no longer 
needed for plotting the points. “The Moor has done his work and he 
may leave,” to quote from a familiar play by Schiller. 

This method of representing a curve or, what is the same thing, 
of specifying a functional relationship y (x), is called parametric 
representation. The quantity ¢ is called the parameter. 
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Exercises 


1. Construct the curve given by the equation 


x=cost, y = sin 2t 
The same for 
xz = cos t, y = sin 3t 


5 a de Since sin 3ż varies rapidly, you can take close-lying values of ¢, say 
OM O22 cone 

2. AS a joke, construct the curves 

(a) z = cos 3t, y = sin 3t, 

(b) z = cos (5t + 1), y = sin (5t + 1). 

3. This problem is no joke: construct the curve 


x=cost, y=C0sS (: ++) 


4. Construct the curve 
x = cost, y= cost 


5. Construct the curve traced out by a moving point A lying on the circum- 
ference of a disk of radius 1 cm, the disk is rollingjalong the z-axis at 1 cm/sec. 
At the start, the centre of the circle Ọ lies on the y-axis and the point of inte- 
rest A lies at the origin. In time ż, the coordinates of the centre are Qz (t, 1), 
the circle has rotated through an angle of ¢ radians. This curve is called a cycloid. 


Chapter 2 


The Concepts 


of a Derivative 
and an Integral 


2.4 MOTION, DISTANCE AND VELOCITY 


Let us examine the translational motion of a body along a straight 
line. Denote the distance of some point of the body to a specific point 
on the line by z. We will consider the distance in one direction to be 
positive, in the opposite direction, negative. For example, suppose 
the line along which our body is moving is vertical. Points above O 
will correspond to positive z, those below O to negative z. 

In the process of the motion, the z-coordinate is dependent on the 
time (instead of saying “the distance from a specific point of the body 
to a definite point of the line” we will say “the z-coordinate”). The 
motion of the body is defined by the dependence of z on the time t, 
that is to say, by indicating the function z (z). If we know the func- 
tion z (t), we can find the position of the body at any instant of time. 

The function z (t) may be represented graphically by laying off 
time on the axis of abscissas (¢-axis) and the quantity z (which indi- 
cates the position of the body) on the axis of ordinates. 

In uniform motion with a constant velocity v, the distance covered, 
s, in time ¢ is equal to s = vt. 

Denote by Zo the coordinate of the body at time t = 0. The distance 
covered in time ¢ is equal to the difference z (t) — Zo. Thus 


z(t) = 2 + vt (2.1-1) 


Hence, in uniform motion, the dependence of the coordinate on the 
time is given by a linear function. In the case of uniform motion the 
graph of the function z (t) is a straight line in the coordinate plane, 
in which the time ¢ is laid off on the (horizontal) axis of abscissas and 
the z-coordinate is laid off on the (vertical) axis of ordinates. 

In the case of nonuniform motion, the function z (t) is expressed 
by more involved formulas and the corresponding graph is some kind 
of curve. 

Let us analyze the following problem: given a function z (ġ, or 
the dependence of the coordinate of the body on the time, it is requi- 
red to find the rate of motion v of the body. In the general case of 
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nonuniform motion, the velocity is not constant, it changes in the 
course of time. This means that the velocity v is also a function of the 
time, v (t), and the problem consists in expressing v (t) in terms of 
the known function z (8. 

Everything is simple in the particular case of uniform motion (at 
a constant velocity). The velocity is defined as the distance covered 
in unit time. Since the velocity is constant, it is immaterial what 


t t+At 


Fig. 34 Fig. 32 


particular section of the path is taken and what interval of time is 
chosen to determine the velocity. 

Let us find the distance traversed in one second from time ¢, sec 
to time ¢, + 1 sec. This distance is equal to the difference between 
the coordinates z (4 + 1) and z (tį): 


z (ty + 1) — z (4) = [zo + v(t, + 1)] — [zo + vtl] = v 


and, numerically, is equal to the velocity. We can take an arbitrary 
interval of time between ¢, and ¢, and divide the distance travelled 
Z, — 2, by the magnitude of the time interval t, — tı: 

Za—21 __ (29+ vte) — (Zo vti) = py (2.4-2) 


to—ty to— ty 


It is precisely because the velocity is constant that we were able to 
take any interval łą — t, to compute the velocity, and the answer 
is independent both of the time # and of the magnitude of the 
interval. The situation is different in the case of a variable rate of 
motion. 

Before going over to the more general case, it will be convenient 
to change the notation. We will write t4 = t, ta = t + At so that 
the difference t, — t, (the time interval) is denoted by At (see Fig. 31). 
Similarly, we write Az to denote the difference 


Z (ta) — z (4) = z (t + At) — z (t) = Az 
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In this notation, the average velocity va» in the interval Az between t 
and ¿+ At is 


Az *6 
Vay = Ar (2. 1-3) 


We speak here of the average velocity because in the general case 
the velocity itself can change over the interval At. | 

Let us consider a second example in which z (4 is given by the 
formula 


z(t) = Zo + bt + cf? (2.1-4) 


Fig. 32 illustrates a possible graph corresponding to a function ot 
the form (2.1-4). Let us compute the average velocity Va» over the 
interval At using formula (2.1-3): 


z (t) = Zo + bt + cë, 
z (t + At) = Zo + b (t + Ai) + c (t+ Ad’, 
Az = z (t + At) — z (t) = bAt + 2ctAt + c (At)? 
From this we get 
Vo= =b + 2ct + cht (2.1-5) 


Compare the results of (2.1-2) and (2.1-5) for the average velocity 
when the motion obeys the law (2.1-1) and the law (2.1-4). The second 
example differs in that here the average velocity depends both on 
the time ¢ and on the time interval At. 

How can we find the instantaneous velocity? 

The velocity varies gradually, and so the smaller the time interval 
over which the distance travelled is measured, the smaller will be 
the change in velocity, and thus the closer will the average velocity 
be to the instantaneous value. 

In formula (2.1-5), vg, contains two terms that do not depend on 
the magnitude of the interval Az and one term that is proportional 
to At. 

For very small At we can ignore this term and then v,, yields the 
instantaneous velocity: 

Vi, = b+ 2ct (2.1-6) 
The attentive reader will most likely have recognized the expressions 


(2.1-4) and (2.1-6) from the school course of physics to be the formu- 
las for uniformly accelerated motion: 


| (2.4.7) 
V (t) = Vo -Hat 


* Note that A is not a factor but a symbol taking the place of the word 
“increment”, and so A cannot be cancelled from the numerator and denominator 
of a fraction. A is the capital Greek letter delta. At is read “delta ¢”, Az, “del- 
ta z”; these are also spoken of as the change in time and change in path. 
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All that is needed is to substitute, for b, the initial velocity vo (that 
is, the velocity at time ¢ = 0) and in place of c, to substitute a/2, 
where a is the acceleration. 

We have computed the instantaneous velocity at time ¢ on the 
basis of the average velocity over the interval from ¢ to t+ At. 
Now let us try to compute it by choosing the interval in a somewhat 
different way. We find the average velocity in the interval from 4 = 
=t—3At/4 to t, = t- At/4. As before, the duration of the interval 
is t — t = At. From formula (2.1-4) we get 

: 2 
a(t) = 2 +b (1—1) +c (1—5) , 
2 


z(t) =2-+b (t+) tet) 
Z (ta) —2 (t) = bAt + 2ctAt— + c (At)? 


Whence it follows that 
Vas = EDE) _ b+ 2t — 5 cht (2.1-8) 


Comparing (2.1-5) and (2.1-8), we see that the average velocities over 
the interval from ¢ to ¢ + At and over the interval from ¢ — 34t/4 
to t+ At/4 differ by the quantity cAz [1 — (—1/2)] = 3cAz/2. But if 
we want to find the instantaneous velocity, we have to take a very 
small time interval Az. Then the difference will vanish and we again 
obtain for the instantaneous velocity Vin = b + 2ct. 

We have considered the concept of instantaneous velocity for two 
specific cases: uniform and uniformly accelerated motion. In the next 
section we give a more exact definition of instantaneous velocity 
for an arbitrary law of motion. 


2.2 THE DERIVATIVE OF A FUNCTION AS THE LIMIT OF A 
RATIO OF INCREMENTS 


In the preceding section we considered the problem of instantaneous 
velocity and examined ratios of the form 


z (t2) —2 (t4) 
to— tı 
for very close-lying values of #, and t. 

The expression “close-lying” is not exact, it is not rigorous. The 
exact formulation is this. It is necessary to find the limit to which 
the following ratio tends: 

z (to) — z (t1) (2.2-1) 


to— ti 
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as t, approaches t,. Using the designations At and Az, we can rewrite 
this ratio as A 
Az 
Vav = “Nt (2.2-2) 


In (2.2-2), the quantities At and Az are related: any time interval 
At may be chosen, but after the denominator Az has been selected, 
it is assumed that Az (the numerator) is not just any distance interval 
but precisely that distance which corresponds to the time interval 
At. This was obvious in (2.2-1) from the way the arguments of the 
function Z (t), 2 (t) were written in the numerator. Formula (2.2-2) 
is simply a different way of writing (2.2-1). 

The quantity that interests us, the instantaneous velocity v (t) 


at time z, is the limit of the ratio x as At tends to zero. It is obvi- 
ous that the approach of Aż to zero is equivalent to the approach 


of t, to t, since At = t, — t. This statement can then be written 


Az 
v (t) = lim (+7 ar) 
We At+0 At 
where lim stands for “limit”. The particular kind of limit we have 
in mind is indicated underneath lim—when At approaches zero; 


and the arrow stands for “approaches”. The quantity x in brackets 


is the one whose limit is being sought. 

What meaning do we attribute to the terms “limit”, “approaching 
the limit”? The calculations carried out in Sec. 2.1 served as 
a illustration of these notions. We saw that for small intervals At 
the value of Va» in the second example differed from the value of Vin 
by a small quantity proportional to At. Although the constant of 
proportionality of At could differ for various choices of the interval, 
for small values of At in the expression for Va», we could always 
neglect the term involving At. 

Thus, the ratio 

Az 2 (t2)—2z (t1) 


tends to a definite limit when At = t, — t, tends to zero. When At 
tends to zero, t, and ¢; approach each other without bound, and we 
denote their common value (as At> 0) tf, = = 
The limit of the ratio, that is, the instantaneous velocity v, is 
a definite function of t, 
lim aa t 
at+o At o) 
Why is it that, when computing the velocity from the given for- 
mula z (t) we have to carry out so many sass and find Az 


for distinct At and only then find the limit lim Ê F =? Couldn’t we 
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simply take the value At = O from the very start? We would then 
have Az = Q since At = t — & and if t, = t, then also z (t,) = 
= Z (4) and Az = Z (t.) — z (t) = 0. By this thoughtless mode of 
Operations we would get = => , which means we would get 
nothing definite. 

When computing velocity, the whole idea is to take small At 
and small Az which correspond to At. In this way, we obtain a very 


definite ratio x each time. When At is reduced, tends to zero, then 


Az diminishes in approximate proportion to the quantity At, and 
so the ratio remains approximately constant. 


The ratio > approaches a definite limit when At tends to zero. 


This limit—the instantaneous velocity v (t) in the case of motion 
or, in the general case, the derivative of the function z (t)—depends 
on the type of function z (¿) and on the value of the variable ¢. In 
the next section we will carry. out the algebraic computations of the 
derivatives of several elementary. functions and will find the exact 
value of the limit, that is to say, of the derivative. 


2.3 NOTATION OF DERIVATIVES. THE DERIVATIVE 
OF A POWER FUNCTION 


The limit of the ratio of the increment of the function to the incre- 
ment of the independent variable as the increment of the independent 
variable tends to zero is of prime importance in higher mathematics 
and its applications. We have already seen, for example, that such 
an important concept as the instantaneous velocity of motion is 
found with the aid of the limit of such a ratio. That is why the limit 
of this ratio has a special name: the derivative of the function or, 


simply, the derivative. The first name is due to the fact that if z is 
a function of ż, z (t), then the limit of the ratio = , lim Z= =y 
At—>0 
is also a function (a different function) v ( of the variable t. It 
depends on the value of t approached by ¢, and ż, or, to put it diffe- 
rently, v depends on the value of ¢ at which the derivative z is taken. 
We have special notations for the derivative. 


One notation (differential notation) is 


Here, the quantity F (it is read “d z d t”) is not a fraction but is 
simply an K a of writing the limit on the right. The 
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quantity 2 is written in the form of a fraction to remind us that it 


is obtained from the fraction z by a passage to the limit. 
A different notation for derivatives is the so-called prime notation, 
v = 2’ (t), or, for example, for the function y (2), 


'=y' (1) = = lim + 


In mechanics, the dot notation = x, is sometimes used for 


x 
> dt 
time derivatives, but we will not do so here. 

Occasionally, in place of the function symbol, one gives the 


expression of the function: if z = af? + b, then instead of = we 


2 
can write aor +) or (at? + by. 


Let us find the derivative of the function 
ZF 


algebraically (from first principles, that is). To do this, we form 
the ratio 

Az (t+ At)? — 22 

At At 


Removing the brackets in the numerator, we have 
(t + At? — P = Ê + 2t-At + (At)? — = 2t-At + (At)? 


Now form the ratio 
Az 2t-At’-+ (At)? _ 
a om A 
It is now easy to find the limit: quite obviously, if the quantity 
is the sum consisting of a term that does not depend on At (in this 
case 2t) and of At itself, then, as Az tends to zero, all we have left 
is a Summand that does not depend on At: 
dz dl); Az. B 
de ae A Be T a TOOS 


Let us consider another example: 
z=: P, 
Az = (t + AH? — PË = Ë + 3fAt + 3t (Af? + (At) — t, 
A - 
-E = Bf + 3t- At + (At)?, 


d d (t3 i | . 
i £ ) eas run [322 + 3t. At + (At)?]} = 372 
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The limit was readily found in these examples since Aż cancelled 


out when we computed the ratio x . Let us consider a more compli- 


cated example: 


Can we disregard the quantity Az in the first fraction, in the ex- 
pression a , when we pass to the limit? No, we cannot because 
we have not yet cancelled out the quantity Aż in the denominator. 


when At is small, we commit a small 


By substituting $ for y 


error in one of the summands of the numerator of the fraction z. 


But in this fraction both numerator and denominator are small if Aż 
is small. For this reason we cannot allow for a small error in the 
numerator. 

Here is the proper ,way to do this: 


Noce aea a T ee 
= t+At t tpa) — t(t+At) ’ 
Az 1 
At sot (t+ At) 


Now we can find the limit (the derivative) by dropping At in the 
denominator: 


u (4) g(t yet 


“dt dt Aot TEFAN 2 
In these examples we have a very important property, the fundamen- 
tal property of limits. As At is made smaller and smaller, the diffe- 
rence between the value of the ratio Az and the limit of this ratio 


At 
(this limit is equal to the derivative) lim ae = Z may be made 
At+0 


as small as we please, which is to say, less than any given number. 


An example will serve to illustrate this point. Forz = = f 


C ee a a 
dt t? At t(t+At) 
dz 


Let us take, say, t= 2, 7 —Q.25. Can we choose At so that = 
differs from the limit by less than 0.0025? What this means is that 


Az ,. 
At will have to be chosen so that = lies in the range between 
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—0.25 + 0.0025 = —0.2475 and —0.25 — 0.0025 = —0.2525. 
Substituting the expression A for ¢ = 2, we find that At must be 


less than 0.02 in absolute value. 

The same goes for other functions as well: the approach to a limit 
as At — 0 signifies the opportunity of choosing Aż so that any degree 
of closeness to the limit is attainable. 

Finding the derivative in the special case of z = t is particularly 

Az 
” At 
for arbitrary (large and small) Aż and hence in the limit as well. 
Thus 


simple: quite obviously Az = At = 1. The ratio is equal to 1 


dz dt 
dt dt 


Finally, the constant z = C can also be regarded as a special case 
of the function, but in this case clearly Az = 0 for any Aż, and so 
we have 


1 


Z=, 


dz dC 
aaa a S 


If we multiply the function by a constant factor, then the deriva- 
tive is multiplied by the same factor. For instance, 


dz d (3t?) dt? 
. 242 = = Js= pe = 
z = 3t?, TEET =3 7 3-2t = ôt 


In the general case, if 


z (t) = ary (t) 


dz dy 
d "at 


It is also obvious that the derivative of a sum of two functions 
is equal to the sum of the derivatives of the two functions: 


_ dz dx , dy 
z(t) =z(t)+y(t), -m u t 
Using these two rules, we find that the derivative of a sum of seve- 
ral functions taken with constant (but, generally speaking, different) 
coefficients is equal to the sum of the derivatives of these functions 
with the same coefficients: 


z(t) = a.z (t) + bey (t) + c'u (8, 


dz dx dy du 
a Roath a 


Each of these rules is readily proved by forming Az = z (t + At)— 


— z(t). These rules, which hold true for T , given arbitrary At, 


dz 
dt’ 


then 


are also valid for the limit, that is, for 
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It is now easy to find the derivative of a polynomial. First let us- 
write down all the derivatives we have found so far: 


dC dt 


B d (t?) 
are) cap 


dt 


=e 


_ 5, 4 (t3) 
=21, EL 


= 3t? 
In Sec. 2.1 we considered 


z(t) = Zo + bt + cë? 
We find 
Z 


on d a Zo dt? noe a 

v (t) = -r = 1p +e ST —=0+0-1+c-2t=—b-+ 2ct 
This is the formula for the instantaneous velocity which we obtained 
there. 

The technique for finding derivatives (also called the differentiation 
of functions) is given in detail at the beginning of the next chapter. 

Running ahead a bit, we may point out that differentiating fun- 
ctions given by formulas is a relatively simple job, much easier, say, 
than the solution of algebraic equations. The formulas for the deri- 
vatives of functions are never more complicated than the formulas 
defining the functions. For instance, if the function is a polynomial, 


y = a + ba + cx? + Ix? + fet 


then its derivative is also a polynomial, 
wv =b+ Qer + lz? + 4fz3 


(this is true of polynomials of any degree). If the function is an al- 
gebraic fraction, then the derivative is also a fraction. If the function 
contains roots or fractional powers, then the derivative also contains: 
them. The derivatives of trigonometric functions are also trigono- 
metric functions, and in some cases (the logarithmic function for 
instance) the derivative turns out to be a still simpler function (in 
the given case, an algebraic fraction). 

Finding derivatives does not require any kind of special ingenuity 
or imagination. The problem is always solved in a neat fashion 
through the use of simple rules which are given in Chapter 3 (also 
see Table I of the Appendix). 

The derivatives of more involved functions are considered in the 
next chapter. 

So far, all the functions we have considered. are defined by formu- 
las. This is not however absolutely necessary for the existence of 
a derivative. For example, we can regard the dependence of distance 
covered upon time as having been found from experiments, in the 
form of very extensive tables: It is clearly possible, using these 
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tables, to compute the instantaneous velocity (that is, the derivative) 
using the very same rules we applied ta the functions defined by 
formulas. 

In view of the importance of this section, let us review the basic 
conclusions. 

(1) A derivative function is defined as the limit of the ratio of 
the increment of the function to the increment of the independent 
variable as the increment of the independent variable tends to zero: 


Ay 
= fin (22) 
= Ax—»0 Az 


(2) The instantaneous velocity of a body is equal to the derivative 
of the coordinate of the body with respect to time. By analogy, 
when x does not Deen time and y is not a coordinate one says 


that the derivative “4 yields the rate of change of the function y 
as the variable PR a x changes. 


Exercises 


1. Find the derivatives of the following functions algebraically (from first 
principles): (a) z = t? and (b) z = #, given t = t — S and tj = t + > . 


Here, the time ¢ for which the derivative is sought lies, for arbitrary t, at the 
midpoint of the time interval from t; to tz. 


Find the derivatives of the following functions. 
2. y==24. 3. y= (44-1). 4. — 5. y=a4+ >. 6. y=Vrz. 
Hint. In Problem 6, multiply the numerator and the denominator of the 


expression Vetas— V3 by the sum Vz + Ar + Vz. 


2.4 APPROXIMATING THE VALUES OF A FUNCTION BY 
MEANS OF A DERIVATIVE 


The derivative a is defined as the limit of the ratio of the incre- 


dt 
ments $; as At— 0. When At is not equal to zero, the ratio of the 
increments ae is not ka to the derivative — d but this ratio is 


At at.’ 
approximately equal to Gand the approximation:is the better, the 
smaller At is. 
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Therefore, let us write, approximately,* 
Hw Bas (t), Ase Ze At=z' (t) At (2.4-1) 
From this we can find the approximate value of the function z (t+ Aż): 
z (t+ At) =z (i) + Az ~ z (t) +2. At=2(t)+2' (t) At (2.4-2) 


Note that in (2.4-2) the first equality sign is exact in accord with 
the definition of Az, while the second one denotes approximate equa- 
lity. 

Let us now return to the designations t, = t+ At, 4 = t, 
which we used earlier. We have 


Z (ta) © Z (ty) + 2 (th) (t — th) (2.4-3) 


Thus, given a small difference t, — t, that is, when ¢, is close 
to ¢, the function z (t) can be expressed by an approximate formula 
involving the value of the function z ( and its derivative z’ (t) 
for t = tı. Note that in this formula ¢, is linear (to the first power). 

Let us take an example. Suppose z = # and we are interested 
in the values of z when ¢ is close to 1. We take 4 = 1 and then 
z (4) = Ë = 1, 2’ (4) = 3 = 3 and the approximate formula has 
the form 


We compare the exact and approximate expressions in Table 1. 


Table 1 
to | 1 | 1.014 1.02 1.05 1.4 1.5 | 2 
t3 | 1 | 1.0303 | 4.0642 | 1.1576 | 1.3310 | 3.379 | 8 
3t.— 2 1 1.03 1.06 1.15 1.30 | 2.50 | 4.0 


* The assertion that the approximate equality 
Az = z (z + Ar) — z (x) = 2 (x) Ax 


becomes exact in the limit as Az — 0 requires some explanation. It is clear 
that Az — 0 as Az — 0, and so the approximate equality Az ~ a. Az becomes 
exact for any a as Az — 0, since this equation yields 0 = 0. But we assert 


still more: given a finite Az, it follows from Az ~ 2’ (x) Az that > ~ z' (x). 


We assert that this consequence of the approximate equality Az ~ z’ (x) Az 
also becomes exact in the limit as Az — 0. This fact follows from the definition 


of the derivative z’ (zx). 
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Another example is z = V t. We find the values of the function 


for t close to 4. Then z (4) = V4 = 2. Phe derivative z’ (t) = Vi 
. . TE E. 
(see Exercise 6 in Sec. 2.3). Therefore z’ (4) = zy zand the 


approximate formula is of the form 


z (ta) = Vt % 2 + 0.25 (t — 4) = 1 + 0.252, 
We again compare the approximate and exact expressions (see 
Table 2). 


Table 2 
rn es |o 
Vta | 2 2.24 2.45 2.65 2.83 3 

1+0.25 t | 2 2.25 2.50 2.75 3.0 3.25 


Suppose that Az is the time interval, z’ (t) is the instantaneous 
velocity, Az is the increment in distance, that is, the distance covered 
during time At. The formula 


Az = 2! (t) At (2.4-4) 


then signifies that the distance covered is equal to the product of 
the instantaneous velocity and the time interval. But the instanta- 
neous velocity itself varies with time. Therefore, (2.4-4) is true only 
when the instantaneous velocity does not perceptibly change during 
the time Az. Hence, the faster z’ (t) varies, the smaller At can be 
taken in (2.4-4), and conversely, the slower z’ (t) varies, the larger 
At may be taken. That is to say, the magnitude of the increment Af 
for which formula (2.4-4) still yields a small error depends on the 
rate of change of the derivative over the interval At. 

The cases we have examined confirm this conclusion. In the first 
example, when ¢ varies from 1 to 2 (At = 1) the derivative z’ (t) = 
= 3? varies from 3 to 12 (which is to say, by a factor of 4). In the 
second example, when ¢ varies from 4 to 9, the derivative z’ (t) = 


E z varies from 0.25 to 0.167 (or roughly by 30%). Therefore, 


in the latter instance the formula yields a good result for larger 
values of At. A detailed discussion of the range of application of 
the formula (for a given requisite accuracy) and the possibility of 
making it more precise is given in the last sections of Chapter 3. 

All this applies in equal measure to positive and negative incre- 
ments; an example involving negative increments is given in the 
exercises. 
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Exercises 


1. Find (4.2), (4.4)?, (4.05)?, (1.01)?, using formula (2.4-3). Compare the 
results with the exact values. | 

2. Using the derivative of the function z (t) = 2 + 20t — 5t? find z (1.1), 
z (1.05), z (0.98). Compare them with the exact values. 

Hint. In the last case, take t = 1, At = —0.02. 


2.0 A TANGENT TO A CURVE 


Using a derivative, we can solve an important problem in analyti- 
cal geometry: to find the tangent line to a curve given by the equati- 
on y = f(x). The coordinates of the point A of tangency are given: 
£ = Zo, Y = Yo =f (Xo). 

To find the tangent line means to find the equation of the line. 
It is clear that the equation of the tangent line is the equation of 


Fig. 33 Fig. 34 


the straight line passing through the point of tangency. The equation 
of any straight line passing through a given point A (Zo, Yo) can be 
written as 
Y — Yo = k (x — Zo) 

In order to find the equation of the tangent line, it remains to deter- 
mine the quantity k, the slope of the tangent line. To do this, we first 
find the slope of the line passing through two given points A and B 
of the curve at hand (Fig. 33). We call this line a secant line. When 
these two points of the curve approach each other, the line approaches 
the tangent line. In Fig. 33 we see two secant lines through points A 
and B and through A and B’, B’ lying closer to A than B. 

The closer the second point is to A, the closer the secant line is 
to the tangent line. Therefore the slope of the tangent line is equal 
to the limit approached by the slope of the secant line as the distance 
between the two points of intersection of the secant and the curve 
tends to zero. 

The slope of the secant line can readily be expressed in terms of 
the values of the function at the points of intersection. 
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For one of the points of intersection of the secant and the curve 
we take the point A (Zo, yo) at which we desire to draw a tangent 
line to the curve; we denote by z4, y; the’coordinates of the second 
point of intersection, B. 

Since these points lie on the curve whose equation is y = f (x), 


it follows that Yo =f (to) and y; = f (xı). As may be seen from 
Fig. 34, the slope of the secant line ką is 


ke = tan a = H54 $E) (Zo) 
T1 — T0 T1 — To 
The expression of the slope of a straight line passing through two 
given points is considered in Secs. 1.3 and 1.4. 

In order to obtain the slope of the tangent line at the point x = Zo, 
we have to take point B closer and closer to A, which means that z, 
must approach zo. Consequently, the slope k of the tangent line is 
equal to the limit of k. as x, tends to zo: 

k= lim f (z4)— Í (zo) 
x1 —>x0 ne Saai 

We denote by Az the difference x, — Zo, z4 = Tọ + Az and accor- 
dingly | 

Af = f (#1) — f (£o) = f (£o + Az) — f (Xo) 
In this notation, the slopes k, and k of the secant and tangent, res- 
pectively, are given by the formulas 
pee). ees lin 


Az Ax—>0 Az 


Thus, the slope of the tangent line is the derivative of the function 
f (2): P 

= -z =f" (2) 
We know that the derivative of a function f (x) is itself a function 
of z. Since we sought the slope of the tangent at the point A (£o, Yo), 
we assumed, in computing the limit of = , that x = Zo is fixed. That 


is. why in the final formula we have f’ a. which is the value of the 
derivative at z = Zo. ` 
Let us consider the example of a parabola y = 2’, i.e., f (£) = 2. 
Set up the equation of the tangent line at the point zo = 2, yo = 
= f (Xo) = 4. 
We know the derivative 


bao f (z a= =o 


Consequently, at the point of interest the slope of the tangent line is 
k= f' (£o) = 229 = 4 
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The equation of the tangent line is 
y — yo = k (t — xo), y— 4 = 4 (z — 2), y= 4r—4 


Without the aid of derivatives, it is rather difficult to draw a tan- 
gent to a curve given by an equation y = f (x): you have to compute 
a large number of points of the curve, then, using a French curve, 
draw the curve through these points and, by eye, apply a ruler to 
the curve at the given point and pay special attention to see that you 
do not intersect the curve near the point of tangency. Using deriva- 
tives, we find the equation of the tangent line, 
then from this equation we find two points lying 
on the straight line given by this equation, and 
then we draw the straight line (tangent line) with 
a ruler (through the two points). For one of the 
two points it is natural to take the point of tan- 
gency itself, A (£o, Yo). The second point C may 
be taken on the straight line a good distance 
from A; we can then more accurately determine 
the slope and the position of the tangent as a 
straight line passing through the two points 
A and C. 

For example, above we found the equation of 
a straight line tangent to the parabola y = 2? at 
the point zo = 2, yo = 4. This is an equation lof 
the form y = 4x — 4. Let us find the coordinates 

Fig. 35 of two points on this line: at z =2 we find 

y = 4-2 — 4 = 4. This is the point of tangency 

A (2, 4). The coordinates need not have been computed since the 

tangent must pass through it. For the second point (C) we choose 

the point of intersection of the tangent line and the y-axis. Putting 
x = 0, we find y = —4, so that C (0, —4) (Fig. 35). 

Note the curious fact that for z = 0, y = —ypo the point C of 
intersection of the tangent with the y-axis lies below the z-axis just 
as much as the point of tangency itself lies above the z-axis. This 
is not accidental. The rule holds true for all tangents to quadratic 
parabolas with equation y = ax*. Indeed, if the tangent is drawn 
to the point A (To, yo = ax), then its equation is 


Y — Yo = 2aZo (£ — Xo) 
and for z = 0 we get 


Y — Yo = —2axi, y = Yo— 2025 = Yo— 2Yo = — Yo 


Thus, the tangent passes through the points A (£o, Yo = ax) and 
C (0, y = —Yo = —ax>). 

When plotting a curve by points it is hard to construct the curve 
if there are few points. Usirig derivatives, one can draw the tangents 
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to the curve at these points beforehand, and then the curve itself 
can be drawn with greater ease and accuracy. 

Pictorially, it is clear that the tangent, is horizontal at the points 
of maximum and minimum. The equation of a horizontal straight 
line is y = const, and the slope of the horizontal straight line is k = 
= 0. Hence, the derivative of the function y = f (x) (the graph 
of which is a curve—for details see Sec. 2.6) is zero at the points 
of maximum and minimum of the curve. Thus, using the condition 
f (cz) = 0 one can find the z-coordinates of the points of maximum 
and minimum of the curve. The y-coordinate is then easily found 


Fig. 36 Fig. 37 


by substituting z into the equation of the curve. It is also obvious 
that knowing the coordinates of the points of maximum and minimum 
one can draw the curve itself more accurately. 

It is a useful exercise to draw a curve y (x) freehand and then 
rapidly draw the curve y’ (x), noting the sign of y’ (x) and the points 
where y’ (z) vanishes. This is illustrated in Fig. 36 [the graph of 
y (x)| and Fig. 37 [the graph of the derivative y’ (z)]. 

For the derivative y’ (x), the vanishing points of the function y (x) 
are of no interest. If the curve y (x) is raised parallel to itself (the 
upper curve in Fig. 36), then the curve y’ (x) does not change in any 
way because in parallel translation all the slopes remain the same; 
for instance, when x = Zp the tangents to the curve y (x) (point A) 
and to the displaced curve (point B) are parallel, and the angles 
are the same. This result is in accord with the property öf derivatives: 
the addition of a constant to a function (this corresponds to a vertical 
parallel translation of the graph) does not change the deriva- 
tive. 

Another mathematical game is this: draw freehand the graph 
of the derivative and then give a rough construction of the grap 
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of the function. Here you have to specify (in arbitrary fashion) one 
point (£o, y (z9)) and then draw the curve up or down (in accordance 
with the sign of the derivative). 

Note in conclusion that up till now we assumed the scales on the 
x-axis and y-axis to be the same, that is, one unit of z and one unit 
of y are expressed on the graph by line segments of equal length. 
Then we indeed have tan a = 

In constructing graphs one often uses different scales, particularly 
if y and x are quantities with different dimensions. For instance, 
let y be the distance traveled and z the time. We construct the graph 
of the position of a body depending on the time, y (x). On the axis 
of ordinates (y-axis) we lay off y using the scale 1 metre of distance 
= 1 cm in the drawing. On the axis of abscissas (z-axis) we lay off 
time using the scale 1 sec of time = 1 cm in the drawing. Then the 
velocity v expressed in metres per second and equal to the derivative 


oy will indeed be equal to tan a, the tangent of the angle of the 


tangent line in the drawing. But if we choose a different scale 
for z, say 1 sec = l cm = 5 cm in the drawing, we then get 


In the general case, if one x unit in the drawing is laid off to 
a scale of l cm and one y unit is laid off to a scale of n cm, then 


_ n dy 
tana=— = 


When y and z are denominate quantities (i.e., quantities having 
dimensions), say y metres, x seconds or y kilograms and z months 


(the weight of a baby as a function of time), the derivative £ also 


has dimensions: in the former case, 52 = = v is the velocity with 


: . ; d Seas : 
dimensions m/sec, in the latter case, — is the rate of increase in 


weight, kg/month. 

The trigonometric function tan œ is dimensionless (being equal 
to the ratio of the lengths of two line segments). Therefore we cannot 
have the simple equation tana = 4 since the left and right mem- 


bers have different dimensions. . = precisely the eas factors - I 
n 


l 
from the standpoint of dimensions. Thus, in the latter ol l has 
the dimensions of cm/month (1 cm in the drawing per month of age), 
n has the dimensions of cm/kg. (1 cm on the graph per kilogram of 


and n in the formula tana = 
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weight), so that =- . ZY is dimensionless. in the formula 


(B) 
Ng dy f kg 
tan a = ( cm \ dr (=a) 
zenik) 
all the dimensions cancel out. 
This should be borne in mind when comparing the derivative and 


the slope of a curve. 


Exercises 
1. Construct the graph of the function y = z? + 1 within the range from 
z = —1.5 to z = 2.5 and draw tangent lines at the points z = —1, z = 0, 
z=i1,272=2. 
2. The same for the function y = z? — 377, —1 < z < 3.5; tangent lines 
at z = —1, 0, 3. Find the points with horizontal tangent lines. 


Fig. 38 


3. On the curve y = x — z + 1, find points having horizontal jtangents. 
Construct the curve for —2 < z < 2. - 

Hint. In Exercises 1 to 3 it is advisable to use graph paper and a large scale. 

4. Construct the curve y’ (x) for the function y (x) given in Fig. 38. 

Suggestion. First copy Fig. 38 on a fresh sheet of paper and then construct 
y’ (x) there (so as not to deprive the next reader of the pleasure(of drawing 
this curve). 


Fig. 39 


5. Draw the curve y (x) through the point z = 5, y = O for the curve y’ (x) 
given in Fig. 39. At what angle will y (x) intersect the y-axis? At what angle 
will y (x) cut the z-axis for z = 5? 
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Suggestion. The same as for Exercise 4. 

6. Set up the equations of the tangent lines to the curve y = zê? at the points 
x = 0.5 and z = 1. Find the points of intersection of the tangent lines with 
the z- and y-axes. 

7. Find the general rule for points of intersection with the axes of tangent 
lines to the curves y = az’, y = bz’, 


2.6 INCREASE AND DECREASE OF FUNCTIONS. 
MAXIMUM AND MINIMUM 


Suppose we have a relationship between some physical quantity 
(say temperature) and time. 

We have z for temperature, ¢ for time and the formula for the 
function z (t) is given. How can we determine whether the tempera- 
ture is rising or falling at a given time ¢? How can we determine 
at what time the temperature reaches a maximum or a minimum 
value? 

Without a knowledge of derivatives, we have to seek the answer 
to the first question numerically: take the temperature at a given 
time ¢ and then take it at some following time ¢, and see if it has in- 
creased or decreased. This is clearly not a reliable approach: if 
z (t) is greater than z (¢), it still might be that at time ¢ the tempera- 
ture fell, then soon afterwards (after t but prior to 4) it reached 
a minimum and only then began to increase and by ¢, had risen above 
z (t). 

Using derivatives we get an exact solution: we have to find the 


. ; dz dz 
derivative Te If a 


then z (t) is an increasing function: if ¢ increases by a small amount 
At, the temperature increases by a small amount Az = 7’ (t)-At 
(as was Clarified earlier, the smaller At, the more exact the equation). 
We consider At > 0, time increases. If z’ ( > 0, At>0, then also 
Az > 0, i.e., the temperature rises with time. If 2’ (t) < 0, At> 0, 
then Az < 0, i.e., the temperature at the next instant of time 
z (t + At) will be below the temperature z (t) at the given time. 

Thus, a positive derivative indicates that the function is increas- 
ing, a negative derivative, that it is a falling, decreasing function. 

The expressions “increasing function” and “decreasing function” 
are applied to any function y (x) and not only to those that depend 
on time (functions of time). An increasing function is one in which 
y increases as the independent variable z increases. 

The derivative © is what indicates the rate of growth, that is, 
the ratio of the variation of y to the variation of xz. A negative rate 


=z’ (t) is a positive quantity for a given ft, 


: . ‘ aod 
of growth means a falling, a decrease in y as x increases, and ii < 


< 0, then (— <4) is the rate of fall (decrease). 
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The expression “the quantity y has a large negative derivative 
with respect to x” means that y is falling fast as x increases. A posi- 
tive derivative 54 means that y grows with the growth of z. 

Physicists and mathematicians, especially those in the making 
who have just learned what a derivative is, frequently put it to use 
in everyday life like this: “the derivative of my mood with respect 
to time is positive” in place of “my mood is definitely improving”. 

Solve this joke problem: what sign does the derivative of my 
mood have with respect to the distance from the dentist’s chair? 
My mood deteriorates, “decreases”, becomes “negative” as the distance 
decreases; hence the derivative is positive. 

The serious editor may complain about abuse of the English lan- 
guage, but actually this free-style use of mathematical concepts is 
good practice for future serious applications. 

There are functions that have the same sign of the derivative for 
any values of the variable: such is the property of the linear function 


f : d 
y = kx + b, whose derivative = =k is a constant. Later on we 


will see that in the case of the exponential function y = a* the deri- 
vative has a constant sign (although it is not constant in magnitude) 
for arbitrary x. However, a derivative need not have a constant sign; 
the sign of the derivative of a given function may be different for 
different values of the independent variable. 

Let us imagine a function y (x) whose derivative y’ (x) is positive 
for x < Zo and negative for x > Zp: in short, y’ (rt) > 0, z< £o; 
y’ (x) < 0, > 2p. 

What can we say about such a function? We begin with z < Zp. 
As x increases to Xo, y will increase; as z continues to increase, y 
falls. The conclusion is that for x = Zo the function y (x) has a maxi- 
mum. 

Consider the contrary case: 


y’ (x) <0, I< Xo, y’ (x) > 0, t >To 


Reasoning as before, we conclude that in this case y (x) has a mini- 
mum value when x = Zp. 

If a function y (x) is defined by a formula associated with a smooth 
curve, so that y’ (x) also varies smoothly as x varies, then the diffe- 
rent sign of y’ (x) for £ < 2) and x > xo in both cases signifies that 
for x = Zo, y’ (to) = 0. Thus, by equating the derivative to zero, 
we can find those values of the independent variable for which the 
function has a maximum value or a minimum value. We will discuss 
the exceptions to this rule for nonsmooth curves in Chapter 4. 

Let us take a numerical example. In Sec. 1.1 we compiled a table 
for the function y = 3x3 — x? — x (see page 14). Judging by this 
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table, one might think that the function is increasing for all values 
of x since every increase in x by unity caused an increase in y. 


Take the derivative: 
y’ = 92? — 2x — 1 


Taking xz = 0, we get y’ (0) = —1 < 0. Hence, when x = 0, the 
function is decreasing. This refutes the supposition (obtained from 
a glance at the table) that the function is an everywhere increasing 
function. 
We equate y’ (x) to zero. Solving the equation 
9r? — 2x —1 = 0 
we find two roots: 
y= —0.24, Ly, = +0.46 


Now form a detailed table (Table 3) including the maximum and 
minimum points just found. 


Table 3 


x | —2 | —1 | —0.30 | — 0.24 | —0.18 


y — 26 —3 +0.129 +0.140 | +0.131 


x 0 | 0.40 | 0.46 | 0.52 1 2 


y 0 | —0.372 —0.381 | —0. 370 +4 +48 


We see that, true enough, on the portion from z = —0.24 to xz = 
= +0.46 the function y falls from +0.14 to —0.38. 

A comparison of the values y (—0.24) with the adjacent values 
y (—0.30) and y (—0.18) confirms the fact that when z = —0.24, 
y reaches a maximum, the adjacent values of y being smaller. The 
graph of the function y = 3z? — z? — zx is shown in Fig. 40. 

We see here that the word maximum should not be understood as 
meaning the largest of all possible values of y. Indeed, at the maxi- 
mum point y (—0.24) = +0.14 and for z = 1, y = 1, for z = 2, 
y = +18, for z = 10, y = 269 and so on, y increasing without 
bound as z increases without bound. In what way does the maximum 
point 2mex = —0.24, y = 0.14 that we found differ? 

The difference is that for close values of xz, both larger than Zmax 
and less than zmax, the quantity y is less than Ymax = Y (Xmax)- 
This peculiarity of 2max is clearly seen in the table [compare 
y (—0.30), y (—0.24) and y (—0.18)]. The same arguments can be 
applied to the minimum: when Zmin = 0.46, Ymin = —0.381; for 
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large (in absolute value) negative x, y decreases without bound and 
becomes less than Ymin, but 2min, Ymin differs in that ymin is less 
than the values of y for z close to rmin. Bhe condition of a vanishing 
derivative enables us to find just such maxima and minima. 

The determination of maxima and minima arithmetically (by 
computing and comparing the values of the function for different 
values of the argument) is many times more arduous and less exact. 
Higher mathematics is not only a remarkable achievement of the 
mind. Practical computational problems 
are resolved much more easily by the y 
methods of higher mathematics. 

To conclude this section, let us inve- 
stigate the problem of how to distingu- 
ish a maximum from a minimum when 
we use the condition y’ (x) = 0. This 
condition holds true both at maximum 
and at minimum, the difference being 
in the sign of y’ (x) for x < Zo and for 
XL > Xo. 

How is it possible to determine the 
sign of y’ (x) for zx close to zo without 
computing y’ directly for other values of 
x? In the first case we saw that the fun- 
ction y (x) has a maximum when y’ (x) >0 
for z < x and y’ (x) <0 for zœ 2p. 
Thus, in this case the derivative y’ (x) is 
itself a decreasing function: as z increases, the derivative, 
which was at first positive (for x < 29), vanishes (when z = Zo) 
and, continuing to fall, becomes negative when z > Zp. But we al- 
ready know how to distinguish a decreasing function: its derivative 
is negative. Hence, in the first case, for the value x = zmax for which 
y has a maximum, y’ (zo) = 0, and the derivative of a derivative 
is negative. This quantity—the derivative of a derivative—which 
by the ordinary rules can be written as a “double-decker” fraction, 


dy 
da ¢ (<r) 


dx dz ? 


2 
is called the second derivative and has the notation y” (z) or 54 x 


Fig. 40 


To summarize, the condition of a maximum is 
y(t) =0, y” (z) <0 
In the same way we can verify that for the z for which 
y (z) =0, y" (x) >0 
the function y (x) has a minimum. 
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Let us revert to the example given above: 
y = 323 — r? — q, y' = 9r? — 2r — 1 


Taking the derivative of y’, we get 
y” = 18r — 2 


For x = —0.24, y’ = 0, y” = —6.3 < 0 and true enough z = 
= —0.24, y = 0.14 is a maximum. For z = +0.46, y’ = 0, y” = 
= +6.3 > 0; for z = 0.46, y = —0.38, y has a minimum. 


Exercises 


Find the values of z for which the following functions have a maximum or a 
minimum. In each case determine whether the minimum or maximum is invol- 
ved. For functions involving a constant (given by the letter a) give the answer 
for a > 0 and for a < 0. 


1. y=ar*, 2, y=et—. 3. y=c+— 


4. y= —zr 5. y=xttarr+t+ bd. 


2.7 THE AREA UNDER A CURVE AND DETERMINING DISTANCE 
FROM THE RATE OF MOTION 


The problem of determining the instantaneous rate of motion v (t) 
from a given dependence of the position of a body upon the time 
z (t) led us to the concept of the derivative: 


dz 


The inverse problem consists in determining the position of a body 
and the distance covered by the body in a given interval of time 
when we know the instantaneous velocity v (t) as a function of the 
time. This problem brings us to the second most important concept 
of higher mathematics—that of the integral. 

Let us agree on some convenient notation. We consider the distance 
traveled during time from ¢, to tą. So as to avoid subscripts, let us 
call the beginning of the time interval n, t = n, and the terminal 
point of the interval, k, t = k. We denote the distance covered by 
z (n, k). Remember that when the two quantities n and k stand under 
the function symbol z in parentheses, then z (n, k) is the distance 
covered during the interval of time from n to k, whereas z (t) with 
the single quantity in parentheses is the position (coordinate) of 
the body at a specified time ¢. These quantities are related in a simple 
manner: 

z (k) = z (n) + z (n, k), 
z k) = z (k) — z (n) (2.7-1) 
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The distance covered during time from n to k is equal to the difference 
between the coordinate at the end of the time interval under 
consideration z (k) and that at the beginning of the interval, z (n). 
Now let us compute z (n, k). i 
In the most elementary case, if the velocity is constant, 


v (t) = const = vo (2.7-2) 
the distance covered will obviously be equal simply to the product 
of the time of motion into the velocity: 

z (n, k) = (k — n) vo (2.7-3) 


Taking advantage of the graph of velocity versus time, we find 
that a constant velocity is associated with a horizontal straight line 


U 


Fig. 41 


(Fig. 41). The distance covered is clearly equal to the hatched area 
because the area of a rectangle is equal to the product of the base 
(k — n) by the altitude (vo). 

What do we do in the general case when the instantaneous velocity 
is not a constant quantity? 

Let us make a detailed study of a numerical example. Suppose 
the velocity is given by the formula v = ??.* We seek the distance 
covered during the time interval from t=n=1 to t=k = 2. 

We partition the entire interval from n to k into ten subintervals 
and set up a table of velocity (Table 4). We call Az the subintervals 
of time (0.1 second each) into which we split up the large interval 
from ł = n to t = k. 


Table 4 
t| 1.0 | 4.14 | 1.2 | 1.3 | 1.4 | 1.5 | 1.6 | 1.7 | 1.8 | 1.9 | 2.0 
v | 1.0 | 1.21 | 1.44 | 1.69 | 1.96 | 2.20 | 2.06 | 2.89 3.24 | 3.61 | 4.0 


* The velocity v is expressed in cm/sec, ¢ in seconds. In order to maintain 
the requirements of dimensionality, we write v = at?, where a has the dimen- 
sions of cm/sec®. We consider the special case when the coefficient a is numeri- 
cally equal to 1 cm/sec®. 
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Why is it difficult to compute the distance traveled at a velocity 
of v (t) as given by the formula? Clearly because the velocity is va- 
riable (for a constant velocity, the answer is trivial). In the case 
at hand, the velocity changes 4 times over the time interval from 
t= 1 to t = 2. However, after this interval is partitioned into 
10 parts (subintervals), the velocity varies less over each subinterval 
of duration 0.1 second (only 10 to 20%). Therefore, in the subinter- 
vals the velocity can roughly be taken to be constant and we can 
compute the distance covered during such a subinterval of time as 
the product of that subinterval by the velocity. 

To compute the distance covered during each subinterval At, 
equal to 0.1 sec, we utilize the initial velocity in the given subinter- 
val At: 1 cm/sec in Aż from 1 to 1.1 sec, 1.21 cm/sec in At from 1.1 
to 1.2 sec, and so forth. Finally, 3.61 cm/sec in the last subinterval 
At extending from 1.9 to 2.0 seconds. The total distance covered 
during the time interval from ¢ = 1 to t = 2 is then computed to be 


z(1, 2) = 0.1 + 0.121 + 0.144 + ... + 0.361 = 2.185 cm 


It is quite clear that we have reduced the actual distance covered 
because the velocity here increases with time and so the velocity 
at the beginning of each subinterval Aż is less than the average velo- 
city. Each of the ten terms into which the entire distance was parti- 
tioned is slightly less than the actual value, and so the result has 
a deficit too. 

Let us now compute the distance somewhat differently, namely, 
in each subinterval At we will take the value of velocity at the end 
of the subinterval. For the first subinterval At from 1 to 1.1 sec, 
this velocity is equal to 1.21 cm/sec, for the last one from 1.9 to 2 sec, 
it is 4 cm/sec. We then get 


z (1, 2) = 0.121 + 0.144 + ... + 0.400 = 2.485 cm 


for the distance. 

This calculation clearly yields the distance z (1, 2) with an excess. 
Hence the true value lies between 2.185 and 2.485 cm. The difference 
between these numbers amounts to about 15%. Rounding off the 
boundary values for z, we get 


2.18 < z (1, 2) < 2.49 


These computations can be illustrated by means of a graph. We 
construct the graph (Fig. 42) with time laid off on the axis of abscissas 
and velocity on the axis of ordinates. In the figure we divide the 
time interval into five parts instead of ten, as we did in the table. 
This makes each part (step) stand out more clearly. Each term in 
the first sum is the area of a narrow rectangle with the corresponding 
subinterval Aż as the base and the velocity at the beginning of the 
subinterval as the altitude. Thus, the sum is the area under the poly- 
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gonal (step-like) line (hatched in Fig. 42). The second sum, in which 
the velocity in each subinterval is taken at the end of the subinter- 
val, corresponds to the hatched area in.Fig. 43. 

How can we make a more accurate computation of the distance 
covered during a given time from t = n = 1 sec to t = k = 2 sec? 

The difference between the lower and upper estimate, that is, the 
difference between 2.18 and 2.49, depends on the variation of velocity 
within the limits of each subinterval At. 

To find a more exact value of z (1, 2), we have to partition the 
time interval between 1 and 2 seconds into a larger number of sub- 
intervals, each of smaller duration. For instance, if we split up the 
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Fig. 42 Fig. 43 


1-to-2-sec interval into 20 subintervals Aż of 0.05 sec duration each, 
then, using the initial velocities in each At, we compute the distance 
to be 


z (1, 2) = 0.05 + 0.05 -1.1025 + ... + 0.05 -3.8025 = 2.25875 


using the terminal velocities in each subinterval, we get the distance 
z (1, 2) = 0.05 -1.1025 + 0.05-1.21 +...+0.05-4 = 2.40875 


The difference between 2.25875 and 2.40875 now amounts to about 
7%. The range within which z (41, 2) lies has narrowed down. 
Rounding off these figures, we have 


2.26 < z (1, 2) < 2.41 


As we reduce the subinterval Aż, the result approaches the true 
value of the distance covered. It will be computed later on and proves 
to be equal to 


z(1, 2)=25-=2.338 ... 
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As we reduce Aż, the difference between the initial and terminal 
velocities in each subinterval Az decreases, and so also does the 
relative error in each summand. That is why the whole sum of the 
distances for all subintervals Aż, that is, the quantity z (1, 2), is 
more exactly determined if we take smaller and smaller subintervals 


At (then the number of subintervals, which is equal to = increa- 


n 
At ’ 
ses). 

Geometrically, it is obvious that as we increase the number of 
subintervals At and reduce the length of each one, the dimensions 
of each rectangle in figures like 42 and 43 become smaller and, con- 
sequently, the step-like line approa- 
ches closer and closer to the curve 
v (t). 

We thus conclude that the distance 
covered during time t= n to t= k, 
given an arbitrary dependence of the 
instantaneous velocity on the time, 
v (t), is equal to the area bounded by 
the curve v (t), the vertical lines £ =n 
and ¢ = k and the t-axis (Fig. 44). 

This conclusion yields a method 
for practical computation of the dis- 
tance: we can construct the graph on 
graph paper and determine the hat- 
l ched area either by counting the squa- 

Fig. 44 res or, for instance, by cutting out the 

area of paper, weighing the sheet and 

comparing its weight with the weight of a rectangular or square 
piece of the same paper of known area. 

This method is convenient and quite justified when the velocity 
is not known exactly or is given in the form of a table or graph 
obtained empirically (in an experiment). But we will not dwell on 
these approximate methods and will attempt to express the distance 
by a formula when the velocity is given by a formula. 

We can also make more precise the numerical method used above 
to determine the distance: to do this, we determine the distance in 
each subinterval on the basis of the arithmetic mean (half-sum), of 
the initial and terminal velocities in the given subinterval. In this 
approach, with a partition into ten subintervals, the velocity in the 
first subinterval from 41 to 1.1 sec is taken equal to a = 
= 1.105 cm/sec and the distance covered during this sahara 
of time is 0.1105 cm, the distance covered during the second subinter- 


val is 0.1.2ctrt at = 0.1325 cm, and soon. Adding them, we get 
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the distance covered during the time interval between n = 1 sec 
and k = 2 sec to be 
z (4, 2) = 0.1105. + 0.1325 e e e = 2.335 cm 


If we divide the interval into 20 subintervals, we get (using the same 
half-sum of velocities) 
z (1, 2) = 2.33375 cm 


These values are much closer to the true value of 2.3333 cm than those 
computed on the basis of the initial and terminal values of velocity 
for the same number of subintervals: for ten subintervals, the error 
is equal to 0.07% instead of 15% in the earlier method," and? for 
20 subintervals the error is only 0.02% instead of 7%. vik: 

This method can also be displayed vividly on a graph. The product 
of the half-sum of the velocities at the beginning and end of :an inter- 
val by the magnitude of the interval of 
time is equal to the area of the trapezoid 
ABCD (Fig. 45). With bases AB and DC 
and altitude AD, the area is 

ABT DE AD =O) (tty) 
For this reason, the determination of 
distance on the basis of the half-sum of 
the velocities is called the “trapezoid 
method”. For the shape of the curve 
shown in Fig. 45, the area of the trapezoid Fig. 45 
is somewhat greater than the area boun- 
ded by the straight lines BA, AD, DC 
and the portion BC of the curve. The difference between the area 
of the trapezoid and the area bounded by the arc of the curve is equal 
to the area of the crescent-like figure formed by the chord BC and 
the portion BC of the curve (shown hatched in Fig. 45). This area 
yields the error, that is, the difference between the true value of the 
distance and the value computed by the method of trapezoids. 
A comparison with Figs. 42 and 43 shows vividly that the error in 
the trapezoid method should be less than that in the method of 
rectangles. 

When one compares the distance and the area on a graph, it is 
important to take into account the scale used. Suppose 1 cm along 
the axis of abscissas on the graph corresponds to a time interval 
of T seconds and 1 cm on the axis of ordinates corresponds to a velo- 
city of V cm/sec. Then if the motion is at a constant velocity vo 
during a time from n to k, the distance covered is equal to vo (k — n), 
and the area of the rectangle on the graph (Fig. 41) is equal to 

vo (k—n) 
S = y` rT cm? 
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Thus 
z (n, k) = SVT 


This relationship between the distance covered and the area on the 
graph of velocity bounded by the curve v (t), the axis of abscissas 
and the vertical lines is preserved in the case of a variable velocity 
and an arbitrary function v (t). 

We have thus examined in detail some methods for an approximate 
numerical and graphical determination of distance on the basis of 
a given velocity as a function of time. 


2.8 THE DEFINITE INTEGRAL 


In the preceding section, two problems—finding the distance 
traversed by a body and the equivalent problem of finding the area 
under a curve—led to a consideration of sums of a special type with 
a large number of small terms (summands). 

These problems lead to the concept of the integral. 

The distance z (n, k) found from a given velocity v (t) is called 
“the definite integral of the function v (t) (velocity) with respect 
to the variable ¢ (time) taken from n to k”. 

We now give a mathematical definition of the integral that corres- 
ponds to the ideas which were illustrated by the numerical example 


n k 
to t l ty t; Cry t Um 
A l; A t; 
Fig. 46 


of Sec. 2.7. This definition will remain valid when we consider 
physical or mathematical quantities of a nature different from velo- 
city and distance. 

Suppose we have a function v (é). To find its integral from n to k 
we partition the interval from n to k into a large number m of subin- 
tervals. We denote the values of the argument ¢ at the endpoints of 
the subintervals by to, ti, ta, ..., tm-1, tm. Here, obviously, tọ = n 
and the last value tm = k (Fig. 46). 

The lengths of the small subintervals of time At are equal to the 
difference between adjacent values of ¢.* 


* If the interval (n, k) is specially partitioned into m equal parts, then each 
subinterval At = —— 


. In what follows, however, it is not obligatory that 


the subintervals be equal, the only thing we require is that the subintervals 
be small. The reader will see the truth of this if he thinks through the distance- 
velocity example of Sec. 2.7. 
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The number label of each subinterval corresponds to that of the 
argument at the end of the subinterval (Fig. 46). Thus, for an arbit- 
rary l, 

At = t — tı 


The subscripts on the quantities ¢ and Aż are not factors but merely 
number labels, or indices, as they are sometimes called (see footnote 
on page 20). 

The approximate value of the integral z (n, k) is given by the 


formula 
l=m 


z(n, k) & 2 v (tı-1) Atı (2.8-1) 


The symbol X is the capital Greek letter sigma. It corresponds 
i=m 
to S in the Latin alphabet, the first letter of the term sum. 2 sig- 


nifies that the expression which stands to the right of the ‘symbol 
and depends on the index / is to be taken for all values of l from 1 
to m and then all these expressions are to be added together. For 
example,| if m = 10, then 

1=10 


2 U (ti-1) At, =U (to) At, +v (ti) At H... HU (to) Ati 


In the example of Sec. 2.7, in Table 4, to = 1, 4 = 1.1, t = 1.2,..., 
1=10 
z(1, 2)=z(n, kh) >) Atı = 2.185 
{=1 


In the approximate expression (2.8-1), the value of the function v (t) 

in each subinterval was taken at the beginning of the subinterval, 

at the point ¢,_,. A different approximate expression is obtained if 

we take the value of the function at the endpoint of each subinterval: 
l=m 


z(n, k) py v (ti) At, (2.8-2) 


In the example of Sec. 2.7, this sum for m = 10 was equal to 2.485. 
The definite integral of a function v (é), taken from n to k, is the 
limit approached by the sums (2.8-1) and (2.8-2) as all subintervals 
At tend to zero. 
The integral is written 
k 
z(n, k)= | v (t) dt (2.8-3) 
n 
(read: z (n, k) equals the definite integral of v (t) from n to k, dt). 
The integral sign \ is merely an elongated S (the first letter of the 


word summa which is the Latin for sum). 
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Unlike At, the symbol dt signifies that in order to obtain the exact 
value of the integral it is necessary to pass to the limit as all subinter- 
vals At tend to zero. The formulas (2.8-1) and (2.8-2) with finite 
subintervals At only yield approximate values of the integral. 
Recall that in Sec. 2.2 when we considered the derivative we also 
replaced the finite line-segments Az and At with the differentials dz 
and dt. 

When the subintervals At become smaller and smaller, it is imma- 
terial whether we take the value of the function v at the beginning, 
at the end, or in the middle of the subinterval, which is to say that 
it is immaterial whether we proceed from (2.8-1) or from (2.8-2); 
and in formula (2.8-3) we simply have v (į), which is the value 
of the function in the subinterval dt without any indication of the 
value of v (t) being taken at the beginning or at the end of the 
subinterval. 

Another way in which the integral (2.8-3) differs from the sums 
(2.8-1) and (2.8-2), which yield approximate values of the integral, 
lies in the fact that as the quantities At become smaller and smaller 
and the nwgmber of subintervals increases, we no longer label them. 
For this reason, we indicate on the integral only the limits of the 
variation of ¢ (range of £) from n to k. 

The quantity n is placed at the bottom of the integral sign and 
is termed the lower limit of integration, k is placed at the top and 
is called the upper limit.* 

The range of ¢ from n to k is called the interval of integration. 
The function v (t) in the expression of the integral is called the inte- 
grand, ¢ being the variable of integration. 

Thus, the integral is defined as the limit approached by the sum 
of products of the values of the function multiplied by the difference 
` of the values of the arguments when all differences of the arguments 
tend to zero: 

l=m l=m kR 
lim Si v(t) At, = jim, x v (t3) At; = \ v(t)dt (2.8-4 
= n 


Although the first and second sums in (2.8-4) are different for a 
finite number of small intervals (subintervals), their limits are 
the same when all subintervals A¢ decrease without bound. 

As At tends to zero, each separate summand tends to zero, but 
on the other hand the number of terms in the sum increases and ap- 


* In this section, the word “limit” is used in two meanings: the integral is 
the limit of a sum in the same sense that the derivative is the limit of a ratio. 
Here, limit corresponds to the sign lim. We also speak of the limits of variation 
of t from n to k, the limits of integration n and k. The meaning here is diffe- 
rent. The attentive reader will readily see which of the two meanings is used 
in any given case. 
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proaches infinity. The sum itself tends to a very definite limit, which 
is the solution of the problem and is termed the integral. This limit, 
that is, the integral of the function, is eqyal to the distance covered 
if the function represents instantaneous velocity. 

However, not just any sum of a large number m of small terms 
tends to a definite limit as m— œo. We shall try to explain why 
in our case the limit must exist. Let us partition the interval k — n 
into m equal subintervals, the length of each one being Az; = 
= (k — n)/m. If for the sake of simplicity we take the velocity v 
as being constant, then we get a sum of m terms each equal to våt = 
= v (k — n)/m. The total sum (i.e., the distance covered) is equal to 
mvAt = mv (k — n)/m = v (k — n), which means that it is inde- 
pendent of m. Here it is very important to point out that each sepa- 
rate term diminishes in exactly the same proportion (in proportion 
to 1/m) as does the number of terms m increase. It is also clear that 
for the case of a variable velocity the result will not depend on m 
for a very large number m of subintervals, At = (k — n)/m. The 
reader will see this to be true if he does the exercises at the end of 
the section. % 

Since the variable of integration can assume the values n and k 
it is clear that the limits of integration have dimensions and their, 
dimensions are equal to the dimensions of the variable of integration 
(in the distance-velocity example, the limits of integration have 
the dimensions of time). The dimensions of the integral are readily 
obtained from (2.8-1). Indeed, the dimensions of a sum are equal to 
the dimensions of the separate terms (summands). 

The separate summands of (2.8-1) have dimensions equal to the 
product of the dimensions of the variable of integration into the 
dimensions of the integrand. In the distance-velocity example, the 
dimensions of the integral are sec-cm/sec = cm. 

Note that the value of a definite integral depends on the values 
of the function under the integral sign solely within the interval 
of integration. Values of the function outside the interval of integra- 
tion have no effect on the magnitude of the integral. This is 
made abundantly clear when we consider the distance-velocity 
example. 

The distance covered of course depends on the velocity v (t), but 
only for values of the function inside the interval of integration. 
The distance z (n, k) is in no way dependent on the velocity prior 
to time t = n (which is when we began to consider the motion) 
and subsequent to time t = k (end of motion). 

It was pointed out in Sec. 2.7 that the distance can be determined 
by computing the area on the graph in which the velocity is a functi- 
on of time. The problem of finding the area S bounded above by a cur- 
ve with a specified equation y (x), below by the axis of abscissas 
(z-axis), on the sides by the lines x = a and x = b (Fig. 47) also 
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reduces to computing the integral 
b 
S = \ y (x) dx 
a 


To explain this, recall Figs. 42 and 43. Imagine that the values 
of some function y (z) are laid off on the axis of ordinates, the inde- 
pendent variable z on the axis of abscissas, and y (x) has no connection 
with motion and velocity. In place 
of n and k we substitute the letters 
a and b. The sum of the areas of the 
hatched rectangles in Fig. 42 is equal 

‘=m 
to >| Y (a4) Azı, the same sum in 

l= 4 

l = 
Fig. 43 is equal to Pa y (xı) Axı. In 


Fig. 47 the limit, as Az; > 0, hess sums are, 

by definition, equal to the integral, 

and the sum of the areas of the rectan- 

gles tends to the area bounded by the curve y (x), since the smaller 

the subintervals Az;, the closer to the curve is the polygonal (step- 
like) line bounding the rectangles. 

In conclusion we note that the definite integral depends on the 
integrand and the limits of integration but is independent of the 
designation of the variable of integration. Judge for yourself. Suppose 
we have the integrand function 


v(t) = 3+ 5 
Substitute ¢ = z to get 
v (x) = 327 + 5 


When we compute the integral, it is immaterial how the variable 
of integration is designated, the only important thing being over 
what range it varies and what are the values of the function. For 
this reason 


k k 
z(n, k)= | v dt= \ v(x) dz 


Any letter will do for the variable of integration. 

A variable which (like the variable of integration) does not appear 
in the final result is called a dummy variable. The variable of inte- 
gration under the integral sign can be changed to any letter without 
disrupting the validity of the formulas. An ordinary (not dummy) 
variable can be replaced by a different letter only in all parts of 
a formula: for instance, in the formula (x + 1} = z? + 2x41 
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one cannot write (t + 1)? = x? + 2x + 1, but in integrals we can 
write i 


kR R 
f vedt= | v(a)az 


Exercises 


1. Consider the case v = at + b (uniformly accelerated motion). Find the 
distance during time n to k by dividing this time into m equal subintervals; 
take advantage of the fact that the terms of the sum form an arithmetic progres- 
sion. Find the imit of the sum as m — oo. Compare the resulting expression 
with the area, equal to the distance covered, of a trapezoid on the vt-plane. 

2. Consider the case v = t? and for this case find the distance covered in the 
time interval from ¢ = 1 to t = 2; in other words, find the integral 


2 


f 12 dt 


1 
To do this, partition the interval from 1 to 2 into m equal parts and compute 


the sum ))t?_, A or the sum $) te - Compare these two sums. 


2.9 THE RELATIONSHIP BETWEEN THE INTEGRAL 
AND THE DERIVATIVE (NEWTON-LEIBNIZ THEOREM) 


In the preceding sections we considered, separately, the concepts 
of the derivative and the integral. In implicit fashion, these notions 
were utilized by mathematicians even before Newton and Leibniz. 
The great achievement of these two mathematicians lay precisely 
in establishing the relationship between these concepts that so great- 
ly speeded the development of mathematics from then on. In the 
present section we examine this relationship using the distance- 
velocity example. 

We assume as given and known the instantaneous velocity as 
a function of time, v (t). We regard as constant the time ł =n 
at the beginning of the distance. We consider the distance covered 
in the time interval from 4 = n to t, = k as a function of the termi- 
nal instant k. We know that 


z (k, n) = z (k) — z (n) 


Let us take the derivative of the left and right members, regarding n 
as a constant. Thus, z (n) is also a constant quantity. This yields 


dz (k, n) __ dz (k) 
dk dk 
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But we know that the derivative of the coordinate of a body with 
respect to time is nothing but the instantaneous velocity of that body, 


dz (k 
a =o (A) 


and sO we also have 
dz (n, k 
ZH v (k) 


Substituting here the expression of z (n, k) in the form of an integral, 


we get 
k 


ae (f v0 at) =v (k) (2.9-1) 


n 


This equation is the most important general property of the definite 
integral. In the given form, this equation is a general mathematical 
theorem. Its validity is independent of whether v (¢) is velocity (and 
the integral is distance) or v (t) is some other quite different quan.i- 
ty. For any function, say y (x), we have 


b 


a (| y(@)az) =y (b) (2.9-2) 


a 


The theorem is stated thus: the derivative of a definite integral with 
respect to the upper limit is equal to the value of the integrand at the 
upper limit. 

Because this theorem is so important, we give a different deriva- 
tion of it based on a consideration of area. We will compute the deri- 
vative by first principles, that is as the limit of the ratio of the incre- 
ment of the function to the increment of the independent variable. 

We consider 


b 
I (a, b)= | y (2) de 


This integral is the area bounded from above by the curve y (z), 
from below by the z-axis, on the left by the vertical line z = a, 
and on the right by the vertical line z = b (see Fig. 47). 

How do we find the increment of the integral? By first principles, 
we have AI = T (a, b + Ab) — I (a, b). The area equal to the 
integral J (a, b + Ab) differs from the area J (a, b) in that the right 
vertical is displaced rightwards by Ab (see Fig. 47). 

Consequently, the increment A/ is the difference between two areas: 
that with the base from a to b + Ab and that with the base from a 
to b. AT is then clearly the area of the strip that is hatched in Fig. 47. 
The base of this strip on the z-axis is a line segment of length Ab. 
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The desired derivative is equal to the limit 


Quite obviously, as Ab tends to zero, the area of the strip approaches 
y (b) Ab, and the ratio a approaches the quantity y (b). We have 
thus once again given a pictorial proof of the theorem 


b 
a (| v (©) dz) =y ) (2.9-2) 


a 


The definite integral of a known function y (x) or v (t) is a function 
of the limits of integration a, b or n, k. 

The definition of an integral as the limit of a sum, which was 
given in the preceding section, explains to us the role the integral 
concept plays in the solution of physical problems: in computing 
the distance traveled when a body is moving with a variable velocity 
v (t), in determining the area bounded by a curve given by an equa- 
tion y = y (x). But this definition does not yield a convenient gene- 
ral method for computing an integral and it does not yield a conve- 
nient general method for finding an integral as a formula, as a functi- 
on of the limits of integration.* 

A method for finding such a formula follows from the theorem, 
proved above, concerning the derivative of an integral. Here, besides 
the property of the derivative of an integral, we make use of yet 
a second property of the definite integral: the definite integral is 
equal to zero when the upper and lower limits of the integral coincide: 


n 
z (n, k=n)= È v(i) dt=0 
n 
This property is obvious because the distance is equal to zero if the 
time in transit is k — n = n — n =Q. 
The formula itself which yields the value of the integral as a functi- 


on of the limits of integration will be derived in this fashion in 
Sec. 2.12. First we give a simpler derivation in Sec. 2.14. 


2.10 THE INTEGRAL OF A DERIVATIVE 


Let the integrand v (t) be equal to the derivative of a known fun- 
ction f (t), 


v (t) =f ()=2 (2.10-1) 


* Only in rare cases and with great difficulty is one able to sum an arbitrary 
number of small summands, 
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In this case we can find the exact value of the integral in the following 

manner. Recall the approximate expression for the increment of 
a function f (Sec. 2.4): 

Af ~ F (t) At = v (Å) At (2.10-2) 

The quantity in the right member of the equation is precisely one of 

those summands whose sum is equal to the integral. And so we can 

write, approximately, 

Af = f (t4) — f (ti) © v (ties) (tita — ti) © V (ti) (t14 — ti) (2.10-3) 

As already mentioned, (2.10-2) is approximate and its accuracy 

increases as the increment At becomes smaller, that is to say, the 


smaller the difference tı+ı — t. But as the difference t; — t: 
decreases, that is, as tą}, approaches ¢,, the difference between 


n k 
p S E O ———_$_}——____—_ 
bo b b t& & G ¢ 
Fig. 48 


v (t+) and v (tı) also diminishes. For this reason, we have just as 
much right (the degree of accuracy is the same) to put both v (44) 
and v (tı) in the right member of (2.10-3), as was done above. Let us 
write formulas like (2.10-3) for all subintervals into which the domain 
of integration (that is, the interval from n to k) is partitioned. By 
way of illustration, let the interval be split up into five subintervals 
(Fig. 48) so that tọ = n, t = k. Take the pains to write out all five 
equations: 

f (ts) — F (to) © v (4) (ty — to) © v (to) (t — to), 

Í (ta) — f (ti) Œ v (te) (tg — ty) © V (ty) (tg — t), 

f (ts) — f (ta) © v (ts) (ts — te) & V (ta) (ts — tə), 

f (ts) — F (ts) © V (ta) (ty — t3) © v (t3) (ty — t3), 

f (ts) aos f (t4) ~ V (ts) (t; =n t,) ~~ VU (t,) (t; = t,) 
Now add them together. In the left members, all values of the functi- 
on f for intermediate values of ¢ cancel out leaving only 


Í (ts) — f (to) = f (k) — f (n) 

On the right we have precisely those sums with the aid of which 
we approximately expressed the integral in the preceding section, 
expressing the distance z (n, k) for a given velocity v (t). Thus 
f (k)— f (n) = 2 v (ti) (ti — ti) © > v (tı) (ti — ti) & 2 (n, k) 


k 
= ( v(t)dt for v(t) = 52 
n 
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The smaller each increment At, i.e., the quantity t4 — tı, the 
more exact the expression (2.10-3) of the increment of f; but as the 
differences t+, — tı decrease, the sums tend to the integral. 

Therefore, the equation 


k 
f(k)—f (n) = \ y(t) dt for v(t) = (2.10-4) 
n 
is indeed exact. 

Formula (2.10-4) establishes a relationship between the integral 
and the derivative. From this formula it follows that if we are able 
to find a function f whose derivative is equal to the integrand functi- 
on v, then the problem of evaluating the integral is solved, for all 
that remains is to substitute the values f (k) and f (n) and find the 
difference f (k) — f (n). 

Since this formula is so important, in the sections which follow 
we will give a different derivation of (2.10-4) on the basis of a more 
detailed consideration of the properties of the integral (see the end 
of Sec. 2.9) and the function f. 


2.41 THE INDEFINITE INTEGRAL 


In the preceding sections we introduced the concept of a definite 
integral as the limit of a sum of a large number of small terms. 
In Sec. 2.9 we elucidated the principal property of the definite inte- 
gral: the derivative of a definite integral with respect to the upper 
limit is equal to the integrand: 


dz G. k) 


z (n, k) = ( v (t) dt, =v (k) (2.14-1) 


n 


We now wish to take advantage of this property to compute a definite 
integral. 

We seek a function of k whose derivative is the known function 
v (k) and denote this function by f (k). Then, by definition, 


oT) v (k) (2.11-2) 


This equation does not oe define the function f (k). We know 
that the addition of any constant to f (k) does not alter the derivative 
of the function. Hence, if f (k) satisfies (2.11-2), then the function 
g (k) =f (k) + C will also satisfy this equation. 

The function f (k) which satisfies equation (2.11-2) is called the 
“indefinite integral of the function v (k)”. This term reflects two pro- 
perties of f (k): the derivative of f (k) is the same as that of the defini- 
te integral z (n, k),* and so f (k) is called an integral. To the function 


* Compare formulas (2.11-1) and (2.11-2). 
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f (k) that satisfies (2.11-2) we can add any constant quantity, whence 
the modifying adjective “indefinite”. 

Any solution of (2.11-2) can differ from some solution f (k) solely 
by a constant. Indeed, if there is another solution of (2.11-2), which 
we denote as g (k), then for their difference we get 


> Uf (k)—g (k) =v (k)—v (k)=0 


But only the derivative of a constant is equal to zero for arbitrary 
values of the argument. 

According to (2.11-1), the definite integral z (n, k) is also one of 
the solutions of (2.11-2). Hence, z (n, k) can likewise be represented as 


z (n, k) = f (k) +B (2.11-3) 


where f (k) is a solution of (2.11-2) and B is a constant, and it only 
remains to determine the constant. To do this, we take advantage 
of the second property of a definite integral: it is equal to zero when 
the upper limit coincides with the lower limit, 


z(n,k =n) =2 (n,n) = 0 (2.11-4) 


Putting k = n into (2.11-3), we get, using (2.11-4), 
O=fm+B, B= —f n) 


And from this we finally have 
z (n, k) = f (k) — f (n) (2.11-5) 


It is to be noted that the “indeterminacy” of the function f (k) 
does not in any way hamper computation, with its aid, of a definite 
integral from formula (2.11-5). Indeed, in place of f (k) take some 
other solution of (2.11-2), say g (k), which differs from f (k) by a con- 


stant 
gtk) =fk) + C 

We will evaluate the definite integral using the formula (2.11-5), 
taking g instead of f: 

z(n, k) = g (k) — g (n) = f (k) + C — If (in) + Cl = f (k)—f (n) 
The result is the same as (2.11-5). 

It is convenient to denote the indefinite integral by the same letter 
z as we used for the definite integral. 

For a given integrand v (t), the definite integral depends on the 
upper and lower limits, which is to say, it is a function of two 
variables, z (n, k). The indefinite integral is a function of one variab- 
le. Let us denote it by t. Thus the indefinite integral z (t) is a function 
which satisfies the equation 


z (=L = v(t) (2.11-6) 


dt 


CH. 2 THE CONCEPTS OF A DERIVATIVE AND AN INTEGRAL 85 


Using this function, the definite integral z (n, k) of the function v (t) 
can be found from the formula 


z(n, k) = foe dt=z( (k)—2(n) (2.11-7) 


n 


The following compact notation is used to state the difference 
between the values of one and the same function for two different 
values of the variable: 

z (t) |} = z (k)—z (n) (2.11-8) 


Here, on the left is the function of a dummy variable ¢, this is follow- 
ed by a vertical line at the top of which is the value of the variable 
at which we desire to take the function with a plus sign, and below, 
the value for which we want to take the function with a minus sign. 

Substituting, under the integral sign in (2.11-7), v ( expressed 
in terms of z (t) in accord with (2.11-6) and putting expression (2.11-8) 
into the right side, we get the identity 

k 


\ z’ (t) dt =z (È (2.11-9) 


n 


It will be seen that the positions of n and k on the left and on the 
right are the same. This is a good mnemonic device. 

It is now time to examine some examples. 

Let us consider the problem of the distance covered during the 
time interval from n to k at a velocity equal to v (t) = #. This 
distance is equal to the definite integral 

k 
z(n, k)= t? dt 
n 
In this problem, the indefinite integral z (t) is obtained by solving 
the equation 
dz (t) 
dt 


=v (t)=? 
7 28 
d (t3) (5) 1 
But we know that ———* = 32, hence ——-— = (327) = #. Con- 
sequently, the equation is satisfied by 
3 
z(= = 
Substituting this solution into (2.11-9), we get 


k 
ag Fw nt 
E oll Maar lama 
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2 


The special case of n = 1, k = 2 yields 
| ed=5 


4 7 
Sag a 2,333. ee 
Thus, using the indefinite integral, we obtain in a few lines the 
exact result which we laboriously approached by numerical compu- 
tations in Sec. 2.9. 
The definite integral is the limit of a sum of the form 


v (to) (ty — to) + v (t) (te — ty) +... 


as each term tends to zero and the number of terms increases corres- 
pondingly. In an approximate computation, one has to partition 
the interval of integration into a number of subintervals, find the 
approximate value of the distance vA? in each subinterval and then 
add. To obtain good accuracy requires numerous arithmetic opera- 
tions. But if we know the indefinite integral z (t), that is, if we know 
the function whose derivative is equal to the integrand v (t), then 
k 


any definite integral \ v (t) dt is obtained immediately from formu- 


n 
la (2.11-9). The possibility of finding functions with a given deriva- 
tive (indefinite integrals) has “suddenly” put at our disposal a power- 
ful method for computing sums (definite integrals). 

The indefinite integral is sometimes called a primitive function 
(antiderivative). This term is used in textbooks in cases where the 
problem of finding a function from the known derivative of the func- 
tion is solved before definite integrals are considered. We do not use 
this term here. 

An indefinite integral can always be expressed in terms of a definite 
integral: 


i 
z(t) =C + \ v (x) dx (2.114-10) 


Applying the rule concerning the derivative of a definite integral 
with respect to the upper limit, it is easy to verify that z (t) given 
by equation (2.141-10) satisfies (2.11-6) for arbitrary constants C 
and a. 

In all problems, the answer always involves the difference between 
the values z (k) — z (n), and this is independent of C and a. There- 
fore (2.11-10) may be written more compactly: 

t 


z (t) = \ v (x) dz 
This is frequently abridged still further to 
z(t) = f v (t) dt (2.44 41) 
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This notation is widely used and we will employ it, but one should 
bear in mind that, properly speaking, it is not correct. It may be 
compared with those grammatically lopse expressions that occur 
in everyday speech and are clear to all (except pedants), such as, 
say, “Who did you see there?” 

The notation of (2.141-41) violates the rule by which the dummy 
variable of integration does not appear in the result. Therefore, 
when using the abridged notation (2.11-11) one should always bear 
in mind that this is a conventional contraction of the exact expression 
(2.11-10). 

The familiar formulas for derivatives yield a table of indefinite 
integrals: 


— Z t 2 p _ $ 
| =t, (i=, (ea=5, 


foot, an 


(See Exercise 6 of Sec. 2.3 concerning the last integral.) To verify 
any of these formulas, it sufficies to find the derivative of the right- 
hand side. If in doing so, we get the function under the integral sign, 
then the formula is correct. Methods for finding indefinite integrals 
of a variety of functions are considered in detail in Chapter 3. Thanks 
to the relationship which exists between an integral and a derivative, 
we are able to find the integrals of a large number of functions. 

The problem of integration is technically a much more complicated 
job than the problem of finding derivatives. The complexity is due, 
for one thing, to the fact that in the integration of rational (i.e., 
not containing radicals) algebraic expressions we get answers involv- 
ing logarithms and inverse trigonometric functions. In the integra- 
tion of algebraic expressions with radicals the result is sometimes 
expressible only with the aid of new, nonelementary, functions that 
cannot be expressed in terms of a finite number of operations involv- 
ing algebraic, power and trigonometric functions. 

However, the difficulties of expressing integrals by formulas should 
not eclipse the fundamental simplicity and clarity of the integral 
concept. If it is impossible (or difficult) to evaluate an integral by 
formula (2.11-9), it is always possible to approximate it by means 
of cumbersome, yel fundamentally very simple, computations. 


Exercises 


Evaluate the following integrals. 

1 1.1 2 3 

e 
1. \ t2dt. 2. \ t2dt. 3. E 4. \ Cae 
t2 Vi 

0 1 1 4 

5. Using an integral, find the area of a right triangle having base b and 
altitude k. Put the origin of coordinates at the vertex of an acute angle and the 
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right angle on the x-axis at point z = b, y = 0 (Fig. 49). Find the equation of 
the hypotenuse in this system of coordinates and find the area as an integral. 


In integrating, take advantage of the formula \ z dz = 5 . 


Fig. 49 Fig. 50 


Remark. Do not be indignant that a lot of effort is put into finding the 
familiar answer S = S bh because the method of integration will be used later 


on in cases where elementary methods do not suffice. 
6. Find the area of the same triangle by placing the right angle at the origin 
and an acute angle at the point z = b, y = 0 (Fig. 50). In integrating, make 


use of the obvious property of the integral of a sum of two terms \ (f + g) dz = 
= | fdx-+ \ gdz for arbitrary f and g which are constant or functions of z 
(positive or negative). 


Remark. The same as in Exercise 5. 
7. Find the area under the parabola y = Az? passing through the point 


y y 


Fig. 51 Fig. 52 


Z = To, y = yo bounded by the vertical line z = zọ and the z-axis. Express 


the area in terms of zo, yo (Fig. 51). 
8. The same for a parabola passing through the origin with horizontal 


tangent at the point (zo, yo) (Fig. 52). 
Hint 1. The answer may be obtained at once by using the result of the 


preceding exercise. 
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Hint 2. Still and all, take the hard way and do all the operations in their 
requisite order. Seek the equation of the parabola in the form y = kz? + nz + 
+ m, where k, n, m are found from the conditions of passage through the points 


y 


Fig. 53 Fig. 54 


(zo, yo) and the origin and from the condition that the tangent at the point 
z = zo, y = yo is horizontal. Express the area in terms of zo, yo. 
Hint 3. If you are not able to follow Hint 1, then first try Hint 2 and the 


result will suggest how to carry out Hint 1. B l 
9. Write the expression for the area of a semicircle of radius r (Fig. 53) 


in the form of a definite integral. 
Hint. From the drawing, using the Pythagorean theorem, 


pyr 
This is the equation of a circle (see Sec. 1.6). 
1 


dx 
f dal ja te 
pr using the trapezoidal formula and taking 


m = 5 and m = 10. Carry the computations to the fourth decimal place. 
Remark. The exact value of this integral is . . An approximate evaluatiom 


10. Evaluate the integral | 
0 


y y y 


Fig. 55 


of the integral enables us to obtain an approximate value for the number n. 
11. Construct the graph of the function 


x 


F(2)=\ y(a)ae 


The function y (xz) is given graphically (Fig. 54). For values of a take a = 0, 
a = 4, Q = 8. 
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12. Construct the graph of the function 


F (r2)= | y (x) dx 
0 


The function y (z) is given by the graphs in Fig. 55. 
13. Construct the curves 


F (2) =( ọ (x) dz 
0 


where the functions @ (x) are given by the curves which appear as answers to 
Problems 4 and 5 of Sec. 2.5. Compare F (x) with the curves y (x) given in Figs. 38 
and 39 on page 63. 


2.42 PROPERTIES OF INTEGRALS 


Above we considered the simplest case of a definite integral having 
a positive integrand and with upper limit greater than the lower 
limit: 


R 
z (n, k) = | v(t)dt, v>0, k>n 


The integral here is clearly positive since it is equal to the limit of 
a sum of positive terms. The integral has the simple physical mean- 
ing of a distance covered [v (¢) is the velocity] or an area [v = v (t) 
is the equation of the curve]. 

What is the sign of the integral of a negative function, that is, 
in the case of v (t) < 0? 

For the time being, we leave the condition k œ n. In the expression 
of the sum (which in the case of passage to the limit becomes an 
integral), the factor At in each term is positive, the factor v (t) is 
negative, each summand is negative, the sum is negative, and the 
integral is also negative. To summarize, if v () < 0 forn < t< k 
so that k œn, then 


k 
\ v(t) dt<0 


In the case of motion, the meaning of the answer is simple: a negati- 
ve value of v signifies that the motion occurs in a direction opposite 
to the positive direction or the direction of increasing z-coordinate). 
The distance traversed in the negative direction will always be 
regarded as negative. In this case, z decreases, z (k) < 2 (n). Since 
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k 
| vdt is negative here, the general formula 
n 


k 
z (k)=z(n)+z(k, n)=z(n)+ | vdt 


remains valid. 
In the case of a velocity that changes sign, it may happen that, 
k 


in particular \ v dt = 0 although k>n, kn; this occurs if 


nr 
part of the time (between n and k) the body moves in one direction, 
and during another time interval it moves in the opposite direction 


Fig. 56 Fig. 57 


with the result that by time k it returns to the position of time n. 

Let us examine the problem of the area under a curve. For k >n 

and v (t) > 0, the integral is equal to the area bounded by the curve 

v (t), the t-axis and the vertical lines t = n, t = k (Fig. 56). For 
k 


v<0, k >œ>n, \ v dt <0. In this case the curve lies below the axis 


n 
of abscissas (Fig. 57). 

Thus, in order to preserve the law by which the area is equal to an 
integral, it is necessary to regard the area as negative if the curve 
lies below the axis of abscissas. 

If we take a function which changes sign, say, v (t) = sin t, then 
the area under such a curve over an interval equal to a period from 
t = 0 to t = 2n will be equal (by our definition) to zero (Fig. 58). 
This means that the area under the first arch (which we take to be 
positive) and the negative area of the second arch cancel each other 
exactly. 

If our problem is to find out how much paint is required to paint 
over the hatched portions in Fig. 58, then such a definition of area 
is no good. In this case we have to partition the entire integral into 
parts over each of which v does not change sign (in our case there will 
be two parts, from 0 to x and from x to 27), then compute the inte- 
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gral over each portion separately and finally add the absolute values 
of the integrals of the separate parts. 

The definite integral also generalizes to the case when the upper 
limit is less than the lower limit. In this case we will no longer speak 


Fig. 58 


of the distance, time and velocity (Sec. 2.7) and will regard the defi- 
nition of the integral as a sum (see Sec. 2.8). Referring to Fig. 99, 
we again partition the interval between n and k by the intermediate 


ts t; t2 & 
S E S a a aa a ay ce ee Se 
k n t n p k 
Fig. 59 Fig. 60 
values ż, t2, ..., tmn-1 and convince ourselves that all At are now 


negative. It is now easy to see that 


k n 
\ v (t) dt = — \ v(t) dt (2.12-1) 
n k 


since in any partition of the interval [n, k] the corresponding sums 
will differ as to the signs of the subintervals Aż in all terms. 

An essential property of the integral consists in the fact that the 
domain of integration may be divided into parts: the distance cove- 
red in the time interval between n (beginning) and k (end) may be 
represented as the sum of the distances traversed between time n 
and p (an intermediate point of time) and between p and k (Fig. 60): 


k p R 
\ v (t) dt = \ v (t) dt + \ v (t) dt (2.12-2) 


With the aid of (2.12-1) we can extend the formula (2.12-2) to 
the case where p lies outside the interval [n, kl. 
Suppose p>k>n (Fig. 61). Then obviously 
p k p 
\ v (t) dt = \ v (t) dt + \ v (t) dt (2.12-3) 
h 


n n 
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Transpose the last term to the left and take advantage of (2.12-1): 
p p p k k 
\ vdt— \ vdt = f v(i dt+ | VA dt= | v()dt (2.124) 
n k n p n 


In this way we get (2.12-4) which coincides exactly with (2.12-2). 
We can likewise consider different arrangements of numbers n, 
p, k (there are six such variants in all). The reader will find no diffi- 
culty in considering them and in convincing himself that formula 


n k p 
Fig.61 


(2.12-2) proves to be valid in all these cases, that is to say, irrespec- 
tive of the mutual arrangement of the numbers n, p, k 

Actually, we have derived all these properties of definite integrals 
from the definition of an integral as the limit of a sum. 

These properties likewise follow from the expression of a definite 
integral in terms of an indefinite integral. Indeed, suppose the inde- 
finite integral 


| v O dt = z (0 
Then 


Rk 
{ v (2) dt =z (k)—z (n) 


n R 
( v (t) dt =z (n)—z (k) = -Í v (t) dt 


The fundamental law by which the derivative of an integral is equal 
to theʻintegrand refers to the derivative with respect to the upper 
limit. 

If the definite integral is regarded as a function of the lower limit 
with the upper limit held constant, then we get the answer with 
opposite sign: 

k 
dz (n, k d 
AR (| v (t) dt) = —v (n) (2.12-5) 


n 


The minus sign in this formula is easy to understand if we regard 
the integral as an area: the increment of n clearly diminishes the area 
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(Fig. 62).* We can formally obtain the same result by interchanging 
the limits (this will introduce a minus sign) and by using the familiar 
law on the derivative with respect to the upper limit: 


d 


k n 
= (J v (i) dt) => (— | v (t) dt) = —v (n) 
n k 


In connection with the question of the sign of the integral, we note 
an example that frequently disconcerts the 


U vít) beginner. Let us consider 
dx 1 i 


This equation follows from the earlier found 
value of the derivative 


1 
4 (=) 4 
g nntðn k č Sene 
dx x? 
Fig. 62 Is the sign of the integral correct here? 


Can the integral of a positive function, 
- , be negative? Does not this sign contradict the assertions made 
x 


above? 
Any dismay is due to the fact that formula (2.12-6) is not written 
in proper fashion. If we write it as 


then we cannot say that the sign of the integral is always negative 
since this also depends on the sign and value of the quantity C. 

Actually, all statements concerning the sign of the integral have 
referred to the definite integral. Let us take 


When b > a, the integral is positive, as it should be, that is, formu- 
la (2.12-6) is correct and leads to a correct result for the definite 


integral. Looking ahead, we may note that the integral = invol- 


ves other, no longer fictitious but real, difficulties which will be 
considered in Sec. 3.16. 


* The area bounded by the vertical lines t = n + An, t = k, the curve, 
and the ¢-axis is less than the area bounded by the vertical lines t = n. t= k, 
the curve, and the f-axis. 
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2.43 MEAN VALUES 


Using an integral we can give an exact definition of the mean of 
a quantity which is a function of some variable. 
If we have a quantity that assumes a sequence of separate values, 
say m values, 
Vi, Vo, V3, e + e, Um 


then the mean value is naturally determined by the formula 
vy Ve+ 03+ ...+Um 


m 


How do we determine the mean value of a function v (t) of the 
variable ¢ which assumes all values in a given interval from n to k 
(n<t<k)? 

Suppose that v (t) is the instantaneous velocity. How do we deter- 
mine the mean value v (n, k) that is, the mean (average) velocity 
over a time interval from n to k? The average velocity is determined 
as the ratio of the distance traversed to the time spent in transit: 

k 

| v(t) dt 
z(n, k) n 

k—n k—n — 

This definition of the mean value of a function is reasonable also 
in those cases when the function is not velocity but some other quan- 
tity. For instance, let y = y (x) be the equation of a curve in the 
zy-plane (Fig. 63). 

b 


v(n, k) = 


Then \ y (x) dx is the area under the curve. The formula 


a 
b 


 fy@d 3 
y=", b—a) y= | ymd 


b—a 
a 
signifies that y is the altitude of a rectangle with base b — a, the 
area of which is equal to the area under the curve. This means that 
in Fig. 63 the hatched area above the line y = y labelled plus (+) 
is exactly equal to the area labelled minus (—) on the portion where 
the curve is below the line y = y. The graph of the function y (x) 
(if it is not a straight line parallel to the z-axis) must definitely 


pass partly above and partly below the mean value y defined with 
the aid of an integral. Consequently, y is greater than the smallest 
value of y (x) and is less than the greatest value of y (x) on the ave- 
raging interval n< zr < k. 

Let us consider some examples. 
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Let y (x) be a linear function, 
y=kr+m 
Here the integral is the area of a trapezoid (Fig. 64) with altitude 


b — a, bases 'y (a) and y (b) and midline y ( ot . Hence 


I (a, b) = LOSE (6a) =y (HE) e—a) 


This expression can readily be obtained without geometrical consi- 
derations: 
b 


(a, b)= | (ka + m) dx = (=> + mz) i 


= + mb— (+ ma) == (078) (Z+ +m) ' 


2 
y (b)=kb+m, y(a)= ka4-m, 
y (=)=* (+m 


whence quite obviously follow the expressions of the preceding for- 
mula. 
Thus, for a linear function, 


= b b 
y = Leu diy (=) (2.13-1) 


To summarize, then, for a linear function, the mean value of the 
function over a given interval from a to b is exactly equal to the 


y Y(Z) 


Fig. 63 Fig. 64 


arithmetic mean of the values of the function at the endpoints of 
the interval, y (a) and y (b). This may be stated differently: the mean 
value of a linear function is equal to the value of the function at the 


midpoint of the interval, that is, for zx = 4, 
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An important example of a linear relationship is the dependence 
of velocity on time in the case of uniformly accelerated or uniformly 
decelerated motion, that is to say, when a body is moving under 
the action of a constant force, for instance, under the action of the 
force of gravity when 

v = gt + vo 
In computing distance we use the properties of the mean value of 
a linear function, 


z (n, k) = (k —n) (9) (kn) (FE + vp) 


[t must be kept in mind, however, that in the case of a nonlinear 
relationship, the expressions for the mean value (2.13-1) no longer 
hold true. 

Let us consider the quadratic function (parabola) y = rz? + pz + 
-+ q. For the sake of definiteness, take r > 0 and consider some por- 
tion of the parabola a< xz < b. From 
the drawing in Fig. 65 it is first of 
all evident that 


y (=) Ze 


| Y EpL] 


{ndeed, y (et ) is the ordinate of the 


point C lying on the curve, while the 


y (a) +- y (b) 
2 


half-sum is the ordinate of 2 


the point D lying at the midpoint of Fig. 65 

the chord connecting points A and B 

of the curve. And it is clear from the figure that C lies below D.* 
b 


Now let us turn to the integral \ y (x) dz, i.e., to a computation 


a 
of the area under the curve. It is clear that this area is less than 
the area of a trapezoid with bases A,)A and BB. On the other hand, 
if we draw a tangent to the curve at point C, then this tangent will 
intersect the vertical lines at the points A’ and B’ and will form 
a trapezoid with midline CoC. The area of this trapezoid is obviously 
less than the area under the curve. Thus, in the case of a parabola 
with r > 0, 


b 
b > 
(b—a)y (- 5 =< \ y (x) dz <(b—a) Fu) 


* We note that the parabola y = rz?, rœ 0, is convex downwards, and 
the parabola y = rz? + pz +- q with arbitrary p and q is obtained from the 
parabola y = rz? by a parallel translation (see Sec. 1.5). 


7—01049 
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We accordingly obtain the inequalities for the mean value y in the 
interval between a and b: 
(a)+ y (b) 
2 


b = 
(4) <o<! 
For the quadratic function, there is an exact formula (given 
without derivation, see Exercise 4) which holds true for any sign 
of r: 

= 2 a+b 1 /y(a)+y(b)\~ 1 2 a+b 1 
(2.13-2) 
This expression is a good approximate formula for computing the area 
under any smooth curve (see Exercises 6 and 7). The employment 


of mean values is very convenient in a practical sense, even frequently 


more so than the use of integrals. 
These quantities are essentially of an equal status: if we know the 
b 


integral J = \ y dz, we find the mean as y = T having com- 
a 

puted the mean, it is just as easy to find the integral J = (b — a) y. 

The convenience of the mean consists in the fact that this quanti- 


ty, y, has the same dimensions as y and, obviously, is of the same 
order of magnitude as the values of y on the interval under study. 
It is therefore more difficult to miss an error that is ten-fold the value 


of y than the same error in the value of the integral. 

It is commonly held that students of higher mathematics have 
a perfect knowledge of arithmetic and algebra and never make 
a mistake by a factor of 10 or err in sign. Experience shows that this 
is hardly the case! Computations should therefore always be carried 
out so as to reduce the probability of an unnoticed mistake. 


Exercises 


1. Find the mean value of y = z? on the interval from 0 to 2. | 

2. Compare this mean value with the arithmetic mean of the values of 
the function at the endpoints and with the value at the midpoint of the interval. 

3. Check the formula (2.13-2) for the mean value of the data given in Exer- 


cise 1. 
4. Verify the formula for the mean (2.13-2) in the general form for the para- 


bola y = rz? + pt + q. l , 
5. The force of gravity decreases with distance from the centre of the earth 
as F = 4 . Using an integral, find the mean value of the force of gravity over 


the interval from the earth’s surface (the earth’s radius is R) out to a distance 


of R from the earth’s surface (that is, 2R from the centre). l 
6. Compare the exact value of the mean in the preceding exercise with the 


arithmetic mean at the endpoints of the interval. __ 
7. Compare the exact value of the mean in Exercise 5 with the mean from 


formula (2.13-2) referring to a parabola. 
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2.14 EXAMPLES OF DERIVATIVES AND INTEGRALS 


In the preceding sections we examined the relationship between 
distance and velocity, the relationship between the equation of 
a curve and the area under the curve. These relations are concrete 
problems on the basis of which the differential and integral calculus 
took shape in the history of mathematics. But the concepts of the 
integral and the derivative are of course applicable not only to the 
foregoing problems but to an extraordinarily broad range of pheno- 
mena in the most diverse fields of science, technology and everyday 
life. Actually, the integral and the derivative constitute a definite 
language that is extremely suitable for a description of nature. 

The student beginning the study of a foreign language has to repeat 
all manner of simple phrases just to get used to the new medium: 


9 él 9 bb 


“there is a table in the room”, “a glass is on the table”, “there is a cat 
on the floor”, “there is a mouse near the cat”. The same goes for the 
student of higher mathematics. The student should repeat the rela- 
tionships between the derivative and the integral in a multitude of 
similar examples. One learns a language 
before attempting to express ideas in it. 
So that is our task now; we must learn to 
express familiar relationships and to for- 
mulate problems in the language of hig- 
her mathematics before solving problems 
and obtaining new results.* 
Here are a few typical examples: 


A. Derivatives with respect to time 


1. Picture a vessel of arbitrary sha- 
pe with water flowing out (Fig. 66). 
The mass of liquid in the vessel at a gi- 
ven instant of time is equal to M. This 
quantity is a function ofthe time, M (t). 
The liquid collects in another vessel; the 
quantity of liquid here is m (t). We denote the amount of liquid 
flowing out of the vessel in unit time by W (t). This quantity 
has the dimensions of g/sec. The quantities m, M and W are conne- 
cted by the relations 


dM 
S= Wh), E= W t) (2.14-1) 


Fig. 66 


* Goethe put it this way, “Mathematicians are a kind of Frenchman. You 
tell him something, he then translates it into his language and it turns out to 
be something quite different from what you had in mind.” 
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These same relations may be written as integrals. We do so and 
we state that at a certain initial time ¢) the amount of liquid in the 
first vessel is M (tọ) = Mo and the second vessel is empty: m (tọ) = 
= 0. Then 


m (t) = \ W (t) dt, 
to 
ti 
M (t) = M (t) — ( W (t) dt (2.14-2) 
to 


We note the fact that if we are interested in the quantity of liquid 
at a definite time ¢,, it is expressed in terms of an integral in which 
the variable of integration ¢ runs through all values from £o to t. 

If we want to write expressions for m (t) and M (t), then for greater 
clarity it will be convenient to rename the variable of integra- 
tion (using the fact that it is a dummy variable) and call it, 
say, tau (tis the Greek letter tau which corresponds to the Latin ż). 


We then have 
t 
m (t) = \ W (1) dt 
to 


t 


M (t) =M (t) — \ W (1) dt (2.14-3) 
to 


Ordinarily, this is simply written as 
t 


m (t) = \ W (t) dt, 


to 


t 
M (t) =M (t) — \ W (t) dt (2.14-4) 
to 


but remember that the ¢ under the integral sign has a different mean- 
ing from the argument ¢ in M (t) and m (t), which coincides with 
the tin the upper limit. In this respect, the notation (2.14-2) and 
(2.14-3) is more exact than (2.14-4). 

The formulas given above correspond to an experiment in which M 
and the flow of liquid W are measured at distinct instants of time. 

The problem is frequently stated thus: W—outflow of liquid— 
depends in some known fashion on the pressure, that is, the height 
of a column k of the liquid. In turn, given a definite shape of vessel, 
the quantity h is a function of M. Thus, we know the outflow W 
as a function of the quantity of liquid in. the vessel, 


W = W (M) 
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Then (2.14-1) takes the form 
a= —W (M) 


This is a differential equation. The solution of such equations will be 
considered in Chapter 5. Formulas like (2.14-2) to (2.14-4) cannot 
be used in this case since W is not gi- 
ven as a function of time. oo i C 
2. Consider a capacitor (Fig. 67). i 
We denote the charge accumulated in 
it (the quantity of electricity) by q. q 
may be measured in coulombs (absolu- 
te practical system of units). The 
electric current j flowing in the wire 
is the quantity of electricity flowing Fig. 67 
in unit time and is measured in am- 
peres. One ampere is a current of one coulomb per second. 
The charge on the capacitor* and the current are connected by 
the equation 


A =j (2.14-5) 


(the positive direction of the current is indicated by the arrow in 

Fig. 67). If the variation of current flow with time is given or has 

been found via experiment, then we can write the integral relation 
t 


a()=9(to) + Sd 
to 
If the capacitance of the capacitor C is given, then the voltage drop 


on the capacitor may be expressed in terms of q: qo =}, The 
voltage drop on the resistance R is 
Pr = Eo— Ge = Eo— $ 
where Eo is the battery voltage. By Ohm’s law, the current flowing 
through a resistance is j = = (Eo— 4) . Using (2.14-5) we get 
the differential equation 
to 5(B-$) 
Problems involving capacitors are discussed in detail in Chapter 8. 


3. Acceleration. Earlier, we considered the velocity of motion as 
a derivative of the coordinate with respect to time. But after the 


* We use the term charge on the capacitor to mean the quantity of positive 
oe on the left-hand plate of the capacitor C in Fig. 67 expressed in cou- 
ombs 
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instantaneous velocity v has been found and we know the relation- 
ship between the instantaneous velocity and time, v(t), we can 
ask how the velocity varies with time. 
The derivative of velocity with respect to time is called the acce- 
leration and is ordinarily denoted by a: 
d 
=a (2.14-6) 
Since the dimensions of velocity are cm/sec or m/sec, the dimen- 
sions of acceleration are cm/sec? or m/sec?. 
If we know the acceleration asa function of time, then the instan- 
taneous value of velocity may be written in the form of an integral: 
t 


v (t) =v (to) + \ a(t) dt (2.14-7) 


to 


For example, in the case of motion under the action of gravity, 
a = —g, where g = 9.8 m/sec? (the minus sign being due to the 
fact that the upward direction is taken to be positive). Assuming 
a = —g in (2.14-7), we get 
t 
v (t) =v (to) — \ g dt =v (to) — (t — to) 8 
to 
We write down the velocity as the derivative of distance with 
respect to time, v = kai , and substitute it into (2.14-6) to get 


dt 
ja d (+ 
=g (F) 
Such a quantity—the derivative of a derivative—is called a second 


derivative and is denoted 
E d2z 
~ dt? 


and is read “d two z with respect to d t square”. 
Note how sensibly the superscripts (twos) are placed in the expres- 


; d2z ; se . í Z : 
sion = - The dimensions of acceleration are just = ; dropping 


the dimensionless symbols d, we get the proper dimensions of the 
second derivative. 


B. Derivatives with respect to a coordinate 


4. Imagine a vertical column of air with constant cross-section 
S cm?. The density of the air is p g/cm? and depends on the altitude 
h above the earth’s surface. The volume of a thin layer contained 
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between h and h + dh (Fig. 68) is equal to Sdh. Inside this thin 
layer, the density p (k) may be regarded as constant, which is preci- 
sely why we took a thin layer. In the given instance, dh may be pictu- 
red as 1 metre or 10 metres or even (with a slightly lower accuracy) 
as 100 metres, since air density varies roughly by 12 to 14% per kilo- 
metre of altitude. 

The mass of air in the layer dh is equal to dm = pSdh. The mass 
of air in a column extending from h, to h» 
is defined by the integral 

he 
m (hy, ha) = 8 \ p (h) dh 
hi 


The mass of air in a column from the earth’s 
surface (h = 0) to an altitude A is 


h 
m (0, h)= S \ o (h) dh 


The mass of air above a given altitude h is 
m= 5S [o (h) dh* 
h 
The pressure P at some altitude h mul- 
tiplied by the area S is equal to the for- 
ce with which the entire column of air above h is attracted 


to the earth. The force of gravity is equal to the mass multiplied 
by the acceleration of gravity g, whence 


Fig. 68 


oo 


P (h) = \ go (h) dh 
h 
Using formula (2.12-5), we get 
dP 
ar = — 80 (h) 
This formula could have been written straight off by considering 
the equilibrium of a thin layer dh acted upon from below by the 
pressure P (h) and from above by the pressure P (h + dh); the resul- 
tant of these two forces balances the attraction to earth of the mass 
of air in the layer. 
5. We wish to express the volume of a solid in the form of an inte- 
gral (Fig. 69). Slice the solid by planes x=const into thin layers. The 
volume dV of a thin layer is equal to the product of the cross-sectional 


* The symbol oo in the upper limit takes the place of a very large number h 
such that any subsequent increase in this quantity does not substantially change 
the integral. 
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area S by the thickness dz of the layer. Thus, if we know the area of 
a cross-section of the solid cut by a vertical plane as a function of 
the coordinate z of the cross-section, then the volume of the solid 
may be computed by the formula 


v= \ S (x) dx (2.14-8) 


Let us apply this formula to a regular quadrangular pyramid with 
vertex at the origin of coordinates and with axis of symmetry direct- 


Fig. 69 Fig, 70 


ed along the z-axis (Fig. 70). Let the altitude of the pyramid 
be h and the base (at the top of the figure), a square with side a. 
From geometry we recall that a cross-section of a pyramid cut by 
a horizontal plane at an altitude z is a square, the side b of which 
is to a as Zz is to k: 


b=b(2)=a— 


2 
Hence, the area of the cross-section is S (z) = b? == 2. The 
volume of the pyramid is 


Let us take advantage of the result of Sec. 2.11: 
h 
\ 2 dz—+28 ) 22 dz==+ h? 
ar 3 
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We then get an expression for the volume of a pyramid: 
_@1),, 1°, 


The volume of a pyramid is equal to one third the product of the area 
of the base by the altitude of the pyramid. To derive this formula 
in solid geometry without the aid of integrals is a rather compli- 
cated job. 


Exercise 


Derive the formula for the volume of an arbitrary pyramid using the pro- 
perties of parallel sections. 


SUMMARY 


In Chapter 2 we considered the concepts of the derivative and the 
integral, some of their simpler properties, and the relationship 
between the integral and the derivative. The techniques involved 
in practical computation of derivatives and integrals of various 
functions will be examined in Chapter 3. Only the simplest examples 
were illustrated in Chapter 2. 

A word of warning to the reader: do not get into the habit of mea- 
suring the difficulty and significance of any section of a mathematics 
course by the number of formulas, their complexity and unwieldiness. 
Actually, the most important thing and the most difficult thing 
is the mathematical statement (formulation) of a problem in the form 
of an algebraic equation or an integral or a differential equation. 
That is where our attention should be focused. 

If the last three sections of this chapter have appeared to be difti- 
cult, the reader will do well to reread the whole of Chapter 2. 

From his own experience, the author knows that those pieces of 
research which he did not succeed in completing (and which other 
workers did complete) were left undone because he confined himself 
to a general reflection and did not find the courage to write down the 
equations and formulate the problem mathematically. The computa- 
tional difficulties in a properly posed problem with a clear-cut physi- 
cal content are always surmountable, at least via approximate proce- 
dures if not by precise methods. 


Chapter 3 


Computation 
of Derivatives 
and Integrals 


3.1 THE DIFFERENTIAL SIGN. THE DERIVATIVE OF A SUM 
OF FUNCTIONS 


Convenient and pictorial modes of notation and simple rules that 
permit carrying out computations mechanically without errors is of 
great significance both for teaching and for the development of 
mathematics as such. 

In Chapter 2 we analyzed the meaning of the derivative concept. 
In Chapter 3 we present the rules for finding the derivatives of various 
functions: polynomials, rational functions involving ratios of poly- 
nomials, radicals and, generally, fractional powers, the exponential 
function, trigonometric functions, and so forth. We have to find 
general rules for the derivatives of various combinations of functions: 
a sum of functions, a product of functions, a composite function. 
A table of derivatives of a number of functions that summarizes 
the work carried out in Secs. 3.1 to 3.12 is given in the Appendix. 

From the definition of a derivative we have the following four- 
step rule: in each case specify value of x and its increment Az; find 
f (x) and f (x + Az), find the increment Af; form the ratio ot and 
then pass to the limit as Ax > 0. 

However, the formula which yields the general expression a for 


arbitrary Az (not tending to zero) is, as a rule, more complicated 
than the formula for the limit, lim at acl , that is, for the 
Ax-+9 AT dz 
derivative. For this reason, we will frequently write formulas which 
are only valid in the limit, when the increment tends to zero, and 
in this case we will write dy, dx instead of Ay, Az. We have to work 
out rules for handling the quantities dy, dx so that the basic equation, 
dy 

x, =y (2) 

holds true, that is, so that the ratio of differentials is identically equal 
to the derivative. Before, we wrote an approximate expression for 
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the increment of the function: 
y (x + Ax) — y (z) = Ay X y' (x) -Ax 


This expression becomes exact in the limit as Az — 0 (see footnote 
on page 56). For differentials we will write the exact equation 


dy = y' (x) dx 


The words about the limit as Az —> 0 that had to be added to the 
approximate equation Ay ~ y’ (x)-Az are no longer needed when 
we write the second formula. They are taken for granted when we 
use the differentials dy, dz. 

The rules for using differentials must be such that the ratio of 
differentials is equal to the derivative. To achieve this, in formulas 
we have to drop all terms proportional to (dx)? and higher powers 
of dz. 

Let us consider the most elementary example, y = z*®. We will 
compare the increment technique (the A-process) here with the techni- 


que of differentials. Originally, we did as follows: Ps 
Ay = = + Ax)? — x? = 2x- re + (Az)?, 
<4 = 2x + Az, y = hoe m ou Y —2r 


Using differentials we write 
dy = (x + dz)? — z? = 22x dz 
We immediately dropped the term Pe in the right member! 
y (x) === 22 


As another illustration, we consider the sum of two functions 
taken with constant coefficients: 


y = Cf (x) + Eg (z) 
Using differentials, we write 
dy = y (x + dz) — y (2) 
= Cf (x + dx) + Eg (x + dx) — Cf (x) — Eg (2) 
= C [f(x + dx) —f(z)] + E g(x + dz) — g (2)] 
= C df + E dg = Cf' dx + Eg’ dz, 
A d r a 
y' == =Cf' +Eg 
The reader can easily obtain the same formula using increments 
and limits. 


The symbols dz, dy (read: differential z and differential y) take 
the place of the words pertaining to limit and simplify the aspect 
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of formulas. The general rule is: when writing formulas involving 
differentials drop (this is necessary) all terms proportional to (dz)?, 
(dx)*, etc. In all other respects, we can treat differentials as ordinary 
algebraic quantities. 

We will use the differential of a variable, dz, dt, etc., the diffe- 
rential of a function, df, the differential of some involved expression 


2 
consisting of several functions, for instance a( £) . By definition, 


the ratio za is the derivative function of f (z). 


3.2 THE DERIVATIVE OF AN INVERSE FUNCTION 


Specifying y as a function of x signifies that to each x there cor- 
responds a definite value of y. Hence, conversely, we can say that 
with each definite y there is associated an x. Thus, the specification 
of y (x) also yields the functional relation x (y). This relationship 
is called the inverse function. 

Here are some examples: on the left is the ee function y (x), 
on the right the inverse function z of y: 


y=xXr+a zr=y—a 
y= 2? r=Vy 


y=Ott = /y—t 
In many cases, the inverse function is of a simpler form than the 
direct function: for example, whereas the direct function y = 
—,/ x — 1 contains a cubic root, the inverse function x = y? + 1 
is a power function, which is simpler than the direct function. In 
this case, it is simpler and easier to find the derivative of the inverse 


function, ae than it is to find the derivative of the direct function, 


dy’ 
EA The problem now is to express the derivative of a direct functiom 
in terms of the derivative of the inverse function. 
For the direct function y (x) we have 


dy =% dz =y' (2) dz 


From this we get the answer for the derivative x’ (y) of the inverse 
function < (y): 
dx 1 
' (y) = = = ——— 3.2-1 

a= n O (3.2-1) 
On the right is an expression in the form of a function of z, namely, 
written with the aid of y’ (x). But if the inverse function < (y) is 
known, then this expression can be represented as a function of y. 
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A few examples will serve as illustrations of the foregoing. The 
first example (a linear function) is too simple. We start with the 
second example: 

1 1 


dy _ das 
E y' (z) 2x 


' dx 
y=a?, Hay (2)= 22, = (3.2-2) 
Substituting into (3.2-2) the inverse function z = V y, we get 


dr d(Vy) 2 adh 1 (3.2-3) 
In Chapter 2 we obtained the same result in a more roundabout 


fashion. 
Here is a third example: 


dy E dz 4 1 
y=eit, Bay @)=30, Far G=gr 
2 
dx_d(Yy—1)_ 1 _ SEEN dy e 
dy dy 3z? BV y—te 3 y 


This method will come in handy later on. When we study the expo- 
nential function a*, we will be able to regard the logarithmic function 
as the inverse of the exponential function. Studying the derivatives 
of the trigonometric functions, sin z, cos x, tan x, we will find the 
derivatives of the inverse trigonometric functions arcsin z, arccos z, 
arctan z. 


3.3 THE COMPOSITE FUNCTION 


Let z be given asa function of y, say z = a , and y as a function 


of z, say y = z? + 5. It is clear that to each x there corresponds 
a definite y and since to each y there corresponds a definite z, then 
finally, each x is associated with a definite z, and z isa function of x. 
It is always possible, by substituting the expression of y in terms 
of z, to write directly z (x); in the given example, z =a 

But for our purposes it is more advantageous to reduce all functions 
to combinations of the simplest possible functions: separately, each 
of the functions z = + and y = x? + Sis simpler than z = os: 

By reducing all functions to the simplest ones, we will be able 
to get by with the rules for finding the derivatives of these simple 
functions. 

Let us find the differential of the composite function z [y (z)]. 
Regarding z as a function of y, we write 


dz 
dz = ay Y 
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But y is a function of z, and so 


dy = oY de 
Substituting, we obtain 
_ dz dy 
dz a ag oo (3.3-1): 


Dividing both sides of (3.3-1) by dz, we get a rule for determining 
the derivative of a composite function * 


RL ORL (3.3-2) 


The form of the formula is in full accord with what was stated 


about the possibility of handling differentials as ordinary algebraic 
quantities: we can cancel out dy in the product zH. 


— 


Recall that zis given as a function of y, and so =; is also a function 


of y. But since y itself is a function of z, it follows that by substi- 


tuting y = y (x) into the expression Z, we get Š as a function 
dz 


of x and, hence, also 7, a8 a function of z. 


Let us carry out the computations for a case that will be needed 
later on. Suppose 


= 1 
— y(3) 
1 dz 1 
We know that for z = —, — = —- and so 
y dy y 
E E 
dz = — ~y dy E z, ak 
and 
dz 4 dy AR 
i eae (3.3-3) 


; og — 1 
For example, if y = z? + 5, z= aS’ then 
dz 1 d (x12 +5) 2x 


This rule for forming the derivative of a composite function holds 
true for a more complicated relationship as well: 


2=2(y), y=y(z), x= z (t), t=t (w), | 


dz dz dy dz dt (3.3-4) 


* For derivatives we have used the notations = and z’. But the prime nota- 


tion may lead to confusion. When we write z’ it is not clear whether we mean 


at or 2 . For this reason, in case of doubt we will not use the prime notation. 


dx dy 
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If a function is represented parametrically (see Sec. 1.8), then this 
representation may be regarded as a special case of a composite 
function. Indeed, if it is given that 


x= f(t), y=sld 


then the first of these equations may be regarded as an equation 
whose solution yields ż¢ (x), substituting this ¢ (x) into the second 


equation, we get 
y = g (t) = g (t (x)) 


y _ dv dt 
dr dt dz 


Hence 


But to use this formula one need not express ¢ as a function of x 
(if we did so we would get rid of the parameter, but this is not always 
possible). It suffices to know z = f (t). This is the inverse of the 
function ¢ (x). Thus 


ZOO —— 
— — 


and so 


This formula is yet another instance showing that we can handle 
differentials like ordinary algebraic quantities: the quantity dt 
in the right member is cancelled out. 

Here is an example: 


r=tť— t, y=?t, 


dy __ dy  2t-+1 
2t— 1, y = at +4, ae oa 


dz 
dt 


Thus, when we set up a table for construction of the graph and 
(given ¢) find z and y, we can find at any point the value of the deri- 


vative a which value yields the slope of the tangent at that point. 


Exercises 


1. Find the derivative of z = (ax + b)? as a composite function of y = 
= ax + b. Remove the brackets and find the same derivative. 
2. Find the derivative 


Z : Z : Z 1 
5 9 er IEM 9 ei 
axz---b (ax -+ b) ipt 


T 
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3.4 THE DERIVATIVE OF A PRODUCT OF FUNCTIONS 
Let us find the derivative of a product of two functions: g (zx) 
and h (x). Put 
f (x) = g (z) h (2), 
df = f (x + dz) — f (x) = g (x + dz) h {x + dz) — g (x) h (x) 


g (x + dz) = g (x) + dg 
h (x + dx) = h (x) + dh 


But 


Therefore 
df = [g (x) + dg] [h (x) + dh] — g (x) h (x) 
= g (x) h (x) + g (x) dh + h (x) dg + dg dh — g (x) h (x); 
= g (x) dh + h (x) dg + dg dh 


Note that 
dg = g' (x) dz, 
dh = h’ (x) dx 
whence 
dh dg = g' (x) h’ (x) (dz)? 


The quantity dh dg is proportional to (dx)? and so we ignore the pro- 
duct dh dg in the expression for df. Finally we get 


df = g (x) dh + h (x) dg (3.4-1) 
Dividing all the terms of (3.4-1) by dz, we get 

df _d(gh)_ _ dh dg 

aoa Ca ar (3.4-2) 


This expression is remembered in the following manner: the deriva- 
tive of the product gh is equal to the sum of the derivative taken on 
the assumption that only h is a function of z while g is held constant 


(the term gs) and the derivative taken on the assumption that 


h is held constant and only g depends on (the term n=) . Here, 


naturally, the constant value g in the term g © is taken for the z 
for which the value of the derivative is being sought. The same goes 
for h in the second term. 

How would we have handled this in the old way? Simple algebra 
yields the exact equation 


Af = g (x) -Ah + h (z) -Ag + Ah -Ag 


Dividing both members by Az we get, 


Af Ah Ag Ah Ag 
ae = 8 (2) the) ao +a a Ae (3.4-3) 
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Note that in the last term for convenience sake we multiplied and 
divided by Az. Up to now all the equations are exact and hold true 
for all values of Ax. Now pass to the limit as Az —> 0. Then 


and by virtue of (3.4-3) 
F = gh’ + hg’ 

In passing to the limit, the last term in (3.4-3) vanished since 
the first two factors yield in the limit the product h’-f’ and we allow- 
ed Az to vanish. 

Using increments and passage to the limit, we obtain the same 
result as that obtained with the aid of differentials, but it takes more 
time. This is not surprising since in the case of differentials we drop- 
ped df-dg mechanically, on the basis of an earlier acquired rule 
according to which we have to reject terms involving (dz)?, (dz), 
etc., hence, any products of two, three or more differentials. 

When carrying out the computation with the aid of increments, 
we actually, in the very process, proved this rule once again for the 
case of a product of functions. 

The succession of operations using increments is needed to justify 
the rules and to understand them. But once these are understood, 
the use of differentials is faster and more efficient. It would be silly 
every time to start from rock bottom in solving a specific problem 
and to write out in full that the derivative is the limit of a ratio, etc. 

Example. f = (2x? + 5) (3z + 4). 

Find f’ (x) and, in particular, f’ (2). Here, 


g=2r +5, £8 4r, 
h= 3x +4, 2 =O 
ST _ (212+ 5)-3 + (82 +4)-4a, 
(2) == ng = (2:4 +5)-3 + (3-24 4)-4-2 = 39480 = 119 


The rule for finding the derivative of a product generalizes to the 
case of many factors. For example, for a product of four functions 
f (x), g (x), h (x), k (x) we get 

df 


d(fghk) _ dk dh dg 
—; = heh = + lek a + fhk -gz tgk (8-4-4) 


The derivative of a quotient (ratio) of two functions is found by 
writing f =— in the form of a product: 


1 
f=hħh 


8- 01049 
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Then | 
peang 


We find the derivative of the function — by using (3.3-3), 


Substituting this into (3.4-5), we get 


r(e 
or : 
(Heg 


(3.4-5) 


(3.4-6) 


The rule by which the derivative of a product of several functions 
can be found as the sum of the derivatives computed on the assumpti- 
on that each time only one function varies is actually applicable 
not only to a product of functions but to other combinations as well. 
It is easy to see that the formula for the derivative of a sum of functi- 


ons also agrees with this statement. 


Later on we will see that the same formulation is applicable also 
to cases, like, say, g (x)*™, where the function g is raised to the 


power of h, which is a function of z. 


Exercises 


1. Find the derivative of the function y = z4 by writing zt = 223, 


Find the derivatives of the following functions. 


x3 + 5r? x—1 


2. y = (222-4 2) Vz. 3. y= zrl 4. y= O° 


3.5 THE POWER FUNCTION 


Let us consider the derivative of the power function 


y= x" 


where n is a constant. For n a positive integer, xz” is the product 


of n identical factors: 


YS 2-22 6s Dy 


n times 


aS ee Ee ee 
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[by a formula of the type (3.4-4)] whence* 
dy _ = 
Bn a 
We will show that this formula holds true for arbitrary n, whether 
fractional or negative. 


For fractional n, we write n = > where the numbers m and p 
m 
are integers. We get y =x? or 
jy sg" (3.5-1) 
The expression y” in the left member of (3.5-1) is a composite functi- 


on of z since y is a function of x. Therefore, computing the derivative 
of both members of (3.5-1), we get 


whence 
dy mam m xml m «cml m ip 
dr p yi p & PAT Dp m P 
zP? ) z 
Noting that — =n, we finally have 
dy n-i 
‘dc 
For a negative exponent, we write n = —k, where k is a positive 
number: 
1 
y — a" — gh = Th 


By the rule for finding the derivative of the composite function 
yo f = x", we get 


dy _ 1 df _ 1 oe pay 
w gas en ee 
Substituting k = —n back again, we also get for a negative n 
dy d(z™ ana 
Qn ae 


Thus, the formula of the derivative of a power is applicable to 
any rational exponent n. It can also be extended to the case of an 
irrational exponent. 

This formula is of the greatest importance. Simple as it is, this 
formula can also be written usefully as 

dy y 


I E > Pee are (3.5-2) 


* For n an integer, we can obtain this formula with the aid of the binomial 
theorem, but the derivative is easily found without resorting to this theorem. 
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One has to get the feeling of this result. For positive n, the power 
function has the obvious property that for x = 0, y is also equal 
to 0. For a given n > 0, the curve y = cz” can be drawn through 
any point (Zo, Yo): it suffices to choose c = yo/z”. Let the curve pass 
through the origin and through the 
point (zo, Yo). We find the mean value 
of the derivative on the section of the 
curve between the origin and the point 
(Zo, Yo). According to the definition of 
the mean (see Sec. 2.43), 


y a L9— 0 


whence, using (2.11-9), we get 


y = YoY) _ yo) _ Yo 


To To To 

Indeed, as z varies from 0 to 2, y 

grows from 0 to yo. Hence, the ave- 

rage rate of growth of y (that is, the 

mean value of the derivative) is equal 

to Yo/t, this is obvious without 
integrals! 

BE As is evident from (3.5-2), the 

value of the derivative at the point 

(£o, y,) differs by a factor of n (n is the exponent) from the mean value 

of the derivative. Fig. 71 depicts a number of curves with different n: 


n= + , 1, 2, 5, passing through one and the same point N (Zo, Yo) 


and, thus, having the same mean derivative on the interval 0 — zp. 
It is clearly evident that the larger n, the greater the derivative 
at the point N (the more steeply the curve rises). Let us return to 
formula (3.5-2): 


whence dy =n = dx and so for small increments 
Ay=n “Az (3.5-3) 


We will assume that the relation (3.5-3) is sufficiently exact for 
Az = 0.012, that is, for a 1-percent variation of the argument. Then 
from (3.5-3) we get 

Ay =n = 0.012 
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or 
Ay =n 0.01y 


When the argument varies by 1%, the pewer function with exponent 
n varies by n%. 
Exercises 

Find the derivatives of the following functions. 

1. y = or — 3xt4 284+ Tr? —224+5. 2.y=(¢8 +24 1)% 3. y= 
= (x? — x + 1)4. 4. y = (322 — 1)19. 5. y = Vo? — i. 

6. y=y x. 

7. Find the values of y (9) and y (11) if it is given that y (10) = 5 in the 
case: (a) y ~ z, (b) y ~ = , (c) y~ z? (the sign ~ stands for proportionality). 


Solve the problem mentally without any computations. Compare the answers 
with the exact values. 


3.6 THE DERIVATIVES OF ALGEBRAIC FUNCTIONS 
WITH CONSTANT EXPONENTS 


The collection of rules in Secs. 3.4 to 3.5 enables one to find the 
derivative of any function involving addition, subtraction, multi- 
plication, division, and raising to a (constant) power, including 
fractional powers (radicals). 

An example will illustrate how to do this in the best practical 
fashion. Find the derivative of the function 


f(x) =2V 2—1 
It is best to write the answer at once, that is, without introducing 


any new designations (such as S x? — 1 = y). The derivative is 
taken, as it were, separately with respect to each site involving z, 
and we say roughly the following (the letters “a”, “b”, “c”, . . . show 
to what sites of the expression of the derivative that is written 
underneath the words refer): the derivative of (a) with respect to z 
under the radical sign, plus (b) the derivative with respect to ae x2—1 
multiplied by (c) the derivative of ;” z? — 1 with respect to z? — 4 
multiplied by (d) the derivative of z? — 1: 


(a) (b) (c) (d) 


| 
df a ma 
L =y Play ag et 


It is well to get used to this efficient approach (without indulging 
in a lot of writing) by applying the following principles: 
(a) the rule for differentiating a composite function [formulas 


(3.3-2), (3.3-4)]; 
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(b) if the expression is made up of several functions, then its deri- 
vative is equal to the sum of the derivatives computed on the assump- 
tion that each time only one of the functions is taken to be variable 
and the rest are held constant [see formulas (3.4-2), (3.4-4), (3.4-6)]. 

The formula for the derivative of a power is conveniently used in 
the form 


pace, Bont 
as was done above in the example; see expression (c). 

To acquire the necessary facility in handling these rules, a good 
10 to 20 exercises devoted to the pure techniques (without regard for 
the physical content of the problems) is definitely needed. 


Exercises 


Find the derivatives of the following functions. 
1. y = 2° (2 — 1}. 2. y= 2 Ve+c. 
1 


3. y= 2b Wz? —1 (13—21), A. y =(2+—) V23—2 


WE 
+> 37 — x z+ z+1 
ð. y=22 V Pr+e. 6 v= (F455) x. 7. y= Zza: 8. y = rpi 
__(x—1) (z+ 3) __3z—1 x 
Ia 10. y= -5 eat : 
12. y= 13. y=V 224r Vz. 14. y =z V24yr. 
vei 
29 ees 
15. Eee Gain ee 16. = / 2 3)2. 
a Vn y =z Ų (2143) 
ot. ees Y Oz—3 zt 
17. y=(x3—1) Vz—1+2 Px?—1. 18. ya 19. v=) 2 : ° 
_ rti y _ 2 Vrt—1 aa z2tz+ti 
20. A ae Vz+1. 21. I= 41° 22. y= FEE. 
1 
23. y==z Vai Y 2+ Vz. 24. y= (247 <=) z 2, 25. pe 
x = 
(e+4)° 


3.7 THE EXPONENTIAL FUNCTION 


Consider the function 
y = a 


where the number a exceeds 1. The graph of the function y is shown 
in Fig. 72. When x = 0, y = 1 for arbitrary a. 
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For all z, the function y is positive and grows with increasing z 
so that the derivative is everywhere positive as well. When zx is 
increased by a constant quantity c, we get y(x + c) =a*¥ = 
= a-a = b-a* = b-y™), where b = a’. The quantity y is multi- 
plied by the constant. Thus, if z is varied in successive fashion, by 
identical steps (in arithmetic prog- 
ression), 

T = To, To T C, 
Lo 2c, ... , Lo + nce 
then y will assume the values 


Yo: BYo, b°Yo, . . . » OY 
It will be recalled that such a law 
of growth is called a geometric 
progression. 

Let us find the derivative of the 
exponential function for a = 10 
(a = 10 is taken simply to facilitate 
computations): 

d (105) = 10x+dx— 10% 10% 10¢x —1 

dx dx dx 

What is the quantity 

10dx— 4 9 
dz ` Fig. 72 


— . 104*—4 
It is the limit of the ratio — 
as Ax & Q. Let us find this limit numerically, arithmetically. Using 


a four-place table of logarithms, we get 


0.1 
10%! = 1.2586, A = 2.586, 
0.01 
10°-°! -= 1.0233, Ot = 2.33, 
0.0014 
40%?! — 1.0023, em = 23 
Thus we have 7 
10%—1 9g 


dx 
Hence the derivative 


EE T S 
— (10*) = 10*-2.3 


We found the derivative of 10* in experimental fashion, so to speak, 
by means of tables. For any other exponential function it is now 
easy to reduce the problem to the preceding one: using the concept 
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lo 


By the rule for finding a derivative of a composite function, we get 


da* a 10” 10810 T 2.3 -logio a= aï ° 2.3 ° logio a (3.7-1) 


dx 


The remarkable peculiarity of the exponential function is that 
its derivative is directly proportional to the function itself. Therein 
lies the chief property of a geome- 
tric progression: the greater the qu- 
antity, the faster it grows. The pro- 
perties of geometric progressions, their 
exceedingly fast rate of build-up are 
a favourite topic in Perelman’s inte- 
resting popular-science books “Recre- 
ational Algebra” and “Figures for 


lf O<a<i1, the graph of an 
exponential function will have the 
form shown in Fig. 73. When zx 
increases in arithmetic progression, y 
diminishes in geometric progression. 
Fig. 73 Formula (3.7-1) is still applicable. 
In this formula, logoa is negative 
for a < 1 and hence the derivative, which is proportional to the 
function, is of opposite sign. 
In Chapter 5 we will give some instances of a quantity diminishing 
with time in such a manner that the rate of decrease is. proportional 
to the quantity at a given instant: 


From the foregoing, it is evident that in this case the solution of 
the problem is the exponential function 


y=ya (a <1) 
These problems will be discussed in detail in Chapter 5. 
Exercises 


Find the derivatives of the following functions. 


1. y=10%*®. 2. y=2%. 3. y=5%*+1, 4. y=(5) 
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3.8 THE NUMBER e 


Let us find a base for which the dérivative of an exponential 
function is of the simplest form, namely such that the coefficient ip 
the expression of the derivative is equal to unity, so that it need not 
be written at all. We denote this number by e. Thus 


det L e" (3.8-1) 


dz 
This number is easily found by using formula (3.7-1): 


2.3-logipe=1, logio e= 5-4 = 0.4343 


whence, referring to a table of logarithms, we get 
e = 2.718 


This practical approach does not follow the historical development 
of mathematics and is fundamentally unsatisfactory. We made use 
of numbers taken from logarithmic tables and did not stop to think 


how they were computed.* 

Let us find the number e on the basis of formula (3.8-1). By the 
general property of exponential functions, e? = 1. Let us consider 
the function y = e”. Then y (0) = 1, and from (3.8-1) y’ (0) = 1. 

Let us take a small Az =r and compute the increment of the 
function y = e* when passing from z = 0 to x =r: Ay = y’Az, 
and therefore Ay = 1-Ax =r, y (x) = y (0) + Ay, whence 


evw’=-i-+r (3.8-2) 
We write the small number r as a fraction with a large denominator: 


r =-;ifr<1,thenn > 1.** Then from (3.8-2) we get e” = 1 +4, 


whence e= (1 -+- =)" This expression is the more exact, the larger n, 
so that a rigorous definition of the number e is written thus: 
aa 
[and is read: e is the limit of the expression (1 + =)" as n tends to 
infinity]. 
* The accuracy of e here is also greater than that obtainable when determin- 


ing the derivative of 10* by means of a four-place table of logarithms. 
** The notation r < 1 means that the number r is very much less than 1. 
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But one should not fear such words as “limit” or “infinity”. Actual- 
ly (4 +i) = 2.705, which is only slightly different from the 


exact value. I advise the reader to find (1 -+ x) for himself. 
We have found that for r small, 
e =1 -+r 


and this is the more exact, the smaller r is (detailed tables have been 
compiled for the function y = e*). Let us check this using numbers. 

From Table 1 (the values of e* are taken from a four-place table) 
we see that even when r = + 0.3, the error does not exceed 6%. 
For computational purposes it is worth remembering not only e = 
= 2.718, but also the approximate values e? = 7.4, e = 20, et = 
= 55, eë = 150. Values of e* and e-* are given in Table IV of the 
Appendix. 


Table 1 


The number e greatly simplifies the solution of problems involving 
geometric progressions and compound interest. Consider the following 
example. How many times will production increase over a period 
of 50 years if the annual growth rate is 2%? We have to compute 
1.02°°. The use of the number e consists in our setting, approximate- 
ly, 1.02 = e9-92, whence 1.02°° = ¢e9-02x50 — e = 2.72. The general 


formula is 
(14 + r)™ = e (r & 1) (3.8-3) 


This formula can be used if ris small: m and mr need not be small. 
If mr is also small, then e™” = 1-+ mr and we obtain the earlier 
formula (4 + r)™ = 1 + mr; but for large values of mr this formula 
is not applicable, whereas expression (3.8-3) remains valid. 

Thus, for the example given above, the exact value of 1.0250 is 
2.693, approximately 1.02°° = e! = 2.718, and by the formula 
(1 + r) =1+ mr we get 1 + 50 x 0.2 = 2. Computations using 
e yielded an error of about 1% whereas the formula (1 + r) = 1+ 


CH. 3 COMPUTATION OF DERIVATIVES AND INTEGRALS 423 


+ mr was in error in this case by about 25%. The error estimate of 
the formula is given in general form in Exercise 5 of Sec. 3.17. 

In accordance with the original definition of the number e by for- 
mula (3.8-1), the derivatives of exponential functions are especially 
simple when taking powers of e. These derivatives are conveniently 
expressed in terms of the function itself. Here are a number of for- 


mulas. 


dy 

ye". LEY, 
dy dex 

Paes E =y, 

y = Ce*™* =c#*— Ce!” Oh) ae ) = ky, 

= : = = — 

y = em), fy dem mo ante agg OD) 
dz dx dz dz 


y= f(m, Sh = f (8) em + f (x) em’ (a) 
f’ (2) 
=y (Fa t™ (2) 


The exponential function of z to the base e is written e%. But if z 
turns out to be a complicated and unwieldy expression, this is not 


; : t24-24t \ 3 
a convenient notation. For example, for r = (A) n the 
expression 
7t2+241)\3 
8-5 


one might simply not notice the e and would fail to realize what the 
whole matter was about. There is another designation for the func- 
tion e": 

= exp (z) 


(read: the exponential of z). The law e is called an exponential law 
and the function e* is termed the exponential function. 
In the new notation, our example takes the form 


oa 712-4 24t \ 3 
e =exp | (“r ) ] 
Conclusion. To summarize, we can give three distinct definitions 
of the number e: (1) from the condition (e*)’ = e*, (2) from the con- 


dition e = 1 +r forr < 1, and (3) as the limit (4 +-)"as n —> 


— oo. To fix this important material in his mind, the reader is 
advised to put aside the book and demonstrate for himself how from 
each definition follow the other two regarded as properties of e. 
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The number e has still other remarkable definitions and properties. 
In particular, the series which is convenient to use in computing e is 
given on page 157, formula (3.18-2). Then there is the formula e’? = 
= cosp + isin p, where i = V —1 is the imaginary unit. For small 
@, the validity of this formula is confirmed by the fact that fromthe 
second definition of e follows e? ~ 1 + ig, and cos ọ w 1, sing 
~ ọọ for gm < 1. Since the functions sin (wt) and cos (wi?) describe 
harmonic oscillations, the function et is very frequently used in 
the theory of oscillations. 


Exercises 


Find the derivatives of the following functions. 


1. ye*, 2, y=. 3. ye 3841, 4, yael®, 5. y = Sex — e3%, 


3.9 LOGARITHMS 


By definition, the logarithm of a quantity f to a base a is the expo- 
nent g of the power to which a (the logarithmic base) must be raised 
in order to obtain the given number f: 


f =a, g = loga Í 
The curve representing the relationship 
y = loga z (for the case aœ 1) is shown 
in Fig. 74. Note that y = 0 for z = 1; 
y>O for x>œ>1, andy<Oforz< 1. 
The entire curve is located to the right 
of the axis of ordinates. Since a positi- 
ve number a raised to any power yields 
a positive number, there are no loga- 
rithms of negative numbers. The reader 
will also note that in the equations y = 
=log, x, x = a the quantities x, y anda 
Fig. 74 are dimensionless. 
As will be seen from Fig. 74, the de- 
rivative of the function y = log,z is 
positive for all values of x. The derivative decreases as x increases. 
Logarithms to the base e (see Sec. 3.8) are called natural loga- 
rithms. They are denoted by In z. 
Let us find the derivative of a natural logarithm. We consider 
d ln x = ln (x + dz) — ln z. Take advantage of the familiar for- 


mula ln a — In b = ln 5 Then 


dln z= ln ZEE = In (1+=) (3.9-1) 


x 
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We already know (see Sec. 3.8) that for small r, 


| e=1+r 
Take the logarithms of both sides: 
ln e =r =ln (1 +r) (3.9-2) 


Using (3.9-2) we obtain from (3.9-1) 


ding =In (1+) =2 
and so 
dinz 1 
dz ara (3.9-3) 


The derivative of a natural logarithm can also be found by using 
the fact that the logarithmic function and the exponential function 
are inverse functions. We can write 
r az B a E, dy _ 1 A 1 


-æ 


est — pY S 
y=lnz, =e", T =y dy » dz x! ey x 


When x varies in geometric progression, In x varies in arithmetic 
progression: 
x = ab”, ln z = lna +minb 


For this reason, the larger z is, the slower ln z grows and the smaller 
is the derivative. 

Let us derive a formula connecting the logarithms of one and the 
same number to different bases. Suppose 


f = log, h, d =h (3.9-4) 
Taking the logarithms of both sides of (3.9-4) to the base b, we have 
f logy a = log, h, whence f = ieee . Taking (3.9-4) into account, we 
get 
log, h = 280 (3.9-5) 
ss logy a 


Using (3.9-5) we can obtain the derivative of the logarithm to any 
base. Let y = log, z. Then 


E e A EN EE (3.9-6) 


In formula (3.9-5) put b = e and h = e to get log, e = — and 
then rewrite (3.9-6) as 


d loga loga 
a o as (3.9-7) 


The simplest one of the formulas (3.9-3), (3.9-6) and (3.9-7) is 
(3.9-3). It is obtained if the logarithms are taken to the base e. 
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That is why they are called natural logarithms. For rough mental 
calculations, it is advisable to memorize: In 2 = 0.69, In 3 = 1.1, 


ln10 = 2.3 = 7 L 7 A short table of natural logarithms is given in 


the Appendix, Table V. | 

If some function f (x) is under the sign of the logarithm, the deri- 
vative is found by the rule for differentiating composite functions 
(Sec. 3.3): 


dlnf(z)_ _ í df (z) 
Le) t (3.9-8) 


Note that by using the concept of a logarithm, it is easy to find 
the derivative of the function y = a% for arbitrary a. Indeed, 
ln y = z ln a and so y = e*!™2, whence 

y’ = ema ]na =a*lna = ylna 

Formula (3.9-8) enables one to find the derivatives of expressions 
of the form f (x), that is, such that contain the variable both in 
the base and in the exponent. Let 

y = f (x) *® (3.9-9) 

Taking logs (the logarithms can be taken to any base, we choose na- 
tural logarithms), we have 

In y = h (x) ln f (2) (3.9-10) 


Let us take the derivatives of both sides of (3.9-10) and have regard 
for the fact that ln y is a composite function of z [just as ln f (z)): 


1 r yp f’ (z) 


whence 


’ ’ F (x) 7 
y'=y|h (2) 1n f (2) +h (2) S| 
or, using (3.9-9), 
y’ =f (x)? Oh’ (x) In f (£) + A (2) f (x) ™— t F (x) (3.9-11) 
Consider the formula (&.9-11). On the right we have a sum of two 
terms: the first term, f (x) ®© h’ (x) In f (x), is the derivative of the 
expression f* computed under the assumption that only h is variable 
while f is held constant, the second term, h (x) f (z)h@-1 f’ (x), is 
the derivative of the expression f* computed under the assumption 
that f is variable and his constant. This confirms the general principle 
expressed at the end of Sec. 3.4. 


Exercises 


1. Recalling ln 10, find In 100. 

2. Use formula (3.9-5) to find logs 15. 

3. Using the fact that In (u.v) = In u + ln v and differentiating both sides, 
obtain the formula for the derivative of a product. 
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4. Starting with the relation ln = = ln u — In v, obtain the formula for 


the derivative of a quotient. 

a the derivatives of the Tra nerian 

5. y = ln 2z. 6. y = ln (x + 3). 7. y =ln 3z. 8. y = ln (zz + 1). 
T T (322 — x + 4). 


(ge. 11. y= n VE. 


z+1 Fi 
12. y= zlnz. 13. y = z ln (z + 1). 14. y= 
15. y=r V ®-1, 


3.10 TRIGONOMETRIC FUNCTIONS 


In this section we will find the derivatives of trigonometric func- 
tions. 

The trigonometric functions are defined as ratios of line segments 
and, consequently, are dimensionless. They depend on dimension- 
less quantities (angles). 

For angles from zero to a right angle, the trigonometric functions 
may be defined as ratios of line segments in a right triangle (the sine 
of an angle is‘equal to the ratio of the side opposite the angle to the 
hypotenuse, and so forth). But we 
are interested in defining the functi- 
ons of arbitrary angles (greater than 
right angles and also negative angles), 
and so we will consider the trigonomet- 
ric functions in a circle. 

The sole measure of angles used in 
higher mathematics is the radian. 
Short tables of the trigonometric fun- 
ctions depending on angles expressed 
in radians are given in the Appen- 
dix, Table VI. 

So as to avoid speaking all the Fig. 75 
time of the ratio of the length of 
the line of sines to the radius of the circle or of the angle as<a ratio 
of the arc length to the radius, we will consider a circle of radius 
unity. Then we will briefly say that the sine is equal to the length of 
the line of sines in that circle, the angle is equal to the arc length, 
etc. 

The reader must bear in mind, however, that both the trigonomet- 
ric functions and the angles are dimensionless and are not measured 
by any units of length (centimetres, inches or metres). The sine is 
equal to the length of the line of sines (in centimetres) divided by the 
length of the radius (in centimetres) and for r = 1 cm is numerically 
equal to the length of the line of sines. The lines of sines and cosines 
are shown in Fig. 75. 
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Recall the form of the graphs of sine and cosine as functions of 
the angle (see Fig. 76). The period of the sine, like that of the cosine, 
is equal to 2m = 6.28 and corresponds to a complete revolution of 
the radius of the circle. 

Let us find the derivatives of the sine and cosine geometrically. 
In Fig. 77, the endpoint of the radius drawn at an angle ọ is A; the 


Fig. 76 


endpoint of the radius drawn at the angle ọ + dọ is B. Thus, the 
length of arc AB is equal to dg. Draw from A a perpendicular AC 
to the line of sines BB’ of the angle ọ + dọ. As can be seen from 
Fig. 77, 

AA’ =sing, BB’ =sin (9 + dọ) 
and 


BC = sin (9 + dg) — sin ọ 


= d(sing) 
Furthermore 
OA’ = cos @, 
OB’ =cos (9 + dọ) 
and 
A'B’ = AC = cos ọ — cos (9 
me + dp) = — d (cos 9) 


Since the angle dọ is small, the 
arc length AB does not differ from the length of the chord AB 
and the angle ABC formed by the chord AB and the vertical line 
BCB’ is equal to 9.* 

From a consideration of triangle ABC, we find BC = AB cos ọ, 
AC = AB sin gq. Thus 


d (sin g) = cos ọ dọ, d (cos ọ) = — sin ọ dọ 


* The exact value of the angle is equal to ọọ + a but the triangle ABC 


is small (AB = dọ) and so, neglecting dọ in the expression of the angle ABC, 
we have errors, in the quantities BC and AC, that are proportional to (dg). 
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and consequently 
d(sing) _ d (cosp) _ ‘ 
gg? a OE gg o (3.10-1) 
Here is another way of computing the derivatives of sin ọ and 
cos ọ without using a drawing. According to the general formulas, 
A sin ọ = sin (ọ + Ag) — sin g. Recall the formula for the sine 
of the sum of two angles: 


sin (a + B) = sina cos $ + cos asin B 
and apply it to sin (ọ + Ag) to get 


sin (p + Ag) = sin g-cos Ag + cos -sin Ap 
whence 
A sin ọ = sin g-cos Ag + cos g-sin Ag — sin @ 


Let us form the ratio of the increments as follows: 


Now we have to pass to the limit as Ag — 0. We know that for 
angles a or Ag tending to zero, the sine is equal to the arc: sina = a, 
sin Ag = Ag. In other words, 


The second term must first of all be transformed by using the fami- 
liar formula 


cos 2a = 1 — 2 sin? a, 1 — cos 2a = 2 sin’ a, 


1— cos Ag = 2 sin? (=?) 


In this formula, we make the substitution sin (=!) -4 for small 
A@ to get 
, 2 (Se : 
14—cosAgp _ 2 ) _ Ag 
Ap Ap 2 
Hence, in the limit, as Ag—O, the second term vanishes: 
lim 1=9°S42 _ 0 whence 
Ag—>0 Ag 
lim „a, = _ cos @ 
Ag—0 p p 


The relations (3.10-1) are valid for arbitrary angles and not only 
those in the first quadrant. It is also useful to verify, glancing at the 
graphs of the functions sin x and cos x, that the formulas (3.10-1) 


9—01049 
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give the proper signs of the derivatives for any z and not only in the 
first quadrant. 

Let us check the formulas (3.10-1) for small angles. For small ọ, 
it is obvious geometrically that 


sin @ Z% g, cosg wv 1 


For small ọ the first formula a = cos @ yields a S, 
The second formula yields Le = — @, oct = 0 for »=0. 


The fact that the derivative is zero signifies that the cosine has a ma- 
ximum at ọ = 0. 

If we know the derivatives of the functions y = sin z and y = 
= cos z, it is easy to find the derivatives of all other trigonometric 
functions by using the formulas 


y interrelating them. 
Thus, for example, we know 
that tan z === and so, by 
cos T 
the formula for differentiating 
a fraction, we get 
0 dtanzx cos*z—sin z (—-sin z) 
7 7 ; dx cos? x 
3 $ T A 8 
j whence 
dtanz __cos*x-+sin?x 1 
dx cos? x ~ cos2z 
(3.10-2) 


From Fig. 78 (the graph of tan 2) 
we can see that the function y = 
Fig. 78 = tan z has a positive derivative 
for arbitrary x. Near the points of 


discontinuity (x = ph ae on ,...) the derivative increases without 
bound. Both of these conclusions are in full agreement with formu- 
la (3.10-2). 
By a completely analogous device we find 
d (cot z) _ 4 
dr sinrz 


The derivatives of a tangent and a cotangent can also be found 
directly. Note that 
tana— tan ß = sing sin B_ sinacosB—sinBcosa _ sin (& 2n 
cosa cos cos a cos B ~~ cos a-cos B 
whence 


sin A 
A tan ọ = tan (g + Ag) — tan ọ = CESS (3.10-3) 
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Bearing in mind (see page 129) that 


Ag—>0 Aq 
we get, from (3.10-3), 
d (tan Q) li A tan @ . sinA@ ,. 1 — 4 
= lim —— = lim ——- lin ——— = —— 
dp Ag>o ^P Ag>0 AP ago COS (P+ AP) cosp cos? o 
Exercises 


Find the derivatives of the following functions. 
1. y = sin (2z + 3). 2. y = cos (x — 1). 3. y = cos (z? — z + 1). 4. y = 
= sin? r. 5. y = sin 3z cos? z. 6. y = (sin 2z)*. 


7. y=xtanz. 8. y= 6an 2x, 9. y= cot > 


3.144 INVERSE TRIGONOMETRIC FUNCTIONS 


New and very interesting results are obtained when we consider 
the inverse trigonometric functions. We remind the reader of how 
these functions are defined. The function 


y = Arcsin z (3.11-1) 

is an angle such that 
siny =z (3.11-2) 
These two equations denote the same thing. Similarly, the function 


y = Arctan x 
denotes an angle y such that 


tany =z 


The definitions are similar for the functions y = Arccos z (x = cos y) 
and y = Arccot z (x = cot y). Note that the function y = Arcsin x 
is meaningful only for values of z that satisfy the inequality --1 < 
< x<1, as is seen from (3.11-2). The function y = Arctan z is 
meaningful for all values of z. 

Let us consider in more detail the function y = Arcsin z. For 


R 1 EERE | 
instance, let z = y = Arcsin >: We can take y= = since 


: 4 ; ; i 
sin 5 Sga however we can also take y = A , since sin is also equal 
4 ; : 
to >" We can likewise take y = a a - and so on. We see that 


one value of z is associated with an infinitude of values of y. All 


Qs 
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these properties of the function y = Arcsin < are seen in the graph 
of Fig. 79. 


Take the portion of the curve for which — > <y<x 5 . This part 


of the curve is called the principal value of the function y = Arc- 
sin z and is denoted by y = arcsin x (the “a” in arcsin is lower-case). 
If we confine ourselves to a consideration of y = arcsin z, then to 
each x there corresponds only one value of y. The principal value of 
rh the arctangent function is defined in similar 
fashion: 


T Kg 
—> S arctan TST 


Find the derivative of the function y = arcsin z. 
We take advantage of the fact that the arcsine is 
the inverse function of the sine: 


y = arcsin z, z = Sin y, 


EN eee : (3.11-3) 


But we consider z the argument and so ou sho- 
uld be expressed in terms of z and not in terms 
of y, as in (3.11-3). We take advantage of the 
familiar formula sin? y + cos? y=1, whence 
cosy=+YV1—sin?y. Since we are considering 
the principal value of the arcsine function, it fol- 


lows that —t<y eee cos y > 0 and so we take 
the plus sign in front of the radical: cos y = V 1 — sin? y. Since 


sin y = z by (3.11-2), it follows that cos y = V 1 — z?. Substituting 
this into (3.11-3) we get 


dy _ 4 
dr Vi— 2 
or 
d (arcsin z) _ 1 : 
SE Ve (3.14-4) 


Formula (3.11-4) may be used not only for the principal value 
but also for other portions of the curve if we choose the appropriate 
sign in front of the radical. Indeed, for one and the same value of z, 
the derivative has different signs on various portions of the curve: 
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at points A and C (Fig. 79) the derivative is positive and at points 
B and D it is negative. 
d (arctan z) If 

x ° y 


7 = arctan z, 


Let us now find the derivative 


then x = tan y, whence, by the fo- y 
regoing, we find 

; dx 1 47 
k ue Cos? y ’ 


20 
(ty) = cs E 
y ~ de s'y) á = En 
(3.11-5) 3 
From trigonometry we have 7 
1 
2 z= == 
tan AT 7 
therefore 
i 1 = 2 3 Pe a E 2g a 
cos? y 1a 
Using the relation (3.11-5) we final- 7 
ly get 
dy d(arctanz) 1 
dr dx ‘41-+22 Ee ee 


(3.11-6) 
The formula (3.11-6) holds true for any other branch of the arctan- 
gent (Fig. 80) since any other branch is obtained from the principal 
one by a parallel translation, and this does not affect the magnitude 
of the derivative. 


Exercises 


1. Find the derivatives of the functions y = arccos x and y = arccot z. 


2. Knowing that ot) ex find at 2) 
equation y = In z follows z = œ. 

Find the derivatives of the following functions. 

3. y = arcsin 2z. 4. y = arctan (3z + 1). 5. y = arctan (z? — zx). 6. y = 
— parctan Vx 


using the fact that from the 


3.12 THE DERIVATIVE OF AN IMPLICIT FUNCTION 


To define a function implicitly means to define it by means of an 


expression of the form 
F (x, y) = 0 (3.12-1) 


If the equation can be solved for x or y, then we revert to the 
ordinary representation of the function. But sometimes such a solu- 
tion leads to complicated formulas and at other times it cannot be 
found at all. For instance, the equation of a circle in the form 


ety—1=0 (3.12-2) 
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is simpler than the following expression derived from it: 
y=tV1— 2 (3.12-3) 


If the left-hand member of (3.12-1) is an arbitrary polynomial invol- 
ving x and y to a power exceeding the fourth, then in the general 
case this equation cannot be solved for z or for y. Also, for example, 
unsolvable is the simple-looking equation 


F (x, y) =xsinz+ysiny—x=0 (3.12-4) 


However, even in those cases where there is no solution in the 
form of a formula that specifies directly a procedure for computing 
y for a given z, it still remains a fact that y is a definite function of z. 
For every zx it is possible, by solving the equation numerically, to 
find a corresponding y and to construct a curve in the zy-plane. 
It may be that the curve will not exist for all z (in the case of a cir- 
cle, for example, it exists only for z between — r and +r, where r is 
the radius of the circle) and for a given x there may be more than one 
value of y (in the case of the circle, for instance, there are two values 
to accord with the + sign in front of the square root sign). How- 
ever, these complications do not detract from the basic fact, which is 


that the equation F (x, y) = O defines y as a function of z. 


How can we find the derivative Ws And can this be done without 
solving the equation, that is, without expressing y (x) in explicit 
fashion? 


This was done by Newton. Let x, y satisfy the equation 
F (x,y) =0 (3.12-1) 


Let us take adjacent values z + Az, y + Ay, which also satisfy 
the equation: 
F (x + Az, y + Ay) =0 (3.12-5) 


Then, using (3.12-1), we write 
F (x + Az, y + Ay) = F (x + Az, y + Ay) 
—F (x + Az, y) + F (x + Az, y) — F (z, y) (3.12-6) 


The difference F (x + Az, y) — F (x, y) is the increment of the 
function F (x, y) regarded as a function of the variable z alone, 
with y held constant. This increment, as we know, can, in the limit,* 
be expressed as follows: 


dF (zx, 
F (x + Ax, y)—F(z, y) =) y) 


* The expression “is equal in the limit” for small Az or Ay is explained in 
detail in Sec. 2.4, where we considered the expression for the increment of a 
function with the aid of a derivative. 


y=const 
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We note here that when computing the derivative with respect to z 
of a function of two variables x and y, we consider y to be constant. 
The derivative thus evaluated is calledethe partial derivative and 
in place of the letter d we write the ‘mirror 6’ 0 


F (1+Az, y)—F (z, y) =E Ar, 


OF (z, Y) _ jim ECEAT, WF (e, y) 
Ox Ax—0 Ax 


Similarly, for the first difference in (3.42-6) we can write 
F (x+ Az, y+ Ay)—F (x + Az, y= See Ay 
The condition (3.12-5) yields 
OF (z, Y) Ay ie OF (t+ Az, y) „Ay ==0 


OX Oy 
or 
OF (z, y) 
Ay Ox 
Ar —sOOF (z+ Az, y) 
oy 


Passing to the limit as Az — 0, we get the derivative on the left; 
on the right we can discard Az. Finally we have 


OF (z, y) 
dy _ Ox 
oy 


Note the minus sign in (3.12-7) and also the fact that we cannot 
simply cancel the OF (x, y) in the numerator and the denominator. 

We will demonstrate the application of (3.12-7) using as i exam- 
ple the equation (3.12-2). We have F (x, y) = z? + y? — 


OF (x, y) __ OF (x, y) 
== ee 2X; ae — 2y, 
dy _ ee z 


It is easy to see that this result coincides with that obtained if we 
compute the derivative of (3.12-3). 
Let us find the derivative in the case of (3.12-4): 


OF (z, y) OF (z, y) 


= Sj £ COS X 
E sin z + è 


= sin y + y cos y, 


Oy sin z+ z cos z 


ax ~—s Sin y+ ycosy 
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Thus, the expression of the derivative of an implicit function 
involves both quantities, x and y. To find it numerically, we have to 
find y numerically for a given x. But if we did not have formula 
(3.12-7), then to find the derivative would require finding, numeri- 
cally, two values y, and y, for two adjacent values z, and zı and 


finding the ratio 2—4 . Here, the closer z, and zı are, the more 
— 


exactly we would need to compute y, and y;, but this is often very 
difficult to do. 

Finally note that if F (xz, y) = O leads to an ambiguous curve, that 
is, when there are two or more values of y for one value of z (several 
branches of the curve), then (3.12-7) yields the values of the deriva- 
tive at appropriate points for a given x when different y are substi- 
tuted. The reader is advised to verify this using the equation of the 
circle (3.12-2) for which the derivative is given by formula (3.12-8). 

In finding the derivative of an implicit function we had to intro- 
duce a new concept, that of the partial derivative. This notion is of 
great importance and is necessary when considering functions of 
several variables (we do not study them in this book). Actually, we 
have already, latently, made use of the concept of a partial deriva- 
tive even in such elementary questions as the derivative of a product 
of many functions y = h (x) g (x) or, say, the derivative of a power, 
y =h (x)&™ (see pages 112 and 126) when we said that y’ is composed 
of a term obtained when taking the derivative with respect to x in 
h (xz) and with respect to x in the expression g (x). Using partial 
derivatives, we can write this rule as follows: if 


y = F [g (x), h (2)) 
then 
’ dy : OF dg OF dh 


Y “ae Gg de "Oh de 
Exercises 
1. Find the derivative aw at the point z = = = = of a function defined 
by the equation (3.12-4). The same at the point z = — > y =>. 
2. Find the derivative ou at the point z = y = 1 of a function defined 


by the equation z3 + 32 + y? + 3y — 8 = 0. 


3.13 INTEGRALS. STATEMENT OF THE PROBLEM 


In Chapter 2 we introduced the concept of the integral and noted 
the close connection between two different (at first glance) problems. 
These problems are: 
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(1) finding the sum of a large number of small summands when the 
terms can be represented as v (t) dt; 

(2) finding the function z (¢), the derivative of which is equal to 
the given function v (2): 

dz 
wee 

Before going on, the reader is advised to reread Secs. 2.7 to 
212: 

Most of the problems that arise in physics, mathematics and che- 
mistry are problems involving the computation of a sum. This sta- 
tement of the problem is more pictorial. The problem itself suggests 
a simple, though approximate, way to compute the quantity of 
interest. This approach does not yield any general formulas how- 
ever. 

The second statement of the problem is more artificial, but it has 
its advantages. The finding of derivatives proved to be a very sim- 
ple matter that reduced to four or five formulas (the derivatives of 
x", e", ln z, sin z, cos x) and to two or three rules. It is therefore easy 
to find the derivatives of a large number of functions. Every time 


; . d ; ; 
the derivative — = v of some function is found, we can record the 


fact that for this v the integral z is known (see Sec. 3.14). In this 
way we can build up a range of particular cases in which it is possible 
to solve the problem of finding the integral. For certain simple 
types of functions v, it has been possible, with the aid of identity 
transformations, to find the rules for evaluating integrals (see Sec. 
3.15). 

However, this is not possible to do for all the elementary functions 
so that integration is more difficult than differentiation (finding 
derivatives). Nevertheless, the formulas found for certain integrals 
in the second statement of the problem are very important. If for 
a given v it is possible to find the integral (the indefinite integral or 
the antiderivative), then all problems in the first statement of the 

b 
problem, all sums, that is, all definite integrals \ v (t) dt are then 


a 
b 


expressed by simple formulas via a function z: \ v (t) dt= z (b) — 


a 
— z (a). Such a result is more complete, more exact and more valuable 
than the result of every separate numerical computation of a sum, 
b 


that is, of the definite integral \ v (t) dt between definite limits a 


a 
and b. For this reason we aim primarily to solve the problem in its 
second statement. 
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3.14 ELEMENTARY INTEGRALS 


Let us write down the formulas for the derivatives that have been 
found in the preceding sections and their corresponding integrals: 


2 (2") = n \ x dz=z"-+C; 

L (e**) = ke, k \ e" dz =e 4C; 

Ż na) =, (2 dr=mnz+C; 

2 (sin kx) = k cos kz, k \ cos kx dx = sin kz +- C; 
2 (cos kx) = —k sin kz, —k | sinka dx = cos kx + C; 
(tan 2) = — 5r \ or dx = tan z+ C; 

+ (cot 2) = —— rr -| ware ements + 6 

=; (aresin x) = via = a dx = arcsin r+ C; 


2 (arctan x) = dx = arctan z 4+ C 


TFA jizz 


_ Let us perform a few manipulations. In the first integral, we denote 
n — 1 =m (then n =m + 1), and we can rewrite it as 


m qo — i mı 
\ Lae = E] s” LC 
It is clear that the formula is valid for all m except m = — 1; for 


m = — 1 the denominator vanishes, z™ +1 = z? = 1, and we have 
; : : 1 
an expression unsuitable for computations, = + C. However, it is 


precisely in the case where m = — 1, i.e., for \ = de, that we have 
the formula 

\ + dex =—Inz 
This formula holds true only for positive values of z, since In x is 


meaningful only for z >0O. For z< 0, In z is meaningless, but 
In (—z) is meaningful. Since 


d ln (—7z) 1 
== ~ ees _ 


it follows that (5 d£ in (—z) + C if £ <0. Both formulas for 
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{ Zoan be combined into one: 
| Z=m|2|#C (3.14-1) 


This formula may be used for any interval of integration that does 
not contain z = 0. 


The integral of the exponential function looks like this: 
| eM dx =e C 
Similarly, for the sine and the cosine, we get 


\ sin kx dz = — $ cos ka + C, 


\ cos ka de =— sinka-+C 


3.15 GENERAL PROPERTIES OF INTEGRALS 


In Secs. 3.1 to 3.3 we established the properties of the derivative 
of a sum of functions, the derivative of a composite function and the 
derivative of a product of functions. To each of these properties 
corresponds a definite property referring to integrals. 

For integrals we have the equation 


| [Cf (2) + Eg (2)] dz = C \ f(x)dx+E \ g(x) dx (3.15-1) 


To prove this we have to take the derivative of the expression on 
the right. If the equation is a true statement, then we get the inte- 
grand function. Differentiating we have 


[cls @dce+E \ g(x) dx | =c| | f (2) dx] 


+E[ J g(z)de] =C} (2) + Eg (2) 


and the proof of equation (3.15-1) is complete. It shows that the 
integral of a sum of several terms splits up into the sum of the inte- 
grals of the separate summands, and any constant factors can be 
taken outside the integral sign. 

It is possible, under the integral sign, to make a change of variab- 
le and pass to a new and more convenient variable. Let us examine 
a number of simple examples. 


1. Find \ (ax + b)" dz (n ~ — 1). 
For the new variable, call it z, we take the expression in brackets: 


ax +b =z (3.15-2) 
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In so doing, we also have to pass from the differential dx to the 
differential dz. 

From (3.15-2) we get 

dz =adxz, dx= Z 
Thus 
TEA = n az gnt1 (az + b)ntl 

| (az +b) dr= Í z Fa Lfe dz = ———~ a(n+1) +C= Tinea E 
The correctness of this result is easily seen if we compute the deriva- 
tive of the right member: 


d [Ð (ax+5)ntl ]__ d f (axz+b)n+l 
al aea telj- l aman | 


1 n b)n t n 
=e art ys £ (ax +b) = SET" 4 = (ax +b) 


2. In similar fashion, in the integral a we can make the change 
of variable 
z=axr+b, dz=adz, de= =, 
C dr dz 1 dz In (az +b) 
Jan J a-z =4 (2 Z Zin 2+O= Ae + 


When dealing with such simple examples in practical situations, 
the transformations are ordinarily carried out without introducing 
separate designations for the new intermediate variables. For exam- 
ple one writes 


\ (ax +b)" dx = \ (ax +b)" — d (ax +b) = mea ar tyr +C 


Let f (x) and g (x) be two distinct functions of the variable z. The 
rule for finding the derivative of a ae yields 


d 
q (fg) = 8s, at Lf (3. 19-3) 
The equation (3.15-3) enables us to write 
je= | fde | ede (3.15-4) 


We can see the validity of oT by taking the derivative of the 
left and right members to get the true equation (3.15-3). 
Let us rewrite (3.15-4) as 


(r dr=fg— | g i ae 
This is usually compactly written as ) 


\ f dg = fg — \ g df (3.15-5) 
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What is the meaning of formula (3.15-5)? When evaluating an 
integral, there is no rule that expresses the integral of a product of 
two functions in terms of the integrals of each of the factors. How- 
ever, if in the product of two functions fw the integral of one of the 
factors is known, 

( = dg 
; wdr=g, w=— ae 
then it becomes possible to express the integral | jw dx in terms of 


the integral involving the derivative k Using w we rewrite (3.15-5) 


as 

| fwde=f (| wdx\ — | ( | w de) H dx (3.15-6) 
Since |w dx = g, it follows that the last integral in (3.15-6) is 
E dx. Sometimes it is simpler than the original integral 


| fw dz or reduces to a known integral. In particular, if f is a power 


function, then at has the power of f minus unity. The formula 


(3.15-5) or (3.15-6) is called the formula for integration by parts. 
Here are some examples. 


1. Find | ze“ dx. 

Put f = z; then w = TE e, e” dx = dg, g = \ e” dx = e, 
df = dz. By formula (3.15-5) 
( ze dx = re — \ e~ dx = xte —e = e (x —1)+C 


v 


2. Find | 2? e~ dz. 
Set f = 2”, then w =E =p" e dr = dg, g = \ e dx = e, 
df = 2x dz. Using (3.15-5) we get \ ze dx = r'e — 2 \ xe” dx. 


Using the result of the first example, we obtain 


| ae" dx = x? e — Que* + 2e + C = (2? — 2r + Qe 


To find | P „n (x)e"* dx, where P, (x) is a polynomial of degree n, 


we have to perform integration by parts n times. We then get 
Q, (z)e**, where Q, (x) is a polynomial of degree n. Knowing this, 
we need not perform integration by parts n times, but can write 
down directly the coefficients of the polynomial Q, (x). 
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Let us take the same example. Find \ ze” dz. We write the equa- 
tion with the (still) unknown coefficients of the polynomial Q, (z): 


\ re dx = (axt? + ax + aoe + C (3.15-7) 


Taking the derivatives of both sides of (3.15-7), we get 
re = (2a,4 + ae” + (ax? + ax + aoe”, 
re = [x?a, + x (2a, + a) + (a, + ao) e 
Equate the coefficients of identical powers of z in the polynomials om 
the right and left to get 
@ =Í, 
2a, + a= 0 whence a, = —2, 
a, + aọ= 0 whence dy = 2 
Finally, as before, we get 


\ ve dx = (x? — 2x + 2)e* + C 


By a similar technique we can find the integrals of the functions 
P, (£) cos kx and P, (x) sin kx, where P, (x) is a polynomial. Ip 
both cases the answer is of the form 


Qn (x) cos kx + R, (x) sin kx 


where Q,, (x) and R, (x) are polynomials of degree n (or less than n). 
Examples of this kind are given in the exercises. 

The following is an instance of an integral that can be reduced to 
familiar integrals by means of algebraic manipulations. 


: ; dx : ; 
We consider the integral |e . Note that the identity 


1 4 a—b 


<a a O 


Z—a x—b (z—a)(xz—b) 
holds true. Using this identity we get 
1 1 1 1 


Therefore 


|o (+) dx 


= —* [In (c—a)—In (z—b)] +C =, n = + 


z—b 


There are techniques which permit one to express in terms of ele- 
mentary functions the integral of any algebraic fraction with inte- 
gral powers of the variable. However, the results involve not’ only 
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algebraic functions but also logarithms and inverse trigonometric 
functions (arctangents). The general theory for finding such inte- 
grals is much too complicated for this, book. 

The integration of many functions involving radicals and trigo- 
nometric functions may be reduced, by means of an appropriate 
change of variable, to the integration of polynomials or algebraic 
fractions with integral powers. Let us consider an example. 


Find \x V z+ 1 dx. We make a change of variable: z = V x + 1, 


x + 1 = z2?, whence 2z dz = dz. Passing to the new variable in the 
integral, we obtain 


\ 2VzFide— \ (22—1) 222 dz=2 \ (24 — 22) dz 
Z z3 7. | ENA 7 4. TA 
=25—2540=2V CFI —SVEFIP+C 


A few more examples of this kind are given in the exercises. 
Finally, we give an example of an integral which cannot be repre- 
sented in terms of a finite number of elementary functions: 


f(z) = \ e-™ dz 


The proof that it cannot be expressed in terms of a finite number of 
elementary functions is extre- 
mely complicated and we will 
not give it here. 

This integral is a function 
whose properties may be stu- 
died. From the definition of 
f (x) it follows that 


df (x) — -x2 
dx =e 
Since e** >0O for arbitrary 
x, it follows that f (x) is an Fig. 81 


increasing function. The deri- 

vative has a maximum at xz =Q; hence, at xz =O, f(x) 

has a maximum angle of the tangent line with the z-axis. For 

large absolute values of x (positive or negative), the derivative L 

is very small. This means that the function is almost constant. The 
x 


graph of the function f (x) = | e-** dr is shown in Fig. 81 (for the 


0 

sake of definiteness, the lower limit has been chosen equal to zero). 
Extensive tables have been compiled for this function and so com- 

putations involving this integral are no more complicated than, say, 

those involving trigonometric functions. 
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Exercises 
Find the following integrals. 
z? +42r—3 | ' : 
1. \ x (x—1)2 dz. 2. ——— at. 3. \ cos (3z — 5) dz. 4. { sin (22 -+1) dz. 


5. [ V 3x — 2 dz. 
J, 
Hint. In Examples 3, 4, 5 make a change of variable. 


6. \ xz cos z dz. 7. | ln z dz. 
Hint. In Examples 6 and 7 take advantage of the formula for integration 
by parts. 


8. \ z? sin 2z dz. 9. \ x e-* dz. 10. \ (x? + x + 1) cos x dz. 


11. (2x? + 1) cos 3z dz. 


Hint. Example 11 is considered in detail in the “Answers and Solutions”. 
The other three are handled similarly. 


xdz 
2 | eas 


Hint. Take advantage of the identity 
eae eer ee 
(x — 2) (x—3)  x— 


the numbers A and B are found by equating the coefficients of identical powers 
of z after clearing of fractions. 


xz+1 dz . x dx 
13. | Ea. 14. \ ereo 15. Pray 


Hint. Make the substitution z = z. 


dx 
16. | ae e 
V22—5 
Hint. Make the change of variable z? — 5 = z. 


17. \ sin z cos x dz. 


Hint. Make the change of variable sin x = z. 
dx 
19. \ tan z dz. 20. \ za? * 


Hint. Make the change of variable z = at. 
2i. \ ee. 22. \ arcsin z dz. 23. \ arctan z dz. 


Vat — zr? ` 


24. \ e2X sin 32 dz. 25. \ eX cos 22 dz. 


Hint. In Examples 22 to 25 use integration by parts. 
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General remark. When using various techniques, one Sometimes obtains 
distinct expressions for one and the same integral. This should not dismay 
the reader. If the computations are correct, such expressions should differ by 
a constant only. The results are identical whem evaluating a definite integral. 


_ Verify this remark using Example 17 and making the change of variable 
sin z =z. 


3.146 CHANGE OF THE VARIABLE IN A DEFINITE INTEGRAL 


We consider an example. Let it be required to calculate 
h 


\ (ax +b)? dz 
We can do as follows: first evaluate the indefinite integral \ (az-+ 
+ b)* dx and then form the difference of its values for z = k and 
for x =n. 
To compute | (ax + b)? dx we make a change of variable using 
the formula z = ax + b. Then dz = a dz and 
(ax +b)? dz = + \ z? TER 


3a 
Therefore 


k = (ak + b)3 — (an + b)’ 


n 3a 


k 

b)3 
f (ax +b)? dx = oo ) 
n 


However, it is possible to do otherwise. Let us determine how z 
will vary when z varies from n to k. Since z and z are connected by 
the formula z = az + b, it follows that as x varies from n to k, z 
will vary from an + b to ak + b. Hence 


f 4 re 3 jak+b 3 3 
a = 
| ar+bdr=4 f z2 dz — Z (mt? _ (ak +b)3— (an +b) 
a 3a |an+b 3a 
n an-+b 


When evaluating integrals it is convenient to do just that, i.e., 
when making a change of variable, to find the new limits of integra- 
tion at the same time. This will obviate a return to the old variable 
in the expression of the indefinite integral. 

Let us consider some examples. 

1 


1. Calculate \ oor Note from the start that the function 
0 


ar assumes positive values as x varies from 0 to 1, therefore 


1 
(z> 0. At the same time, the denominator in this interval 
0 
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does not vanish, so that the integrand is finite throughout the inter- 
val. Make the change of variable 2 — x = y, dx = — dy. Then for 
x = 0, y = 2 and for x = 1, y = 1 and 


(3.16-1) 


Ce ee 
~-_ 
N 
| Ja 
aje 
© 
Il 
m 
RIS 
Go| cc 


In the right member of (3.16-1) the limits of integration are given 
for y. The reader may wonder about the minus sign in the last equa- 
tion. Indeed, on the right and left we have integrals of positive fun- 
ctions so why is the right side of (3.16-1) positive? The point is that 
the lower limit of the integral on the right is greater than the upper 
limit. Since an integral changes sign upon interchanging the limits 
of integration, (3.16-1) may be rewritten as follows: 


1 
| = =-\4 

(2—2)3 J y3 É 
0 1 


Now, in the right-hand integral, the upper limit exceeds the lower 
one and it is clear that the integral on the right is positive. The 
computations can now be completed with ease: 


2 

Y Piao A 
|$= ae (-=355 38 
1 


2. In Sec. 3.15 we considered the function f (x) = ( e=? dx. One 


0 
a 


often has to deal with the function ọ (a) = \ ex? dx, where k is 
0 


a constant. We will show that there is a simple relationship between 


the functions @ and f. 
In the expression for ọ (a) make Ja change o variable kz? = £. 


From this we find V kz = t, z = —=, dx s For z = Q0, t = 
Y VE =H 
= 0, for x =a, t=aYVk. And so we get 


aVR a Vk 
p= | et- | e d= aV A) 
0 0 


Thus ọ (a) = s= f(iaVk). Consequently, for an arbitrary value of 


the independent variable z, 


9 (2) === f (eV k) 
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If we have a table of the function f (x), it is possible to find the inte- 
gral @ (x) for any value of k. 

3. In Chapter 2 we saw that the definite integral has dimensions if 
the integrand and the limits of integration have. It is often conveni- 
ent however to reduce the integral to a dimensionless form by taking 
all factors having dimensions outside the integral sign. This can be 
done in the following manner. 

b 


Suppose we have \ f (x) dx. Denote by fmax the greatest value of 


a 
the function f (x) on the interval of integration: 


b 
f (x) de= | E f (2) L fmax dz = mas | $2 Le d£  (3.16-2) 


Q e O 


f (2) 


It is clear that in the last integral the integrand 7 is dimension- 


max 
less since f (x) and fmax have the same dimensions. Let us pass to 
dimensionless limits of integration. To do this, make the change 
of variable 


ZL == 


— or x=a+z2(b—a) (3.16-3) 
From (3.16-3) it is clear that z is a dimensionless quantity. Since 
dx = (b — a) dz and z = 0 for x = a, z = 1 for xz = b, it follows 
that the integral in (3.16-2) takes the form 


b 
| ne dx = (b— a { Hea a (3.16-4) 


A fma fmax 


Set 
f [a+z (b— a)] 


fmax 


then from (3.16-4) we have 


= Q (2) 


fmax 


b 1 

\ LO) dr = (b—a) \ @p (z) dz 

a 0 

and, finally, 
| F(x) dæ = fmax’ (0—0) | 9 (2) dz (3.16-5) 
a 0 


In the formula (3.16-5), \ ọ (z) dz is a dimensionless quantity. 


OE a 
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If f (x) varies but slightly on the interval of integration, then 
Í (x) 


—— w 1, and so 


fmax 
4 4 
p(z) x1 and | @)dz~t-{ az=1 
0 0 


1 
Thus, in this case, the dimensionless factor \ p (z) dzis a number of 


0 
the order of 1 and the value of the integral is mainly determined by 
the product 

fmax’ (b 2 a) 


Let us consider a simple example: the free fall of a body during 
to 7 
time tọ. Let \ v (t) dt exist. The rate of fall of the body is v = gt 
0 
and the maximum velocity attained at time tọ iS Umax = gto. 

It will be noted that the maximum here is not due to any decrease 
in velocity after t = tọ, but simply to the fact that times exceeding 
ty) lie outside the interval over which the integration is taken, 
O<t< to We introduce 


\ v (t) dt =Vmaxto \ z dz = gt? 
0 0 


OR H 

N 

Q 

ÙN 

|l 
va 
~ 
on 


We conclude with an example that shows the necessity of a care- 
ful examination of the function and the danger of a purely formal 
b 


approach. We will evaluate [ = | +. The indefinite integral 


a 


dx 1 
\a=-gte and so 
b 
d 4 |b 4 1 b— 
t=\5=-5.=-s+7- =< (3.16-6) 


Since the integrand is positive, the result must be positive if 
b >a. The answer by formula (3.16-6) is indeed positive for b >a, 
+4 


if a and b have the same sign. However, for the integral \ & for- 


4 
mula (3.16-6) yields the obviously absurd result J = — 2. This is 
because the integrand becomes infinite inside the interval of integra- 
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: : 4 
tion when z = 0 and, at this very same place, the function (——} : 


which is the indefinite integral of the function — , has an infinite 


discontinuity. 

In order to get at the crux of the problem, we have to eliminate 
from the whole interval —1 < xz < + 1 a small region about the 
singular point x = 0: — £, < T < £, (€, and €, are small positive 
numbers) and consider 


From (3.16-6) we get 
4—& 1—e 4 4 
Katy 244 


e1 
It is clear that for £, and €, tending to zero, K —> oo. 
In other cases, an integral with the integrand function becoming 
infinite on the interval of integration can yield a very CONAIE 
1 


finite result. For instance, jy = 2. To prove this, evaluate v= 
T 
= 2—2 V. The integral “o to 2 as e> 0. 
An analysis of this kind is always necessary when the integrand 
becomes infinite. 


3.17 SERIES 


We pose the problem of constructing a simple and convenient 
approximate expression of a function y (x) (defined exactly by some 
formula) over a small range of the argument x, say for values of z 
close to a. 

The definition of a derivative given in Chapter 2 may be written 
as follows: 

y (t)— y (a) 


y' (a) = lim —~— 


x—>a 
From this definition, it follows that in the limit, that is, the smal- 
ler the difference (x — a) the greater the accuracy, we can write 


y (x) = y (a) + (x — a) y' (a) (3.17-14) 


This formula fits the meaning of the derivative as the rate of 
change of the function. If we know the value of the function at a gi- 
va point y (a) and the rate of change of the function at that point, 

y 
dz |x=a 
ged by (x — a) as compared to the initial value a, the function chan- 
ges by (x — a) y' (a). The expression (3.17-4) is an approximate 


= y’ (a), then for x close to a, when the argument has chan- 
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expression and its accuracy decreases with increasing interval 
(x — a). Indeed, when computing the variation of the function by 
the formula (x — a) y’ (a), we used the value of the rate of change 
of the function y’ (a) at the beginning of the interval between a 
and x, yet the rate y’ itself changes in this interval. The exact for- 
mula is 


y (z)=y (a) + | y' (ae (3.47-2) 


Applying (3.17-1) to the derivative y’ (x), we get 
y’ (x) = y' (a) + (z — a) y” (a) (3.17-3) 
Before proceeding, let us recall that y” (x) is the second derivati- 


2 
ve function of y with respect to zx, denoted <4 , which is to say, the 
derivative of y’ (x) with respect to z: 


n dy’ 
y (x) == 


so that y” is connected with y’ in the same way that y’ is connected 
with y. The third derivative, y”, or y’, is defined in similar fashion: 


dy” 
m 
Y =z 


The fourth derivative is denoted y!V or y‘®, the fifth yY or y®, and 
so on. The derivative of order n, or nth derivative, which is obtained 
by taking the derivative of the function y (x) n times in succession is 


denoted by y™ (x) or au . In the notation y™, the n is enclosed 


in parentheses to distinguish it from an exponent. 

Now let us return to the problem of the appoximate expression 
of the function. Formula (3.17-3) for the derivative is nothing but 
formula (3.17-1) in which the function y’ (x) is substituted for y (x). 
Now substitute the expression of the derivative (3.17-3) into (3.17-2) 
to get 


y (z)=y (a) + | Ly’ (a) + (¢—a) y" (a)] at 


=y (a) +(e—a) y' (a) +25" y" (a) (3.17-4) 


This formula is more exact than (3.17-1). In deriving (3.17-1) we 
assumed (to a first approximation) that the rate of change of the 
function y, i.e., its derivative y’, is constant and equal to the value 
of the derivative at x = a. The result was a linear dependence of y on 
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x.* In deriving (3.17-4) we took into account that the derivative 
y’ (x) is not constant, but the variation of y’ (x) was considered 
only approximately: the formula (8.17-3) which we made use of 
when deriving (3.17-4) assumes that y (x) is constant, which is 
what gives us the linear dependence of y’ on z. For y (x) the relation- 
ship is quadratic. 

Let us make formula (3.17-4) still more precise. To do this, we 
take into consideration that y” is not constant. We take advantage 


of the formula 
x 


y (z) =y' (a) + \ y” (t) dt (3.17-5) 


which is obtained from (3.17-2) by substituting y’ for y. Also note 
that [like (3.17-2)] this formula can readily be verified by evaluating 
the integral. Now write y” (x) using a formula of the type (3.17-1) 


y” (2) —_— y” (a) + (x S a) y” (a) ė (3.17-6) 
Then from (3.17-5) and (3.17-6) we obtain 


y' (x) =y' (a) + È Iy" (a) + (¢—a) y" (a)] dt 
or j ; 
y' (2) =y' (a) +y" (a) (e—a) + 25% y" (a) (817-7) 


Note that formula (3.17-7) is a formula of the type (3.17-4) written 
for y’ (x). 
Substitute the expression for y’ (x) from (3.17-7) into (3.17-2): 


y (2) =y (a) + | ty! (a) +y" (a) (¢—a) +y" (a) SS ] at 


a 


=y (a) +y' (a) (e—a) +49 (2—0) + EP (e—a)? (3.17-8) 


It is now easy to imagine the aspect of the formulas for y (x) if 
the approximation process is continued: if we take into account 
that y” is not constant, then y‘® (a) will be involved, the expression 
for y (x) will contain (x — a)*. Each subsequent step in approxima- 
ting y (x) yields an additional term with a higher power of (x — a). 

This law becomes all the more obvious if we compare the expres- 
sions we have already obtained. To the roughest approximation, if 
x— a is small, we take y (x) to be equal to y (a). This does not require 
any higher mathematics. We call this equation the zeroth approxi- 


* In the expression for y, (3.17-1), z appears only to the first power. In 
other words, y is a polynomial of the first degree in z. This relationship is termed 
linear because its graph is a straight line (see Sec. 1.4). 
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mation. Then expression (3.17-1) is called the first approximation, 
expression (3.17-4), the second approximation, and expression 
(3.17-8), the third approximation. Listed, they are 

y (x) = y (a) (zeroth approximation), 
y (x) = y (a) + (x — a) y' (a) (first approximation), 

— q)\2 

y (x) = y (a) -+ (x— a) y’ (a) + 2 9) y” (a) (second approximation), 
y (x) = y (a) + (z —a) y' (a) 


z—a)* , (x — a)’ 


aoe y (a) +- y" (a) (third approximation) 


It will readily be seen that if we continue to improve the formulas, 
each subsequent approximation will contain one more term than the 
preceding one. This means that the more powers of (x — a) that en- 
ter into the formula, the more exact the formula is. 

A formula of this type can also be obtained in a somewhat diffe- 
rent manner. 

Let us take the exact equation (3.17-2) and integrate it by parts 
after first replacing* dt under the integral sign by d (t — zx): 


x 


y (z)=y (a) + | y’ ()dt=y(a)+ | y' @)d(e—2) 


a 


=y (a) +y' (f) (¢—a)e— | @— a) y" (t) dt 


=y (a) +(2—a) y' (a) + | (z—t) y" (fdt (3.17-9) 


Performing the integration by parts n times, we get an exact expres- 
sion for y (x) consisting of n + 2 terms. The first n + 1 terms coin- 
cide with the nth approximation of the preceding derivation. The 
last term yields the expression of the remainder in the form of an inte- 
gral of the (n + 1)th derivative of the function y (z): 


y (2) =y (a) + (1—0) y' (a) +E y (a) +... + ye @ 


n 


x 


+55 f (x—t)" y™ (t)dt (3.17-10) 


n 
a 


* When integrating, ¢ is a dummy variable and z is regarded as a constant, 
therefore dt = d (t — xz) and the substitution is admissible. 
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If the last term involving the integral is absent, the formula 1s 
approximate. In the general case of an arbitrary function y (x), no 
finite number of powers of (x — a) car yield an absolutely exact 
formula.* This can only be given by an expression consisting of an 
infinite number of powers of (x — a): 


y (£) = co + cı (z — a) +e, (z — a)? + .. . te, (x—a)”... (3.17-11) 


An expression of this kind is called an infinite series. Ordinarily, 
we drop the word “infinite” and simply say “series”. 

The coefficients Co, c4, . . <, Cn, - >- are distinct for different func- 
tions. They are also dependent on the value of a. These coefficients 
can be found more quickly. Write down (3.17-11) and compute the 
first, second, and ... nth derivatives of both sides: 


y (z) = cot c, (t—a) +c, (tx—a)’ +e, (x—a)?+...+ Cn (2—a)"+... 
y’ (x) = c4+2c, (x—a)+3c, (x—a)?+...+nce, (cx—a)"-! +... 
y” (x) = 2c, + 3-2c, (x—a)+... +n (n—1) cp, (x—a)"? +... 


y™ (x) = n (n—1)...3-2c, + (n+1) n (n—1) ... 3-2c,,, (cx—a)+... 
Each of the foregoing equations enables us to determine one of the 
coefficients c;. Indeed, in each one, put xz = a on the right and on 


the left. Then all terms containing the factors (x — a) will vanish 
and we get the equations for determining the coefficients: 


y (a) = Co, whence Co=y (a), 

y’ (a)= c, cı =y" (a), 
n 4 n 

y (a) = 2c2, c= -5 y" (2), 
m 1 m 

y” (a) = 3- 2c3, C3 = 5.39 (a), 


e o e oe o @e@ ē o @® ē oè @ @ @ @®@ ọọ ò% ò% ò% © ò% ò%  @®  @® >» ò% 9% ə ọọ 


We thus have 
y (z) =y (a) +y’ (a) (z—a) +4 (r—a) + VO (7a) 


(4) (n) 
4+ #29 (z—ajt t... ty (c—a)"+... (3.147-12) 


* Except for the case of a polynomial; see the end of Sec. 3.18. 
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The first n terms of this formula and (3.17-10) coincide. Note also the 
special case of the formula when a = 0, 


y (2) =y (0) +y Or HO pH gy. (8.47-13) 


We have a convenient designation for the product of a succession 
of natural numbers n (n — 1)... 3-2. It is n! and is read n-factorial. 
For example 3! =3-2=6, 4! = 4-3-2 = 24, 5! = 120. It is 
customary, in defining the factorial, to include the number 1 as 
a factor as well: 

n! = n (n — 1)... 3-2-4 


The product naturally remains unchanged but it is easier to remember 
that n! is a product of n successive natural numbers from n to 1. 
For example, 3! is the product of three factors, 3-2-1, from 3 to 1. 
With this definition, we naturally get 1! = 1. Using the factorial 
notation, we can write formulas (3.17-12) and (3.17-13) very com- 
pactly: 


y (2) =y (a) + X X e—a)" (3.17-14) 
n=1 

y (a) =y 0+ FEO ow (3.17-15) 
n=i 


These two formulas yield the expansion of a function y (x) in a seri- 
es of integral powers of x — a (or of x). The formula (3.17-14) is 
called Taylor’s series: (3.17-15) is called Maclaurin’s series. Suppose, 
for example, y (x) = e”. Then 


We oak MERE Ny — př 
= e ...9 y" = e”, eee 


y =e, y 


Taking advantage of the formula (3.17-15) of Maclaurin’s series, we 
have 


y (0) = y' 0) = y" (0) =... =1 ` 


Substituting into (3.17-15), we get the expansion of the function 
= e* in a series of powers of z: 


2 3 n 
W=Ate+545+...¢ FH... 


Let us examine the formula obtained from the Taylor series if we 
confine ourselves to, say, three terms: 


y (x) =y (a) + (e—a) y' (a) +25 y (a) 
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Removing brackets on the right side and arranging the result in 
powers of z, we have 


y (z)=[y(a)—ay' (@+za'y’(@)| * 
+y’ (a)—ay" (a)r +5 y" (a) 22 (3.47-16) 


On the right is a polynomial of degree two. Note that this expres- 
sion does not coincide with what we would have if we took three terms 
in the Maclaurin series: 


y(t) =y (0) +y’ 0) 2+ 2 (3.17-17) 


This will become clear if we recall that es am yields a good 
result if x is close to a, while formula (3.17-17) is good when z is 
close to zero. 

In Chapter 2 we gave a definition of a derivative as the limit of 
the ratio of the increment of the function to the increment of the 
independent variable. 

Now that we have expressed the function as a series, we state 


generally the law according to which the ratio 7H approaches oy. as 


Az tends to zero. 
Let us take the Taylor series and denote (x — a) = Az. Then 
y (x) — y (a) = Ay and we get 
A 4 n 1 m 
w =y' (a) +5 y" (a) As +5 y" (a) (Az)?+... 
For small Az, the second term with Az is greater than the third term 
with (Az)?. oe the latter, we conclude that the difference 


of the ratio —— AS Y from the value of the derivative at the endpoint of the 


interval is proportional to the interval Az and to the second deriva- 
tive y” (a). Here, we compare the ratio of the increment over the 
interval from z = a to x = a + Az with the derivative y’ (a) at 
the endpoint of the interval. 

The derivative may be evaluated differently. Take the increment 


r A beatae 
as x varies from a — = to a+ = and, dividing by Az, compare 


this ratio with the derivative y’ (a), which is to say, with the deri- 
vative at the midpoint of the interval. We get 


sym 1 (aa E)r le). 


(la+) Era l EES ro lE o, 
(a5) =F- r @+5(F) ra lE ro, 
Z=) or aE O 
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This method is much more exact: the difference between the ratio 
of the increments and the derivative is proportional to (Az)? and not 


to (Ax) and, what is more, contains the coefficient sg 


Exercises 


1. Expand the third-degree polynomial y = az? - bz? — cx +- d in a series 
in powers of z — zọ. Compare the first two, three, and four terms with the 
polynomial. 

2. Expand the function y = ze¥ in a Maclaurin series. Verify that the 
expansion can be obtained from the expansion of e*. 

3. Expand the function e* in a Taylor series in powers of (z — 1). 

4. Find numerically the derivative of the function e* when z = 0, given 

1 


the interval Az = 1, Swe 
5. Determine the accuracy of the formula (1 + r)™m = emr. To do this, 


write the left-hand member as (4 + r)™ = e” O+") and expand ln (1 + r) 
in a series. 


3.18 COMPUTING THE VALUES OF FUNCTIONS BY MEANS 
OF SERIES 


Let us dwell briefly on the principles underlying the formulas of 
Sec. 3.17. When we began the study of higher mathematics, we assu- 
med as known the concept of a function and we proceeded from the 
fact that we could compute the value of the function for any value 
of the argument. That is why, when we considered derivatives, we 
found them directly, empirically so to say, by computing the values 
of the function for close-lying values of the argument. Later on we 
learned how to find derivatives by formulas and it turned out that 
setting up formulas for derivatives is a rather simple matter. And 
so finding the values of a function by means of a formula involving 
derivatives turns out to be even simpler than a direct computation 
of the function. 

Since only in the case of a polynomial does the Taylor series ter- 
minate, contain a finite number of terms, it follows that any functi- 
on different from a polynomial will be represented by an infinite 
series. The practical value of such a series for computational purposes 
is due to the possibility of confining oneself to two or three terms of 
the series in order to obtain a sufficiently accurate result. This requi- 
res that the discarded terms of the series be small. 

Let us consider a few very simple examples. Let y = e*. In the 
preceding section we obtained the formula 


=i t EEH. (3.18-1) - 
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In particular, substituting x = 1, we get an expression of the num- 
ber e in the form of a series: 


gee a r (3.18-2) 


This formula enables us to compute e* rapidly and to a high degree 
of accuracy, as witness Table 2. 


Table 2 


x e* 1+x i++ S x2? x8 z sa 
a ec rs 
0.10 1.1052 1.10 1.1050 1.1052 1.1052 
0.25 1.2840 1.25 1.2812 1.2838 1.2840 
0.50 1.6487 1.50 1.6250 1.6458 1.6484 
0.75 2.1170 1.75 2.0312 2.1015 2.1147 
1.00 2.7183 2.00 2.9000 2.6667 2.7083 
1.29 3.4903 2.29 3.0312 3.3568 3.4585 
1.50 4.4817 2.50 3.6250 4.1876 4.3986 
2.00 7.3891 3.00 9.0000 6.3333 7.0000 


The first two terms of the formula yield an accuracy of 0.5% 
when x = 0.1. 

The first three terms of the formula yield an accuracy of 1.4% 
for x = 0.5. 

The first four terms of the formula yield an accuracy of 1.8% 
for x = 1.0. 

Such a high accuracy is plainly due to the fact that the terms of 
the series fall off rapidly. Each subsequent term of the series is 
less than the preceding one primarily because the denominator of the 
(n + 1)th term is n times the denominator of the preceding nth 
term. If x < 1, then in addition we have that z” is the smaller, the 
greater n is. 

But even when x > 1, the increase of the denominator in the 
distant terms of the series will inevitably overcome the increase in 
the numerator. As can be seen from Table 2, when x = 2 the sum of 
five terms of the series yields an error of 5%. But if we add a sixth 


term (<50) , then we get 7.3500, which is in error by 0.5%. 


Let us construct formulas of the same type for trigonometric 
functions: 


y (x) = sin x, y’ (x) = cos z, y” (x) = — sing, 
y” (x) = — cos a, y® (x) = sin x 
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The law for subsequent derivatives is obvious. 
Substituting xz = 0, we get 


y (0) = 0, y’ (0) = 1, y” (0) = 0, y” (0) = —1, ... 
Consequently 
: x3 x8 x? 
sın x = L—-—— + 799 5040 T cee (3.18-3) 
In similar fashion we get the formula 
x2 x4 x6 
cos t= 1—- + 57 —a55 + fir (3.18-4) 


Figs. 82 and 83 show the graphs of the sine, cosine, and also the 
graphs of polynomials obtained if we take one, two, and three terms 


Fig. 83 


of the corresponding series. Accuracy improves visibly when we take 
more and more terms of the series. 

Tables 3 and 3a list the values of the sine and cosine functions 
respectively. It is evident from the tables that two or three terms of 
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Table 3 
° x3 s-i t 

P ọ* sin x x x= oe 

z 120 
0 0° 0.0000 0.0000 0.0000 0.0000 
-= ge 0.1564 0.1574 0.1564 0.1564 
a 18° 0.3090 0.3442 0.3090 0.3090 
a 27° 0.4540 0.4742 0.4538 0.4540 
a 36° 0.5878 0.6283 0.5869 0.5878 
a 45° 0.7074 0.7854 0.7046 0.7074 
a 54° 0.8090 0.9425 0.8029 0.8094 
a 63° 0.8910 1.0996 0.8780 0.8914 
=a 72° 0.9510 1.2566 0.9258 0.9519 
ma 81° 0.9877 1.4137 0.9427 0.9898 
S 90° 1.0000 1.5708 0.9248 1.0045 


* @~ is an angle corresponding to x but expressed in degrees. 


the series suffice to obtain excellent accuracy in the interval from 
0 to = . Thus a power series offers a very convenient practical method 
for computing the values of trigonometric functions. Note that in 
absolute value the nonzero terms of the series for the sine and cosine 
are exactly equal to the corresponding terms of the series for the 
function e*. For this reason, everything that has been said pertain- 
ing to the falling off of terms with high powers of x in formula 
(3.18-1) for e* refers also to the series (3.18-3) and (3.18-4) for the 
sine and cosine. 


Note that if we substitute z = @V —1 into expression (3.18-1) 
and if we replace x by @ in (3.18-3) and (3.18-4), we get the relation 
eoV-1 = cos @ + V —1 sin @ which is mentioned on page 124. 
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Table 3a 
x2 x2 

. ; EEE TE Re 

+- v OE T720 
0 0° 1.0000 1.0000 | 1.0000 1.0000 
-=r ge 0.9877 0.9877 0.9877 0.9877 
= 18° 0.9510 0.9506 | 059510 0.9510 
st 27° 0.8910 0.8890 | 0.8914 0.8910 
a 36° 0.8090 0.8026 | 0.8094 0.8090 
mule 45° 0.7074 0.6916 | 0.7075 0.7074 
moi 54° 0.5878 0.5558 | 0.5887 0.5877 
mie 63° 0.4540 0.3954 | 0.4563 0.4539 
mle 72° 0.3090 0.2105 | 0.3144 0.3089 
=. 81° 0.1564 0.0007 | 0.4672 0.1561 
= 90° 0.0000 | —0.2337 0.0200 | —0.0009 


If the function y (x) is a polynomial of degree n, then y’ (x) is 
a polynomial of degree (n — 1), y” (x) is a polynomial of degree 
(n — 2), ..., y™ (x) is a constant, and y+ (x) and all higher 
derivatives are zeroes. That is why for a polynomial the Taylor seri- 
es (3.17-14) terminates. It consists of a finite number of terms. We 
obtain a polynomial arranged in powers of (x — a). For polynomials 
of degree n the sum of the first n + 1 terms of the Taylor series 
yields an exact equation which is true for all z and not only for the 
x near a. 


3.19 CONDITION FOR APPLICABILITY OF SERIES. 
THE GEOMETRIC PROGRESSION 


In the preceding section we set up formulas for the three functions 
e*, sin z and cos xz. In these formulas the functions are represented 
as the sums of a series of powers of x with constant coefficients. In 
these three cases it turned out that for arbitrary z, each subsequent 
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term of the series, with the possible exception of the first few terms, 
is less than the preceding one, and the greater the number-label of 
the term, the closer this term is to zero, In these examples, we can 
compute the value of the function for any z by means of a series if 
a large enough number of terms of the series is taken so that the 
discarded terms have practically no effect on the result. 

To summarize, then, we began with the problem of approximating 
a function in a small range of the variable and constructed more and 
more exact formulas by taking into account the first, second, third, 
and higher derivatives. The accuracy of each formula, 


y (x) = y (a) (0) 
y (x) = y (a) + (z — a) y' (a) (I) 
y (x) = y (a) +(z—a) y' (a) + 25 y (a) (II) 


is the greater, the smaller the quantity (x — a On the other hand, 
for a given (x — a), formula (I) is more accurate than formula (0), 
the accuracy of formula (II) exceeds that of (I), etc. Hence if we 
increase the number of terms of a series, this permits increasing the 
quantity (x — a) while preserving a given accuracy. 

The question now arises as to whether it is always possible to 
attain a given accuracy for any value of (x — a) merely by increasing 
the number of terms of the series. We will use a very important exam- 
ple to illustrate this point and will show that this is not so. A power 
series constructed so as to yield a good approximation in a small 
range of z, for arbitrary (x — a), can have a natural limit of applica- 
bility, the limit of admissible increase in (z — a) (the limit not depen- 
ding on the number of terms taken) although this was not evident 
in the examples of the — section. Consider the function 


y=; = (1—1) 


Taking the derivatives in succession, we have 


Po 1 = 14.2 (n) __ n! 
Y=Gomp? Vego gp cs Y= Grae 


Substituting z = 0, we get 
y (0) =1, y’ (0) = 1, y” (0) = 2, ..., y (0) =n! 
We thus get the series 


— sirp.. --2"+. (3.19-1) 


The example of the function i = is remarkable not only due to 


the unusually simple form of the resulting power series (all coeffi- 
cients are equal to 1). Here it is easy to give an exact formula for 
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the sum of the first n terms of the series (3.19-1): 
4teteft+... fe t= ee (3.19-2) 


4{—z 


The truth of this formula is apparent if we multiply both sides of 
(3.19-2) by (4 — x). Formula (3.19-2) can then be rewritten as 


1tetot..tamta Ml (3.19-3) 


x i1-—z 


Comparing this formula with (3.19-1) we.see that = is the quan- 
tity we neglect if we confine ourselves to the first n terms of the series: 
{4t+ert+aetwvAst+... ta"... (3.19-4) 


If —1< x<l, then the greater n, the closer x” is to zero and, 
consequently, if we take a sufficiently large number of terms of the 
series, we discard a small quantity. Note that the closer z is to 1, 
the more terms we have to take in order to obtain a given accuracy. 

The whole picture changes if we take z > 1. In this case, each 
subsequent term of (3.19-4) is greater than the preceding one. For- 
mula (3.19-3) remains valid, but for z œ 1, z” increases without 
bound together with the growth of n and for this reason we cannot 


disregard the fraction a Here, (3.19-1) does not hold true. 


There is not even any qualitative similarity between the sum of the 
positive terms of (3.19-4) and the negative (since x > 1) quantity 


i n From (3.19-3) we see that when z > 1 the sum of the series 
(3.19-4) increases without bound as n increases. Such series are ter- 
med convergent series. 

The terms of the series (3.19-4) form a geometric progression. We 


have established that the sum of the terms of an infinite geometric 
progression is equal to R if |x |< 1. But if z>1, then the 


infinite geometric progression does not have a finite sum. 
Also note that any periodic fraction is a sum of terms of a geomet- 
ric progression. For instance 


1.(1)=1.411...=14+0.140.01+0.0014... 


1 1 1 1 
=f tpt pot ot = aTi 


Thus we have already encountered an elementary series (geometric 
progression) in arithmetic and algebra. 


The function y = — (Fig. 84) has a discontinuity at x = 1; 


if z is close to 1 but greater than 1, then — is a large (in absolute 


CH. 3 COMPUTATION OF DERIVATIVES AND INTEGRALS 163 


value) negative number, if z is close to 1 but less than 1, then — 
is a large positive number. Thus, when z passes through the value 
xz = 1, the value of the function — moves from large ‘positive 
numbers to large (in absolute value) negative numbers. The series 


“a 


Fig. 84 


cannot describe this peculiarity in the behaviour of the function. 
We note yet another circumstance. When z = 1, the function 


y = — becomes infinite (the closer z is to 1, the greater y is in 


absolute value), and again for x = 1 thefterms of the series (3.19-4) 
cease to decrease. A series is suitable for computational purposes 
only if its terms diminish in absolute value.* For x = 1, the series 
is unsuitable for computational purposes because its terms do not 
decrease. This means that the series is unsuitable for computing 


the values of the function for r = —1 as well (since for x = —1 

the terms do not diminish in absolute value either) although the 

function itself does not have a discontinuity when x = —1 and is 
1 

equal to 4=(=) 2 


No matter how we choose the coefficients of a polynomial, the 
graph will always be a solid continuous line. A polynomial does not 
have discontinuities. Therefore if some function f (x) has a discon- 


* Of course if one or two or several of the first terms of.the series increase, 
there is no harm done if the subsequent terms of the series fa!l off rapidly; see 
the example involving e* for z = 2, Table 2. 
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tinuity at x = Zo (zo = 1 in the example involving | , then 


for the value x = Zp the series constructed for f (x) is definitely 
unsuitable for computations. Since the greater the absolute value of z, 
the greater (in absolute value) each term of the series cz” is, it 
follows that for arbitrary x which is greater in absolute value than 
Zo, the series is likewise unsuitable for computations. 

Thus, in the case of a discontinuity of f (x) we can indicate before- 
hand an Zgsuch that for all x exceeding zo in absolute value, the seri- 
es will prove to be unsuitable for computational purposes. 

Note that the presence of a discontinuity of a function is a suffi- 
cient condition for the series to cease to converge, but it is not a ne- 
cessary cone ition, By way of an illustration let us consider the func- 


tion y = a . Applying formula (3.17-13), we get 
1 
ppa Ti atit... (3.19-5) 
Take z = 2 for instance. Then 
1 1 1 


— — 
—=— m 


Itria «142° 3 
The sum of the terms of the series 


14—r1t2e—#e+... (3.19-6) 
however changes sharply depending on the number of terms n: 
n 4 23 #4 5 6 7 


sum of terms: 1 —1 3 —5 11 —21 43 


The series is clearly unsuitable for computations for x = 2. Why 
1 
i+2 
has no discontinuity either for x = 2 or anywhere between x = 0 

and x = 2 (Fig. 85)? 

However, the function y = ce has a discontinuity when 
x = — 1. Therefore, for x = — 1 the terms of (3.19-6) do not dimi- 
nish. Also note that the absolute values of the terms of (3.19-6) 
do not depend on the sign of zx. Consequently, for x = 1 (and all 
the more so for x > 1) the series is not suitable for computation. 

berefore even if we are interested in the behaviour of a series 

only for x > 0, we still have to take into account all the values of z, 
including negative values as well, for which the function undergoing 
expansion has a discontinuity. 

Indeed, the convergence of a series is affected even by the behaviour 
of a function for complex values of the argument. Here is an example. 
Replacing x by z? in (3.19-5) we get 


pepo icattataity... (3.19-7) 


does this occur, particularly since the function itself, y = 
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1 
4+ 22 
discontinuities and does not go to infinity anywhere either for posi- 
tive or for negative x, but the series (3.19-7) is suitable for computa- 
tions only if z? < 1, that is, for —1 < x < 1. The reason for this 


The graph of the function y = (Fig. 86) does not have any 


Fig. 85 
is that when x = +)V —1 = +i, i.e., for z? = —1, the function 
y-a r becomes infinite and therefore the terms of the series 
do not decrease in absolute value for z? = —1. Hence, neither do 


Fig. 86 


they decrease in absolute value for z? = 1. However, a detailed and 
comprehensible discussion of the problem of the behaviour of a functi- 
on for complex values of x is beyond the scope of this book. The 
interested reader is referred to “Elements of Applied Mathematics” by 
Ya. B. Zeldovich and A. D. MySkis. 
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Let us consider one more example. We will find the Maclaurin 
series for the function y = tan zx. By general rules we find 


sin x j o 4 
y = tan 7 = cosa’? Y (2) = coz : 
n" — 2sin x m _ 2+4 sin? x 
UO) eae UO eg 
16sinz+8sin? x 
(4) aa T 
y (z) cos® x z 


_ 16+88 sin? z+ 16 sin4 z 


y®) (x) cos’ x 


whence 
y (0) =0, y’ (0) =1, y” (0) =0, y” (0) = 2, 
y® (0) = 0, y® (0) = 16 
Therefore 
tans=0+1 1+0 +557 294 0-at+ 7 a4... 
Thus 
fp ee gt yr eg 3.19-8 
erg 15% T315” T 2835 vee (3,19-8) 


The coefficients of x’ and z? in this last expression can be obtained 

in the same way as the coefficients of z, z?, x’ were in the text. 
What can be said about the range of applicability of the series 

(3.19-8)? The graph of the tangent (see Fig. 78) shows at once that 


the series (3.19-8) is suitable for computations only when |z| <5 
since for z = > the function tan z behaves just as badly as the func- 


for x = 1. 


i 1 
tion PRE : 
Just looking at the series itself, z + +5 xe + ..., it would 
be difficult to say for what value of z the series cannot be applied 
because the law obeyed by the coefficients of the series is not a simple 
one, in contrast to the earlier considered series 1 -+2+27+.... 


Exercises 


1. Write the Maclaurin series for the function y = rr. ; 

2. Write the Maclaurin series for the function y = ln (1 + z). 

3. Write the Taylor series for the function y = ln z in powers of (z — 1). 
What range of applicability do the series obtained in Problems 1 to 3 have? 

4. Obtain the first three terms of the series expansion in powers of z of 
the function f (x) g (x). Construct the same series by multiplying together 
the series for f (x) and the series for g (z). 
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3.20 THE BINOMIAL THEOREM FOR INTEGRAL AND FRACTIONAL 
EXPONENTS 


Let us form the Maclaurin series expansion of a binomial (a + 2) 
to an arbitrary power m: y = (a+ x)”. 
Using the general rule, let us first find the derivatives 


y =m (a + z)", y" =m (m — 1) (a + a)™?, 


eo èe oọo oò ò ọọ ē ọọ ò  @ òo  @  @ ē ò  @ 9% >% ò ò% ò  @e@ ee oe o =e =e ò% oe o% @ 


(3.20-4) 


and the values of the function and of the derivatives for x = 0: 
y (0) = a”, y' (0) = mam, 
y” (0) = m (m — 1) a™-2, ..., l (3.20-2) 
y™ (0) = m (m — 1)... (m — n + 1) a, ... 


From this we get Maclaurin’s series: 


m 


(a+ z)" =a” +7 amt 4 TTD gmg 4 ire 


pA O ae ea) Gna. 9203) 


nl 


If the exponent m is a positive integer, then (a + zx)” is a polyno- 
mial of degree m so that in this case the series (3.20-3) is finite. The 
(m + 1)th derivative of the function (a + x)” and, hence, all higher 
derivatives are zero. The formulas (3.20-1), (3.20-2) and (3.20-3) 
reflect this circumstance. Indeed, for n =m + 1 the factor 
(m — n + íi) vanishes; for n>m-+41 there will be, some 
place in the sequence of factors m (m — 1) ..., a factor equal to zero 
and, consequently, the product will be equal to zero too. 

For a positive integer m, the product in the numerator can be 
written in a more convenient form: 


m(m—1)...(m—n-+1) 


__m(m—1)... (m—n-+1) (m—n) (m—n—1)...3-2-1 ml 
= (m—n) (m—n—1)... 3-2-1 — (m—n)! 


Thus, for positive integral m we finally have 


m m | a ! m=- 
(a + x) =a Sa Var ear ‘t+ aor 2 i 


m!| 


m-n,.n m! m- 
Pme "+ ++» r r Ve z 


ml 


+ (m—1)l 1) ax™—i -} g (3.20-4) 


N 
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In formula (3.20-4) we have polynomials of degree m on the right 
and on the left. Thus, for the case of a positive integer m, we obtain 
an exact equation that is valid for arbitrary values of z. Formula 
(3.20-4) is symmetric with respect to x and a: the coefficients of the 
terms a”-"xz" and az” are the same. This is clear since (x + a)” 


does not depend on the order of the summands in the parentheses: 
(x + a)" = (a + x)", 


Formula (3.20-4) is called the binomial theorem (Newton’s bino- 
mial theorem) or the binomial expansion. It can be obtained without 
resorting to higher mathematics and derivatives. We have to take 
the product (a + x) (a+ x)... (a+ x), perform the multiplica- 

m times 
tion and collect like terms. But when m is specified in the general 
form by a literal symbol and not a number, the collection of like 
terms is rather complicated. On the whole the derivation of the 
binomial expansion using Maclaurin’s series is simpler. 

Newton obtained the general formula (3.20-3), that is, the expan- 
sion of (x + a)”, for the case of an arbitrary exponent m. It would 
therefore be more appropriate to call formula (3.20-3) Newton’s 
binomial theorem, instead of (3.20-4), which is a simple particular 
case of the formula (3.20-3). 

Let us return to the general formula (3.20-3). Suppose m is not 
a positive integer. In Maclaurin’s series (3.20-3) the powers of the 
variable z, i.e., the numbers n, are positive integers. This means 
that the numerator in (3.20-3), if m is not a positive integer, does not 
vanish for any n, and (3.20-3) yields an infinite series. In particular, 


for m = —1 this series is of the form 
4 1 x x2 x3 
aoa ae as ee (3.20-5) 
Note that for a = 1 (3.20-5) passes into the familiar formula 
1 
fp ee ae 


From (3.20-5) we also find 
4 1 x x? x3 
Fg ga ke gegen e 


a— zT 
For m = + we have 


ð x4 TEE. x5 21 x8 
~ 128 a Va T 556 qa Va 1024 a Va +... (3-20-6) 
In the expansion of (a + x)”, for any m, all the terms have the 
same sum of powers of a and z, each subsequent term differing from 
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the preceding one by the factor (=) and the coefficient. A physicist 
would say that a and z in formula (3.20-3) must have the same di- 
mensions and so Z is dimensionless. From the very beginning we 
could take a outside the brackets: 


(a +a)" =a" (14+ 2)" 


and expand (4+2)" in powers of 2 : 
It turns out that for all m (negative and positive fractional) the 
series (3.20-3) is suitable only for |2| < 1, i.e., for |z|<lal. 


For | z| => 1 the series (3.20-3) is divergent. The positive integers m 


are an exception because in that case formula (3.20-3) contains a 
finite number of terms. 
Formula (3.20-6) offers a good method for taking roots. Here, the 


smaller |= | , the fewer terms one has to take in (3.20-6) to attain 
a specified accuracy. 


Exercises 


1. Using a series expansion, find //1.1 and 1.5 as V1 + z for z = 0.4, 
and for z = 0.5 retaining two, three and four terms in the expansion. Compare 
the results with the tabular values. 


2. Show that for |z|< 1 the approximate formula 4 Aig 4 2 
n 


is valid and that the smaller z is, the more accurate the formula. 


3. Using the formula of the preceding exercise, find 71.2, V1.1, V 1.05. 
Compare with tabulated values. 


4. Find 1/6 to three decimal places. 


Hint. Take advantage of the fact that 6 = 4 + 2, V4 = 2 and apply for- 
mula (3.20-6). 


5. Why is it impossible to expand y = z by Maclaurin’s formula? 


3.21 THE ORDER OF INCREASE AND DECREASE OF 
FUNCTIONS 


The series expansion of functions yields a general method for 
reducing different functions to the same form and enables one to 
compare the functions. This method of comparison is needed, for 
! z for a value 
of the argument x for which the values of the two functions are close 
to zero. 


example, when we consider the ratio of two functions 


470 HIGHER MATHEMATICS FOR BEGINNERS 


In the computation of derivatives it was demonstrated that the 
ratio of two almost-zero quantities can be a quite definite number. 
In certain cases, this ratio may be equal to zero or infinity. A few 
examples will suffice. For the sake of simplicity of notation, we take 
examples in which the value of x that interests us is equal to zero. 

For small x, the functions sin z and tan x are also small. The 
functions e* and cos z are close to 1 and hence e” — 1 and 1 — cos x 
are small. Here the smaller the |x], the closer are the values of the 
functions sin z, tan z, e*~ — 1, 1 — cos z to zero. 

Let us compare these functions with the value of x. To do this, 
write out their Maclaurin-series expansions: 


f x3 
sin Z=X——_ t KEES 


tans=r+ 2+ are 
a. ke (3.21-1) 
cca aa” aa noes 
tarp 4 base 
whence we find 


2 
1-4... 
Consequently 
sin z . sing 
———-—>1 or lim——~—=1 
es x0 x+0 
Similarly, from (3.21-1) we find 
tan z x2 
z Ej 3 are ay 
1—cosz ee 0 
x 2 24 i x>0 ° 
4—cosz 4 x2 | 
x2 ao 24 gE arg 2 r 
aai =1+5 +.. ——> 1 
x—> 0 


More complicated relations can also be found. For instance, from 
; x3 x5 
SIn r =I—-—- + fx eeeg 


= x8 2 5 
tanz=2%> z+ er +.. 
there follows 
tang—sinz=> a? +5054... 


and 
tan r—sinz 
a a 


v| = 


—— > 
x—0 
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A scale can be constructed of the order of decrease of various 
functions as z tends to zero. Let us use the term order of decrease 
for the power of x which decreases justeas rapidly as the quantity 
in question. If a function f (x) has kth order of decrease for small zx, 


this means that it decreases as x", that is, the ratio f - has for its 
T 


limit, as z > O, a finite nonzero number. 
Thus, sin x, tan z, e” — 1 decrease by order one, 1 — cos zx decrea- 
ses by order two, tan x — sin x decreases by order three for small z. 
In certain concrete cases it is possible to determine the order of 
decrease without a series expansion. For instance, by drawing the 
lines of the sine and the cosine, we see from the figure that sin z ~ 
X x, tan x ~ zx for small z, that is, sin z and tan z have the first 


order of decrease. The formula 1 — cos xz = 2 sin? = is valid and 


since sin 5 is of the first order, it is therefore evident that 1 — cos z 


is of the second order of decrease. The function tan z — sin x may 


sin z sin z 
O 


be written as — sin z = —— (1 — cos zx). Since for small z, 
COS Z COs z 


cos z is close to 1, sin x is of the first order, and 1 — cos z is of the 
second order, it is clear that tan z — sin zx is of the third order. 
However, these concrete devices require a great deal of ingenuity 
and so precisely for this reason a general method that operates with- 
out failure is particularly useful. 

Such relationships between ingenious solutions of individual 
problems and general methods are in evidence everywhere: the pro- 
perties of tangent lines to a parabola, the area of a circle, the volume 
of a pyramid, and the volume of a sphere were all familiar to the 
ancient Greeks, but only differential and integral calculus provided 
us with general and simple methods for solving all problems of that 
type. 

Using series, it is possible not only to find the ratio of a function 
to a power of z, but also the ratio of one function to another. 

Here are some examples. 


es —1 tro tg Ta 1+5 t i 
‘sine aa a 
6 6 
x z 
ex— í 2t 2 + ror 
4—cosz x? zt 2 z3 x—>0 a 
2 24 2 24" 
x2 


x= 0 


EE eae oe — 
T 
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The coefficients of the Maclaurin series are expressed in terms of 
derivatives. It is therefore possible to state the results obtained by 
means of series in the form of rules referring to derivatives. If f (0) = 
= g (0) = 0, then from the formulas 


f@)=fO)+f 2+5f" a+... 


and 
g(z)=8(0)+ 8 (0) s+ g" (0) a 
we get 
f(=f Ort yf O)e4+... 
and 


l 1 n 
g(z)=g O) r+ 5g (Or... 
From this we have 
t 1 n A 1 n 
= f 0) s+ ft Oe Res i 0+5 Ort... f’ (0) 


BE) grie Met... s+ peat... TP FO) 


that is, 
f (2) f’ (0) 
g (z) x+0 8’ (0) 
for f (0) = g (0) = 0. 

Thus, instead of considering the ratio of two functions whose 
values are almost zero (since both functions vanish for the same value 
of the argument near which the ratio is being considered), we can 
consider the ratio of their derivatives. This result is called l’ Hospi- 
tal’s rule. 

After studying series, it is more convenient not to bother remember- 
ing some special rule but, for small z, to use series in which the fun- 
ction is expanded in powers of z. Wherever there is a sum of different 
powers of z, we leave only the lowest-degree term when passing to 
small z. 

Just as we considered, for small zx, the order of decrease of functions 
equal to zero when x = O, we can examine the behaviour of functions 
when z increases without bound, that is, as z — oo. If we are dealing 
with a polynomial, then it is obvious that for large z only the highest- 
degree term in z is of importance. We can speak of an order of increa- 
se of a function as zx, as 2’, etc. 

A fact of prime importance is that the function e” increases faster 
than any power x” for x increasing without bound. To prove this, 
use the series expansion of e* which, as was pointed out in Sec. 3.19, 
is valid for arbitrary z. We have 


ex 


zand 4 1 x x 994-9: 
quant gate-ss tata teste (9.21-2) 


zn x 
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For a given n and a sufficiently large x, the fraction =< will become 


as large as we wish due to terms with positive powers of z in the 
formula (3.21-2). Clearly, the same goes for the function e** with 
positive k: setting ka =y, we find that 

efx erx ey 

Sn S Seay Ee aS (3.21-3) 
It remains to note that if y — œ then z — oo as well. Considering 
a fractional n does not change anything in the result. We conclude 
that the exponential function grows faster than any power function 
as the argument tends to oo. 

As z tends to oo, the exponential function with negative exponent 

decreases, in the limit, faster than any negative power function. 
This assertion, for arbitrary n, is written 


f= =r"e* 0 as £—> 00 
We cannot use the series expansion of e~* for large x to prove this 
because the expansion is an alternating expansion. We therefore 
consider the reciprocal: ies are iam = 

According to (3.21-3), for arbitrary n the quantity f-t = e*/2” > 
— oo as z — oo. From the fact that f-t — oo it follows that f —> 0, 
which completes the proof. 

To summarize: in the limit, for large absolute values of the argu- 
ment in the exponent, the exponential function e“ depends more 
strongly on x than any constant power of x; e” increases faster than 
x” and e-~ decreases faster than x-”. This is vividly illustrated in 
the table given below for zë and e": 


Exercises 
Find the following limits. 
i ie 2 yes ah ba a Wa 
x—>0 T x—>0 T x—>0 xs 
x 7 — zs j paran 
mime e M ee i, ea 


x—>0 x3 x-0 sin z x0 e—tan zr ` 


Chapter 4 


The Application of Differential 
and Integral Calculus to Geometry 
and the Investigation of Functions 


4.1 INVESTIGATING MAXIMA AND MINIMA OF FUNCTIONS 
WITH THE AID OF THE SECOND DERIVATIVE 


The problem of finding the value of x for which a given function 
y = Í (x) attains a maximum or minimum is not solvable in general 
form by the tools of elementary algebra. 

In Chapter 2 we established that at points where a function has 
a maximum or minimum, the derivative is equal to zero. It was also 
shown there how, using the derivative y’, to establish exactly what 
the function has at the given point zọ, a maximum, minimum or 
inflection. To do that we had to compute the values of y’ for values 
of x close to Zp on the right and on the left. 

In this section we give another method of investigation that invokes 
the second derivative y”, but here the only value of it we need is 
at zx = Zo. 

We will show that if at the point z = zo 

f (z) =0, f" (ea) <0 
then the function f (x) at that point has a maximum. Indeed, from 
the condition f’ (xo) = 0 it follows that the tangent at the point 
x = Zo is horizontal. From the inequality f” (zo) < 0 it follows (also 
see Sec. 4.5, page 195) that the point z = 2p is a point of convexity, 
that is to say that the graph near x = zo is located under the tangent 
line, and these two facts together mean that the function f (x) has 
a maximum at x = zọ. Using the same reasoning, it is easy to 
see that if at the point z = x, 

F (ts) = 9, f" (x1) > 0 


then at that point the function f (xz) has a minimum. These conclu- 
sions are also obtained when considering the Taylor series 


f(E)= (ao) +1" (2) (8—2) + apf" (mo) (eam)? +... (44-1) 


Let f’ (x9) == 0. For example, let f’ (zo) > 0. For z close to Zo, 
the quantities (x — zo)’, (£ — z0), ... may be neglected when 
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compared with (x — zo). We obtain 


f (x) = f (z0) + f° (z0) (x — To) 


f (x) — f (£0) = f° (£0) (£ — =o) (4.1-2) 


From this equation we see that for x > Zo, f (x) — f (xo) > O, that 
is, f (x) > f (xo). But if £x < Xo, then f (x) < f (xo). Therefore when 
xz = Lo there is neither a maximum nor a minimum. Similarly when 
f’ (vo) <0. But if f’ (zo) = 0, then we cannot neglect the term 
containing (x — zo)”. Ignoring terms in (x — zo)’, (x — Zo)*, etc, 
as compared with (x — xo)”, we get, from (4.1-1) 


f (2) =f (20) +r I" (£o) (2—20)? 


From this we see that for f” (x9) œ> Q, f (x) > f (xo) irrespective of 
whether z < Zp or x > xo. Hence, f (£o) is less than any adjacent 
value of f (x) and therefore f (xo) is a minimal value of the function. 
If f” (xo) < 0, then f (x) < f (zo) and f (zo) is a maximal value of 
the function. 

It may however happen that f” (z)) = 0. How do we investigate 
the values of the function near x = zo in that case? We then have 
to take the next derivatives of the function f (x). If f” (19) = 0, 
then, neglecting (x — zo)*, etc., as compared with (x — zo)’, we get. 
from (4.1-1) 


or 


f (2) =F (20) +$ f” (a) (1—20)° 


The difference f (x) — f (zo) changes sign depending on whether 
x œ> zo Or zt < Tọ. For z = x we have neither a maximum nor 
a minimum. 

But if f” (xo) = 0 and f® (xo) = 0, then 


f (2) = f (z) +51” (20) (1 — 1)! 


The sign of the expression f (x) — f (zo) is the same for r< Xo 
and for z > 2X; it is determined by the sign of f (zo). If f (xo) > 
> 0, then we have a minimum, if f (zo) < 0, then a maximum. 

The attentive reader has probably already guessed that if for 
x = zo the first nonzero derivative is of odd order (first, third, 
fifth, etc.), then there is neither a maximum nor a minimum. But 
if the first nonzero derivative is of even order (second, fourth, etc.), 
then we either have a maximum or a minimum depending on the 
sign of the derivative. 

Let us consider some examples. 

1. It is required to build an open-at-the-top box of maximum 
volume, using a square sheet of tin with side 2a by cutting out equal 
squares at the corners of the sheet and then bending the tin to form 
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the sides of the box (Fig. 87). What is the length of the side of the 
squares to be cut out? s 


Let the sides of the cut-out squares be x. The volume of the box 
will depend on what kind of square we cut out and therefore it is 
natural to write V (x). Let us compute 
this volume: 


V (x) = (2a — 22)? x = 4 (a — qx} x 


Now find the derivative of this func- 
tion: 


V’ (x) = —8 (a — zx) z + 4 (a — 2)’ 
Solve the equation V’ (x) = 0: 
—8 (a — xz) z + 4 (a — x} =0 


or (a — x) (a— 3x) = 9 


R 


Fig. 87 a 
whence 2, = 4, 7, = ER 
We note at once that the value’x, = a does not interest us because 


then we wouldn’t have a box by cutting the sheet in that fashion. 


There remains z = =: Then 
a 4a? a K 16a3 j (4 B 
v(5) =t are V) 


v" ($)=—81<0 


3 
Consequently, the function V (z) has a maximum at z = =. 
To summarize, the maximum value is obtained for z = «that 


3 
is, we have to cut out squares whose sides are 1/6 the side of the ori- 
ginal square. 


Let us compute V (x) for several z close to = and tabulate the 
results. 


x- | V (x) | x V (x) 


0.25a 0.562a3 0.40a 0.576a3 
0.30a 0.588a3 0.45a 0.540a3 


0. 33a 0. 592a3 
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From the table it is clear that small variations of z near x = > , 
i.e., near the value of x to which corresponds the maximum of the 
function, bring about very small changes in V, which means the 
function near the maximum varies very slowly. 

This is also evident from the Taylor formula (4.1-1). Since f’ (zo) = 
= 0 at the point of maximum, (4.1-1) takes the form 


f (x) =f (z) +f" (wa) (8—20)? +$ f” (20): (@—at0)® + - - - 


The series does not contain (x — zo). The smallest power is (x — xo)? 
and it is extremely small for z close to x9. In our example, a change 
in x by 9% (from 0.33a to 0.30a) causes a change in V by less than 
1%, while a change in xz by 24% causes a change in V by 5%. 

Therefore, if we are interested in the maximal value of a function 
and if we make a small error in finding x) from the equation f’ (x) = 
= 0 (for example, if we solved this equation in an approximate 
fashion), then this has but slight effect on the maximal value of 
the function. The values of the function for x close to xo will be very 
close to the value for z = Zp. 

2. y = A + B (x — a). Find the maxima and minima of the 
function. 


y = 3B (x — a)’, y' (a) = 9, 
y” = 6B (x — a), y” (a) = 0, 
y" ees 6B ~0 


The first nonzero derivative is of order three. At the point xz = a 
there is neither a maximum nor a minimum but there is an inflection. 
This is evident from a glance at Fig. 88 (here, A = 2, B = 1,a = 1). 

3. y = A + B (x — a). Investigate the function for a maximum 
and minimum. 


y’ = 4B (z — a), y’ (a) = 0, 
y” = 12B (x — a)’, y” (a) = 0, 
y” = 24B (z — a), y” (a) = 0, 
y) = 24B £0 


The first nonzero derivative is of order four. If B > 0, then it is 
positive, the function has a minimum. If B <0, it has a maximum. 

This conclusion could easily have been drawn directly. Indeed, 
for B < 0, B (x — a)‘ is negative for all x = a; for x = a it is zero. 
Therefore, a positive quantity is always subtracted from A but for 
x =a nothing is subtracted. This means that there is a maximum 
at zr =a. 
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Similarly, if B > Q, then at xz = a we have a minimum. 

4. Using available boards we can build a fence of length J metres. 
How can we fence out a rectangular yard of maximum area using 
for one side the wall of an adjacent building (Fig. 89)? 

Let two sides have length x metres. Then the third side is 1 — 2z 
metres long. The area of the yard is S (x) = (l — 2x) x = —2z? + 
+ Ix, S’ (x) = —4zx + l. Solving the 
equation S’ (x) =0, we get x= 
=, S"(2)=—4<0. For z= 
= S (x) has a maximum. 

We write down S (z) using formula 
(4.1-1) and setting zo =e 

l 


S()=ġ—2 (« —-7) (4.4-3) 


Y, Yj Yj 
T s 
TEASA 


Fig. 88 Fig. 89 
Since S (x) is a polynomial of-second degree, (4.1-3) is an exact equa- 
tion (see Sec. 3.17). It is immediately evident that S (x) has a maxi- 
mum for x a 


The equation (4.1-3) can also be obtained without resorting to 
higher mathematics. Indeed, suppose we have to seek the maximum 
(or minimum) of a second-degree polynomial 


y=ar+br+e (4.1-4) 
Transform the: polynomial as follows: 
b | E ~: b2 
y=a (2 +224) =a| e2 ah -HE | 
b 4ac— b2 b \2 4ac—b2 
=a| (z+) er |=% (2 +37) Tha 


Thus 


a (a+ sc) + pan (4.1-5) 


y= 
Noting that (x + xz) > 0 for all z, equality occurring only for 
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z = — aa , we find from (4.1-5), that y has a maximum if a< 0 
and this maximum is at z = — z; y has a minimum if a > Q0 and 
this minimum is at z = ——.. 

We obtained the value z = — = by performing special artificial 
manipulations with the polynomial (4.1-4). Using the derivative, 
we find z = — KA automatically, as witness: equating to zero the 
derivative of (4.1-4), we get 2ax + b = 0, whence x = =: The 


second derivative of (4.1-4) is y” = 2a. And so the question of 
whether there is a maximum or 
a minimum is settled depending 
on the sign of a. 

o. A man walking from A 
wishes to reach a river (the 
straight line A,B, in Fig. 90) and 
then go to B. How can he do 
this by traveling the shortest 
possible distance? 

We have AA, =a, BB, = 
=b, A,B, = c; the numbers a, 
b, c are given. Let the broken ti- 
ne AMB be the path taken. Our Fig. 90 ne 
aim is to find out for what posi- 
tion of the point M on the line A,B, is this path the ae To 
determine the position of M it suffices to specify the distance from 
M to the point A,, the foot of the perpendicular dropped from A 
onto the straight line representing the river. Denote this distance 
A,M by x. Then 


AM =VEF è, MB =V FC P, 


The path traversed is then denoted by s (zx), 
s(t) = Va F r +VOF (e 2 (4.1-6) 


? 


and we find 


s’ (x) = T i C—TZ 


et G Vaa? Ve + (¢—z)? 
Fquating s’ (x) to zero we get 


T C— T a 
VAFA Va ea a 
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It is easy to solve this equation. Syuaring both sides, we have 


z?  — — (e—2)? 
a?r?  b2-+(e-— z)? \ 
or 
x*b® + r? (e — x)? = a® (c — x)? + r (e — 2), 
xb? = a? (c—z)? z? Ë 
’ (e—2)? b2 


Taking the root of both members, we find 


x a 
=e E 
whence 
ac ac 
A= a+b’ t2 = b 


Substituting the values z, and z, into the original equation (4.1-7), 


we see that the second root does not satisfy the equation. This is an 
extraneous root generated by the squaring process. Thus, x = aan 

It is possible, however, to give a pictorial geometrical representa- 
tion that will enable us to obtain the answer without solving the 


equation. Rewrite the condition (4.1-7) as 


AM _ MB, 
-AM = MB (4.1-8) 
But An = cos < A,MA = sina. Similarly, a = cos < B,MB = 
= sin B. The condition (4.1-8) yields 
sina = sin f (4.1-9) 
But a and f are acute angles, therefore from (4.1-9) we get 
a=ß 


The man must take the path of a ray of light bounced off the river: 
the angle of incidence is equal to the angle of reflection. 

For a complete solution to the problem it remains to demonstrate 
that for such a position of point M the distance is indeed minimal 
(and not maximal). This can be done by computing the second 
derivative of (4.1-6). 

But it is also possible to reason differently. From the expression 
(4.1-6) for s(x) we see that s (x) is positive for any x. Then s (zx) 
increases without bound together with the growth in the absolute 
value of x, irrespective of whether x > 0 or z < 0. And since s’ (x) 
vanishes only for one value of z, it is clear that at this value of z 
the function s (x) will then have a minimum. If in the interval at 
hand the first derivative has only one root, then obvious considera- 
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tions frequently permit dispensing with a formal investigation by 
means of the second derivative. 

Problem (5) can be solved in a purely geometrical manner without 
resorting to methods of higher mathematics. Referring to Fig. 91, 
extend the segment AA, to 
A’ (A,A' = AA,) and join A’ 
to B. Then AM = A'M since 
triangle AA,M=triangle A,A’M. 
Therefore AM + MB = A'M + 
+ MB = A'B. For any other 
point D on the segment A,B, 
we will have AD + DB = A’D+ 
+DB and A'D + DB > A'B 
since a polygonal line is longer 
than any segment of a straight 
line. Consequently, the desired 
point M is the point of interse- 
ction of the straight lines A’B 
and A,B,, whence follows a=6. 

The last two examples show 
that certain problems involving 
the finding of maxima and mi- 
nima may be solved by the tools 
of elementary mathematics. But, Fig. 94 
first, not all problems can be 
tackled without appealing to higher mathematics and, second, the 
solution by elementary means requires a good deal of ingenuity, 
whereas higher mathematics offers a standard method of solution 
of such problems. 

Do not get the idea that higher mathematics does not require 
ingenuity! It will now simply be used for still harder problems. 


Exercises 


1. We want to build a box out of a rectangular sheet of tin of sides a and b 
cutting out equal squares at the corners. What must the side of a square be so 
that the box is of maximum volume? 

2. Inscribe in an acute-angled triangle with base a and altitude H a rectang- 
le of the largest area, two vertices of which lie on the base of a triangle. 

3. Determine the greatest area of a rectangle which can be inscribed in 
a circle of radius R. 

4. For what radius of the base and for what altitude will a closed cylindrical 
can of a given volume V have a minimum total surface area? 

5. Two bodies are moving along the sides of a right angle with constant 
speeds v; and vz (metres per second) in the direction of the vertex, from which, 
at the beginning, the first was distant a metres and the second, b metres. How 
many Seconds after they started will the distance between the bođies be a mi- 
nimum: 
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\ 
6. Prove that the product of two positive numbers whose sum is a constant 
is greatest when the factors are equal. 
7. A straight line Z divides a plane into two parts (medium I and medium II), 
A body moves in medium I at a rate of 4, in medium II at a rate of v». What 
path must a point take so as to get, in minimum time, from a given point A 
of medium I to a given point B of medium II? 


4.2 OTHER TYPES OF MAXIMA AND MINIMA. SALIENT 
POINTS AND DISCONTINUITIES 


Up to now we have said that maxima and minima of a function 
occur at values of x for which the first derivative vanishes. However, 
maxima and minima can also arise for values of the argument that 


W 
\ 
\ 

\ 


Fig. 92 Fig. 93 


do not make the first derivative vanish. Let us consider the following 
problem. 

Determine for what value of resistance R in series with resistance r 
that interests us, the maximum power is released on r (Fig. 92). 
The resistance r and the battery voltage Qo are taken to be constant. 
We get the current j in the circuit using Ohm’s law: 


Po 
R-+-r 


j= 


The power W (R) = jọ, where ọ, is the voltage drop across the re- 
sistance r. By Ohm’s law, 9, = jr and so 


2 
W (R= REA 


To determine the maximum of W (R), solve the equation 2 = 0 


dR 
to get 


— 29 GEA =O 


This equation does not have a solution. But does this mean that 
the power can increase without bound and that the problem of 
maximum power does not have a solution? From the physical essence 
of the problem it is clear that the power will be a maximum when 
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2 
R=0 (in which case W = L) . Why did we not get the value 
R =O from the equation id ==)? ; 

To see why, consider the graph of W (R) (Fig. 93). 

It is evident from the graph that if R could assume negative 
values, then for R = O there would be no maximum. But negative R 
have no meaning. Every physical problem presupposes that R > 0. 
Thus, the quantity W has.a maximum at R = 0 because the range 
of the argument is bounded. This means that if the range of the argu- 
ment is bounded, then we. must take into consideration the boundary 
values of the argument when testing for maximum and minimum. 

When the maximum (minimum) is attained at the end point of 
the range of the argument, the series 


f (2)—f (z0) =f" (Zo) (1 — a0) +r f” (20) (2—20)? + « 


may begin with (x — zo) instead of (x — xo)’. Therefore, if the maxi- 
mum of a function is obtained when x = zọ and we have departed 
somewhat from zo, then we may err considerably in determining 
the maximum. This error will be proportional to (x — xo) and not 
to (x — Zo)? as was the case in Sec. 4.1. Hence, even a slight departu- 
re from the value of the argument that yields a maximal value is 
undesirable in this case. 

It is assumed in the case at hand that the function f (x) is defined 
by a formula for z < Zo as well, but the values of the function for 
x < zə do not interest us in this concrete problem (they are devoid 
of any physical meaning). 

It may happen that f (x) is simply meaningless for certain values 
of the argument. For example, if a function contains an even-degree 
root, say a square root, then the range of the argument is as a rule 
bounded (the radicand cannot be negative). Hence, boundary values 
are values of the argument that make the radicand vanish. They 
merit special consideration when investigating for maxima. 

Consider the following example. Let 


a ae ee oe s 
y=a—V b—xz, YTS (4.2-1) 


Although y” does not vanish, the investigation is not over. The value 
x = b makes the radicand vanish. From (4.2-1) we see that y = a 
for x = b; but if x < b then y < a since a positive number is sub- 
tracted from a (V b — z is understood to be the positive root). There- 
fore, y has a maximum at z = b. 

A maximum (or minimum) may also occur at interior points where 
the derivative does not vanish. This is the case when the curve 
has a salient point (corner). Such points occur, in particular, when 
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the curve consists of two parts described by different formulas for 
XZ < Xo and for x > Zp. Here is an instance of a physical problem of 
this nature. Suppose a teakettle is being heated on an electric hot 
plate. Our problem is to determine the instant of time when the tea- 
kettle has the greatest amount of heat. For the sake of simplicity, 
we assume that the coefficient of efficiency of the hot plate is 100%. 
which means that all the heat is delivered to the teakettle. We put 


Fig. 94 “Fig. 95 


the teakettle on to heat at time t = O, at which time it had q calories 
of heat (for zero we take the thermal energy of water at 0° C). The 
quantity of heat released by the hot plate is given by 


Q = 0.24I°Rt 


where J is the current in amperes, R the resistance in ohms, ¢ the 
time in seconds and Q is in calories. 
Thus, at time ¢ the quantity of heat in the teakettle is 


Q = q + 0.24I°Rt 


At time ¢ = ty the water in the teakettle begins to boil. At this time 
a quantity q + 0.24/°Rt, of heat has accumulated. 

When the water boils it begins to turn into steam (the formation 
of steam starts at less than 100° C but we ignore this fact). The for- 
mation of one gram of steam requires 539 calories. Therefore, denot- 
ing by dm the quantity of water that has boiled off in time dt, we get 


gm — LTR dt 
E 539 
2 
And so in 1 second a total of m =o grams of water boil away. 


The amount of water that boils away in 1 second carries out of 
the teakettle aa 100. = Ca PR = 0.041 IPR calories. There- 
fore, by time ż (t > to) the boiled-off water has carried out of the tea- 
kettle a total of Q, = 0.041 IPR (t — to) calories. 
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Thus, the quantity of heat in the teakettle is 
Q = q + 0.24P Rt 


if £ < tọ (prior to onset of boiling); 
Q = q + 0.24FRty — 0.041I?R (t — to) 
= q + PR (0.281t) — 0.0412) 


if ¢ > tọ (after the water has begun to boil). The graph of Q (t) is 
shown in Fig. 94. It is clear from the drawing that Q (t) has a maxi- 
mum when ¢ = to although 
the derivative does not 
vanish for this value of t. 

The derivative is discon- 
tinuous at ¢ = tọ. Indeed, 
Q’ (t) = 0.24PR if t< to; 


(a) 


Fig. 96 


Q’ (t) = —0.041/°R if t > to. The graph of the derivative is shown 
in Fig. 95. 
This example shows that a maximum may occur if the derivative 
is discontinuous, that is, if the curve has a salient point (corner). 
Finally, from Fig. 96 a (the curve here is that given by the function 
2 


y =x 3 = y q?) it is clear that a minimum (or maximum) can occur 
for those values of the argument xo at which the derivative has an 
infinite discontinuity. This point of the curve is called a cusp. The 
graph of the derivative for this case is depicted in Fig. 96 b. Here, 
as in the case of an ordinary minimum, y’ < 0 for x < zp; the fun- 
ction falls off as x approaches xy from the left. For z > zo, y' > 0. 
The function increases as x increases after the value x = Zp has been 
passed. But at z = xp the derivative becomes meaningless. It beco- 
mes arbitrarily large for x close to zo and x > Zp; it becomes arbitra- 
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rily large in absolute value but negative for x close to x) and z < Zp. 
The maxima and minima attained for those values of the argument 
when the derivative is discontinuous are called cuspidal. 

In connection with this consideration of singular points on curves, 
primarily salient points (see Fig. 94), we can make precise our reaso- 
ning that led us to the concept of the derivative. In Chapter 2 we 
considered smooth curves without specially stipulating this fact. 

The derivative y’ (t) taken at the point ¢ is equal to the limit of 
the ratio 

y (t2) — y (t4) 

ae ra (4.2-2) 
as t, and ¢, tend to ¢ (it is clear then that the difference ¢, — tı tends 
to zero). We have specially emphasized that this limit does not 
depend on how ż, and ¢ are chosen; they can both be greater than ¢ 
or both smaller than ż, or one greater and the other smaller than £, 
or one equal to ¢ and the other greater or smaller than ¢. Indeed, when 
we take 


y (t+ At)— y (t) 
Vo he and At >0 


then this expression corresponds to the case where tf; = t, fg = t + 
+ At>t in (4.2-2). When we take 


y (t)—y (t— At) . 


this corresponds to tf; = t— At < t, t, = t in (4.2-2). Finally, we 
also computed the derivative as the limit of the ratio 


ser) (1-4 
At 


which corresponds to t = t— fh t, t =t+ T> t. 


In the case of a smooth curve, all three expressions yield the same 
limit, which is equal to the derivative at the given point. The situ- 
ation changes when we deal with a curve with a salient point. If 
by tọ we denote the value of t at which the salient point occurs, then, 
taking 

y (to + At) — y (to) 
At 


we get, for At positive and tending to zero, a definite quantity—in 
the example on page 185 this quantity is equal to —0.041/°R— 
which is called the “derivative on the right”. Taking 
y (to) — y (to — At) 
At 
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we get, for Aż positive and tending to zero, another limit, equal in 
the aforementioned example to +0.24/*R. It is called the “derivative 
on the left”. a 

Taking ¢, and ¢, on different sides of tọ we can obtain different 
values of the ratio (4.2-2) as t > to, ti — to. To summarize, then, 


Wt) Lilt) 


Fig. 97 


the derivative does not have a definite value at the salient point, 
but we can determine the derivative on the left and the derivative 
on the right. 

In Chapter 2, when we first began studying derivatives, we simpli- 
fied matters by not assuming all the time that a definite value of 
the derivative that is independent of the mode of approach of At 
to zero (from the left or from the right) exists only for points at which 
the curve is smooth. As is evident from Fig. 95, the curve of the deri- 
vative y’ (¢) has a discontinuity at the point where the curve y(t) 
has a salient point. Now if we replace the salient point on the curve 
y (t) by an arc of small radius that is tangent to the curve on the left 
and on the right (what draftsmen call conjugation), then on the ran- 
ge of ¢ where the curve y (t) is replaced by the arc, the curve y’ (t) 
changes direction sharply (Fig. 97). 

If the curve y (tf) has a discontinuity at the point tọ (see Fig. 98), 
then we can say that at tọ the derivative y’ (t) is infinite. Indeed, 
if the discontinuity is replaced by a variation of y from y, to y» 
on a small interval from tọ — e to tọ + e£, then on this interval the 

2— yi 


derivative is equal to # oa which is to say, it is very large, 


increasing as € decreases (Fig. 98). 
b 
Now how does the integral \ y (t) dt behave if the function y(x) 


a 
is not smooth? If the function has a salient point, then no new pro- 
blems arise when we compute the area bounded by the curve y (ft). 
In Sec. 2.10, we split up the definite integral—the area under the 
curve—into a sum of areas of rectangular strips of the form 


y (tn) (tn+1 == tn) or y (tn+4) (fn+1 Z fn) 
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In the limit, as the intervals, that is the differences (t,4, — tn), are 
decreased, it makes no difference whether one takes y(t,) or Yy(tna-4) 
either in the case of a smooth curve y(t) or in the case of a curve y(t) 
with a salient point. 

If the curve y (t) is discontinuous at the point t = tọ, but remains 
bounded, then for the interval that contains the discontinuity 
(ta < to < tn+1) the quantities y(t,) and y(t,+,) remain distinct 
no matter how ¢, and t+; approach one another. To summarize, 
then, in the expression of the integral as a sum, the value of one of 


Wt) 
Ye) 


% 


J, 


Fig. 98 


the summands in this case depends on how the sum is taken: by 
formula (2.8-1) or (2.8-2). However, as the interval t,4, — £n tends 
to zero, the summand itself tends to zero, and so the limit of the sum, 
that is the integral, has a definite value (independent of the mode 
of computing the sum) also in the case where the integrand has a 
discontinuity in the region of integration. 

The relationship between the integral and the derivative is likewise 
preserved. 

Referring to Figs. 94 and 95, let us take the function Q’(¢), the 
graph of which is given in Fig. 95, Q’(t) = f (t). Then the function 
Q(t), the graph of which is given in Fig. 94, is an indefinite integral: 


Q(t) = \ f(t) dt. This example illustrates that a discontinuity 


in the integrand function f(t) leads to a salient point in the integral 
Q(t) of this function. 

The definite integral of a function with a finite discontinuity can 
be found with the aid of the indefinite integral by the general rule 


| /@dt=O)—O@) 


We may continue: consider Fig. 98. We can say that for a function 
tending to infinity on an interval tending to zero (Fig. 98b) the inte- 
gral is a discontinuous function (Fig. 98a). However, in this case, 
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we must make precise the law by which the function tends to infinity 
and the interval to zero. We will not dwell on that here. Examples 
of this kind lead to the concept of the delta function (6-function) 
(see Chapter 9). 


Exercises 


1. Find the smallest value of the function y = z? — 2z + 3 as x varies 
from 2 to 10. 
Find the cuspidal maxima of the following functions. 


2. y= (x — 5) y r2, 


3. y==1—p rè. 
4.3 COMPUTING AREAS 
; In Chapter 2 we showed that the value of a definite integral 
| f(x) dx yields the area of a figure bounded from above by the curve 


y = Í (x), from below by the z-axis and on the sides by the vertical 
lines x =a and x = b (Fig. 99). 
Thus, being able to find definite 
integrals enables us to use standard 
techniques in computing various 
areas, whereas elementary mathe- 
matics only allows for calculating 
the areas of rectilinear figures and 
the circle. 

Let us find the area of a figure 
bounded from above by the curve 
y = cr” (n > 0), from below by the 
z-axis, and on the right by the 
straight line x = zp (Fig. 100, n=2, 
c = 0.25): 


xo 
= ň __ [ cznti Qqxo cepti 
S = | cx” dx =: [= T Sadi (4.3-1) 
Let us rewrite formula (4.3-1) as 
S=—~ er} 
= nti CL) Lo 
or, since czj = y (Xo), we have 
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The quantities y and z have the dimensions of length. From (4.3-2) 
we see that S is indeed measured in units of area. We see that the 


area is, as to order of eee (£o) -%o. The area differs from this. 
product solely in the factor —— — as which, as to order of magnitude, 


is close to unity for n not too large. 
In the next example, we find the area bounded from above by the 


curve 


y= ce © (a> 0) (4.3-3) 


from below by the z-axis, on the left by the straight line x = xo 
and on the right by the straight line z = A (A > xo) (Fig. 101). 
This area is 


“ =ca F ae @ | (4.3-4): 


xo ey 
If A is great compared with zy, thene ^% >e 7%. It will be seen from 
(4.3-4) that increasing A hardly at all changes S,. As A increases 


Fig. 100 Fig. 104 


without bound, the value of e < approaches zero without bound. 
And so we can speak of the area of the figure in Fig. 101 as being 
unbounded on the right. The area here is 


x xo 


Soo = \ ce *dx=cae © =y(x)a (4.3-5) 
xo 


In formula (4.3-3), the exponent must be a dimensionless number. 
For this reason the dimensions of a are the same as those of z; they 
are the dimensions of length; y also has the dimensions of length. 
The dimensions of S are those of area. 
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It turns out that the area under one arch of a sine curve (Fig. 102) 
is expressed very simply. It is 
EL e 
Ss = \ sin z dx = —cosx n 
0 
Let us determine the area S of an ellipse. Note that by virtue of 
symmetry it suffices to find the area S, of that portion which lies 
in the first quadrant and then multiply by 4. Thus, S = 4S,. To 


4 


y 


Fig. 102 


compute S, we find y from the equation of the ellipse. The equation 
of an ellipse with semiaxes a b and with centre at the origin is 


wo! 
(also see Sec. 1.7). Since y > a in the first quadrant, 
=+ yar 
and so 
S,=— \ Va—x dz (4.3-6) 
0 


The integral (4.3-6) can easily be found by making the change of 
variable x = a sin t to get 


aV 1—sin?tacostdt= 


a? cos? t dt 


a 
\ V@—2dxr= 
U 


z 
2 


I 

2 

=a | a 008 2 dt — a? E +") = 
0 


Using this equation, from (4.3-6) we get S, = "I m “The 


area of the entire ellipse is S = nab. If a = b = r, then we have 
S = nr’ (the area of a circle) in complete accord with the fact that 
for a = b = r an ellipse becomes a circle. 

Note an important circumstance. In Chapter 2 we already pointed 
out that the area (the integral) can be either positive or negative. 
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This calls for a certain amount of care when finding areas. Suppose 
we want to know the amount of paint needed to paint an area bounded 
by two arches of a sine curve and the z-axis (see Fig. 58) if unit area 
requires a grams of paint. As was shown on page 91, one integral 
cannot be used to compute the entire area. We have to take separate 
integrals over the intervals from 0 to x and from x to 2n. 

Generally, if the integrand y = f(z) changes sign, then to solve 
the problem in paint consumption one has to split the interval of 
integration into parts in which f(z) preserves sign, then evaluate 
the integral over the separate parts, and finally sum the absolute 
values of the resulting integrals. 

Let us find the area of a figure bounded from above by the curve 

y = x"e~* (na positive integer), from below by the z-axis for z > 0 
(the figure is not bounded on the right). 

This area is expressed by the integral 


U 


To compute this integral we use integration by parts setting 
edz = dg, x" =f 
Then 


\ ge dx = 27" e-.4- \ nx"—-le-* dx 
and so 


foe] 


re * dx=[—x"e“*]o + \ nz"le™ dx 
0 


Ot 9 


n 


In Sec. 3.21 it was established that x"e-* = L —> 0. Since 


z"e-* = Q for x = 0, it follows that [—z"e-*]? = 0, hence 


co (° @) 
\ xe * dx = \ nx le dx 
0) 0 


x"e“* dx = I,. Then J, = nl,,-1. 


Ce 5 8 


Denote 


U 
Using integration by parts with respect to In, we likewise get 
In-1 = (n — 1) In- and so forth. For this reason 


In = n(n — 1) (n — 2)... 3-214 
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But Io = | ent de. We get the value of this integral by putting 
0 


c = 1, a = 1, z = 0 in (4.3-5). Then ł, = e? = 1. Thus 
a \ x"e* da =n(n—1)(n—2)...3-2-4=n! (4.3-8) 
0 


Exercises 


1. Find the area of a figure bounded by a single arch of the curve y = sin? z 
and by the z-axis (the graph of the function y = sin? z is given in Fig. 103). 


Hint. Take advantage of the formula sin? = 7 — y 00s 2X 


2 


2. Do the same for the curve y = cos? z. 


y 


Fig. 103 


3. Find the area of a figure bounded from above by the curve y = z (1 — z) 
and from below by the z-axis. 


4. Find the areas into which the parabola y = $ x? divides the circle z? + 
y? = 8. 
5. Find the amount of paint needed to cover an area bounded by the curve 
y= _*__ the z-axis and the vertical lines z = 1 and z = —1. 
1+ r? 


6. The same for an area bounded by the curve y = z? + 2r? — x — 2 
and the z-axis. 


Hint. First construct the graph of the function 
y = 28+ 223 — x — 2 


; z2 y2 
7. Find the area of the ellipse 55 + ee 1; 


4.4 MEAN VALUES 


The reader will recall that the mean value of a function f (x) on 
an interval from z = a to xz = b is 


E | f(z) dz 
f (a, b) = = 


— Aa 


(4.4-1) 
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We note two simple facts relating to mean values. 

1. The mean value of a constant on any interval is that constant. 
This is clear physically: if the instantaneous velocity does not change, 
then the average velocity over. an interval is equal to the constant 
value of the instantaneous velocity. 

This is also very simply obtained from formula (4.1-1): 


2. The mean value of a sum of two functions is equal to the sum 
of the mean values of the summands: 
YitYo=YMit Yo 
Indeed, i 


b 
Yı t Y= — \ [ys (2) + y2 (x)] dx 


ta] ue x) dx + >— L [nde 


Let us find the mean value of the function y = sin x on the inter- 
val from z = Q0 to x= MU: 
N 
{ sin z dz 
— 0 2 
y (0, n) = — y = — = 0.637 
The mean value of y = sin z on the interval between z = 0 and 
x = b is 
b 
{ sin z dz 


— 0 4—cos b 
y (0, |) =", = M (4.4-2) 


What will happen if we increase the number b without bound, that 
is, if we increase without bound the interval? 

In (4.4-2) the numerator does not exceed 2 for arbitrary b (it is 
equal to 2 if cos b = —1, that is, for b = n, 3n, On, 7n, ...). The 
denominator in (4.4-2) will increase without bound, and so the frac- 
tion as a whole will approach zero without bound. Therefore, the 
larger the interval, the closer to zero is the mean value of sin z. 

We will show that the mean value of the function y = cos z on 
an infinite interval is also equal to zero. Indeed, 


BD , b ° 
y (0, b) __ 0 — = sin z |o = sin b (4.4-3) 


~x 
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Now if we increase the number b without bound, then the denomina- 
tor of (4.4-3) will increase without bound and the numerator will 
remain not more than unity. Hence the whole fraction tends to zero: 
y (0, œ) = 0. 

Literally in the same way we find that the mean value of the 
function y = cos kz is also equal to zero on an infinite interval. 

Let us find the mean value of the function y = sin? z on the infi- 
nite interval from z = Q0 to z = œ. 

Using a familiar formula of trigonometry, we have 


ia 1 — cos 2z 
sin? z = ————— 
2 
whence 
- 4 1 4 4 
2 es eee IO = —— = > 
sin? z= 5 z COS 2r= 5 0=5 


Taking advartage of the formula sin? x + cos? r = 1, we get 
the mean value of cos? x on the same interval: 


— 7 —-— 1 14 
ay OE T p EE VE E 
cos*z = 1 — sin? z = 1 5 5 


Exercises 


1. Find the mean value of the function y = z” on the interval from z = 0 
to r= Xo 

2. Find the mean value of the function y = Ce®* on the interval in which y 
varies from n to m; express this mean value in terms of n and m, elimina- 


ting C and k from the answer. evens the resulting expression when m 
is close to n: m=n+t+v,v€n 
3. Find the mean values of ‘the functions y = sin?z and y = cos? zr 
on the intervals: (a) z = 0 to z = x, (b) z = 0 to z=. 
4. Determine the period of the function y = sin (wt + a) where ©, @ are 
constants. Find the mean value of the function y? over its period. 


4.9 ARC LENGTH AND CURVATURE 


Let us pose the problem of finding the arc length s of a curve y = 
= f (x) between points x = a and z = b (Fig. 104). 

We replace the length of a small portion of AC by straight-line 
segment connecting A and C. We will only consider curves without 
discontinuities and salient points. By the Pythagorean theorem, 


As=V Bay" (By? = (Az) 4 + (22)? 


whence 
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ka to the limit in (4.5-1) as Az > 0; ou becomes the derivative 
= f' (x), where y = f (x) is the equation of the curve. We get* 


ds=V1 +f” (a) dx 
The desired arc length is 


b 
s=|Vi47" (adz (4.5-2) 


Because of the radical under the integral sign it is rarely possible 
to take the integral in (4.5-2) with ease. 

Some cases follow in which the computations can be completed 
with relative ease. 

1. The circumference of a circle. We seek the circumference of 
the circle z? + y? = R?. We will find the length s of one-fourth of 
the circumference in the first quadrant and then multiply by 4. 
From the equation of the circle, we 
have 

— T 


ayer. gae 
By formula (4.5-2), 


T ao eee ç Rd 

Tt T 
s= j V1 + a dt = | Tea 
(4.5-3) 


We introduce a new variable t: z = R sin t; then dz = R cos t dt 
and from (4.5-3) we get (see Sec. 3.16) 


Fig. 104 


whence we obtain the circumference C = mA = 2nR. 
2. Catenary curve. This is a curve whose equation is 


pot ltrs) (4.5-4) 


where a is a constant. The word “catenary” comes from the Latin 
catena, meaning “chain”; the curve has the form of a freely hanging 


* The difference between the arc length and the length of the line segment 
is of the order of (Az)* and so can he neglected when passing to the limit (to 
differentials). 
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flexible, inextensible cable (or chain) suspended from two fixed 
points. The graph of the catenary curve is given in Fig. 105 (for a = 

Let us find the length of an arc of the catenary from zx = Q to 
£ = Xo. 


x x 
et» 2 
From (4.5-4), YS and so 
/ Ze aoe (= a Be 
z y £ e*—2te ° e e % _ et +e s 
VV N T, 


x 
a 


Related to the arc length is the problem of determining the radius 
R of curvature of a curve at a point; 1/R is simply referred to as the 
curvature (the smaller the radius, the mo- 
re bent is the curve). y 

Let us take a.small section of a curve 
(Fig. 106) of length ds and find the angle 
between the tangents to the curve at 
the endpoints of the section. This angle 
may be regarded as the increment da in 
the angle «æ of inclination of the tangent 
to the z-axis. Draw normals (perpendi- 
cular lines) to the tangents at the two 
points. The angle between the normals 
is equal to the angle da between the Fig. 105 
tangent lines, inaccordance with a fami- 
liar theorem of geometry. From this we can find the distance R from 
the curve to the point of intersection of the normals. 

We regard the small portion of the curve as an arc of a circle. The 
normal to the circle is clearly a radius. The point of intersection 
of the normals is the centre of the circle. If the curve were a circle, 
then ds = R da or oe WT 
tion of an arc of the circle. For an arbitrary curve, this quantity, 


. This quantity is constant for any por- 


da i Demu di : ee 
ae for an infinitesimal portion of the curve, can serve as a definition 


of the curvature at a given point. Using the formula for ds and the 
fact that a = arctan y’, we can find an expression for the curvature: 


da =d arctan y’ =——,, ds=V 44 y" dz, 


da 1 dy’ y” 


ds (4 4. y/%)3/2 dz (yn 
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The sign of the curvature i coincides with the sign of the second 


derivative y” and characterizes the direction of convexity of the 
curve. If at the point x» the quantity y” œ 0 (Fig. 107), then the 
curve near this point lies above the tangent at this point and is convex 


To 


Fig. 107 Fig. 108 Fig. 109 


down. If y” (xo) < 0 (Fig. 108), then the curve lies below the tangent 
and is convex up. 

It may happen that y” (x9) = 0, and to the right of zo (i.e., when 
x œ> zo) y” (x) > 0, whereas for z < zy we will have y” (x) < 0. 
This means that the curve to the right of x) is convex up and to the 
left is convex down (Fig. 109). Atsucha point (point Min Fig. 109), 
the curve moves over from one side of the tangent line to the other. 
The curve at this point changes the sense of convexity (the direction 
of bending). Such points are called points of inflection. 


Exercises 


1. Write as an integral the arc length of the parabola y = z? between point 
(0, 0) and point (4, 4). 

fe Write as an integral the arc length of the curve y = e* between z = 0 
and z = 1. 
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3. Write the arc length of an ellipse in the form of an integral. 
4. Complete Problem 2 by making the change of variable 1 + e?* = 2? 
in the integral. 


4.6 APPROXIMATION OF ARC LENGTH 


In Sec. 4.5 we obtained a formula for computing the arc length 
of a curve: 


s= \ Vi+y" (x) dz (4.6-1) 


a 


It was also pointed out that in most cases it is difficult (or even im- 
possible) to integrate the function V1 + y” (x) in terms of elemen- 
tary functions due to the radical. For this reason, approximate 
formulas for computing arc length y 
are of particular interest. piese 

Suppose that y” (x)is small com- y 
pared with unity: |y (z)| <1. 
Then, neglecting y” (x) in (4.6-1), 
we get 


b 
s% | Vide=b—a (4.6-2) 


a 


Fig. 110 


The difference b — a is the length of the horizontal portion with 
endpoints z = a and x = b. Formula (4.6-2) shows that if y’ is small 
in absolute value (the curve differs but slightly from the horizontal), 
then also the length of the arc of this curve is close to the length of 
the horizontal line segment (Fig. 110a). 

If y” (x) ® 1, then in (4.6-1) we ignore unity in comparison with 
y” (x) to get 


b b 
sa f V y” (x) dz = | y' (x) dz = y (b)—y (a) (4.6-3) 
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This formula shows us that in the given case the arc length of the 
curve is close to that of a vertical line segment with endpoints y (a) 
and y (b) (Fig. 110b). Indeed, if the derivative y’ is great, then the 
curve bends steeply upwards and so is similar to a vertical straight 
line (for a vertical line the derivative is infinite). 

The formulas (4.6-2) and (4.6-3) yield simple approximate formu- 
las for arc length. But these are very rough approximations which 
can be obtained without appealing to (4.6-1). 

We wish to obtain more exact formulas. 

Let | y’(z) |< 1. Retaining two terms in the binomial expansion 
(see Sec. 3.20), we get 


Vity"@=t4+sy" (a) 


Formula (4.6-1) yields 
b 


b 
s% \ E +5 y” (2) | dz =(b—a) +5 \ y” (x) dz 


a 


If | y’ (x)| > 1, then 
VIF A= OV 1445 
We apply the binomial theorem to the last radical since ae 1: 
(a) V1 + i ak = (a) y’ (x), 
+ aes ies 
2y’? (x) 2y" (2) 


Substituting this into (4.6-1) we obtain 


b a f 
s= | [r ota] lv @ats lim 


/ 


b 


=y )—ya)+ | ra 


a 


We now have approximate formulas: 
b 


s=0—a) +h | y? (ade it ly <1, 


a 


— 


(4.6-4) 


b 


dz ; r 
s=y byla +s lyg if w> 
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The integrals here are simpler than the integral in (4.6-1) and it 
is easier to perform the computations by these formulas than by 
(4.6-1). But these formulas are approximate. 

What errors result from their use? The first formula is best for 
small | y’ |, the second for large | y’ |. Both formulas yield the worst 
results for | y’| = 1. To estimate the error here we will examine 
the worst case, which is y’ (x) = 1.* 

By the exact formula (4.6-1) 


b 
p= | VIFidz=V2 (b—a) (4.6-5) 
By the first of the formulas (4.6-4), 
b 
s=(b—a) +5 | de=+ (b—a) (4.6-6) 


The second formula of (4.6-4) yields the same: s = = (b — a). 


Comparing (4.6-5) and (4.6-6), we see that the maximum error in the 
approximate formula is 6%. 

When computing arc length, the curve should be divided into 
portions over which either | y’| < í or | y’| 21. Then the error 
will at least not exceed 6%. And since y’” (x) assumes a value equal 
to 1 only at certain points of the curve, a proper partition of the curve 
into portions will reduce the error below 6%. Of course there is no 
sense in finding the length of rectilinear portions by means of an 
approximate formula. 

Let us take a look at some examples. 

1. Find the arc length of the parabola y = x? between points 
with abscissas x = 0 and z = 2.** 

We find the derivative y’ = 2x. It is equal to 1 when x = 0.5 
and is greater than 1 for x > 0.5. Therefore the arc length (s,) cor- 
responding to a variation of xz from 0 to 0.5 can be found from the 
first formula in (4.6-4), and the arc length (s2) corresponding to a 
variation of x from 0.5 to 2, by the second formula: 

0.5 P 

sı = (0.5—0) +0.5 f 4x? dz =0.5 + 2.2% = 0.58, 
0 
2 


sy == 4—0.25+ 0.5 \ = = 3.75 + 0.25 (In 2—In 0.5) = 4.10 
0.5 
* If y’ (x) = 1, then y (z) = x + c. The graph of the function is a straight 


line. 
** In these examples, the computations are carried to two decimal places. 
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The sought-for arc length is 
s = Sı + s2 = 0.58 + 4.10 = 4.68 


Now let us compute the exact value of the arc length using (4.6-1): 
2 


s= { V1-+42% dx 
. 0 


Making the change of variable 2x == z, we get, by formula No. 33 
(see Appendix, Table II), 


\ V 1-4 42? dz = + E V 42? + 14+ +n (2x + V 422-4 1) | (4.6-7) 


Any doubting reader can convince himself of the truth of the for- 
mula by taking the derivative of the right member of (4.6-7). 
Using (4.6-7) we get 


=5[2Vi74+5n(44+V1M) | =4.65 


The error committed by using formulas (4.6-4) came out to about 
0.7%. 

2. Find the arc length of the curve y = e~” between points with 
abscissas r = 0 and z = 1 

In this case, y’ = e”, and the derivative grows from 1 to eas z 
ranges from 0 to 1. So we use the second formula of (4.6-4): 


s=e1—e@4 0.5 É Z opi = 2.04 


The exact formula for the arc length yields the value (see exercises 
2 and 4 in Sec. 4.5) 


i eey i a 
E DO VIFA V2+1 


The approximate formula has an error 
of 2%. 

The arc length may also be approximated 
occasionally by a series expansion of the 
integrand in z in (4.6-1). By retaining an 
appropriate number of terms of the expan- 
sion, we can obtain the arc length to any 
degree of accuracy. 

Let us consider an example. We will de- 
termine the circumference of a circle by 
Fig. 114 seeking the arc length s of the circle cor- 
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responding to a central angle of 30° (Fig. 111). The circumference 
is C = 12s. Quite obviously we will obtain the same kind of integral 
as in (4.6-3) but with a different upper dimit: 


Rdz 


os i “VR 


Note that OA = R sin 30° = +R, and so 
ana (4.6-8) 


The integrand is transformed as follows: 
R 7 R = 1 
V R2—22 E  ~a\e z\2 
nV -(z) Vila) 
But 
A 
4 x \2 2 
y) z\2 =[1—-(z) | eo) 
— (=) 
We put (= *— tand expand this in a binomial series [see formu- 
la (3.20-3)] to get 
ae 1 
xr\27 2 -3 4 3 5 35 
| 1—(+) ] =- (1—4) *=145t4+5P 4584+... 
1/z\2, 3 /2\4 5 { z\6 35 ( xz \8 
=1+3 (f) ts (£) tile) tila) t 46-10 
Substituting (4.6-10) into (4.6-8) and integrating, we obtain 
1 4 oe 9 35 
ea Ataa tton ters aoa it. 
1 5 35 i i 
=f E +78 T 70.32 “at 16:7-27 T fo8.9.09 t °° | aan) 


It is clear that the terms of the series (4.6-11) decrease rather 
rapidly and so we need only a few terms of the series to get s. Taking 
one term, we have s = +R, whence the circumference is C=6R. 
Taking two terms, we have s = 0.521R, C = 6.252R. Three terms 


yield s = 0.523R, C = 6.276R, and so on. 


204 HIGHER MATHEMATICS FOR BEGINNERS 


We know that the circumference of a circle is C = 2nR. Comparing 
this with the results we have obtained, we can approximate the 
value of the number n: 


3, 3.126, 3.138, ... 


The more terms of the series (4.6-11) we take, the more exact the 
value of n we obtain. The value of x to seven decimal places is 
3.1415926. 


Exercises 


4. Use approximate formulas to find the arc length of a catenary curve 
between the points z = 0 and z = 2 (a = 1). Compare this with the exact 
value of the arc length. 

2. Find the arc length of the hyperbola zy = —1 between the points z = 0.5, 
and z = 1. 

Note. In this case we cannot obtain an exact value because the integral 
in (4.6-1) is not expressible in terms of elementary functions. 

3. Obtain approximate values of the number x by computing the arc 
length of acircle with central angle 45° (retain three, four and five terms 
of the series). 


4.7 COMPUTING VOLUMES. THE VOLUME AND SURFACE 
AREA OF A SOLID OF REVOLUTION 


In Sec. 2.14 we obtained the formula 
V= | S (x) dz (4.7-1) 


where S (x) is the area of a section of a solid by a plane perpendicular 
to the z-axis and passing through the point x (we advise the reader 
to repeat the derivation of this formula). 

This formula was used to obtain an expression for the volume 
of a pyramid. The volume of a cone was also obtained in exactly 
this fashion. Put the origin of coordinates at the centre of the circle 
of the cone base and send the x-axis along the altitude of the cone 
(Fig. 112). 

Let S (x) be the area of a section of the cone by a plane perpen- 
dicular to the altitude and distant z from the base. This section 
is a circle of radius r,. From the similarity of triangles we have 


Ix H —zx 


Tr H 
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where r is the radius of the base and H is the altitude of the cone, 
whence r, = > (H — x) and, consequently, 


nr? (H—zx) |H  nr?H?3 nr? H 


—— —_ 


~ H? 3 0 3H — 3 


To obtain the volume of the sphere we place the origin at the centre 
of the great circle and direct the z-axis along a diameter of the sphere, 
which diameter is perpendicular to the plane of the great circle. 


T 


j 


Fig. 112 Fig. 113 


The section cut by a plane perpendicular to the z-axis and distant 
x from the origin is a circle of radius R,. By the Pythagorean theo- 


rem, R, = V R? — z? and so 


S (x) = n Rè = n (R?—z?), 


From formula (4.7-1) follows Cavalieri’s principle:* given two 
parallel planes P and Q between which are located two solids; if, 
in the section of these solids by an arbitrary plane parallel to P and 
Q, we obtain equivalent figures [equal integrals S (x)], then the volu- 
mes of these solids are equal. 

Let a solid be generated by revolving the figure depicted in Fig. 143 
about the x-axis (such a figure is called a curvilinear trapezoid). 
In this case, the section is a circle of radius y = f (x) and S (x) = 


* Cavalieri was an Italian mathematician of the 17th century. His prin- 
ciple was formulated (essentially without proof) in his book Geometria indivisi- 
bilibus (The geometry of indivisibles) (1635). 


206 HIGHER MATHEMATICS FOR BEGINNERS 
= my”. Using (4.7-1) we find 
b 
Ven | y? dz (4.7-2) 
a 


Let us find, say, the volume of a solid generated by the revolution 
of the upper half of the ellipse = + Z = 1 about the z-axis. This 
solid is called an ellipsoid of revolution. 

From the equation of an ellipse, y = IVETA, and from (4.7-2) 


we have 
a 
b2 b2 3 
V=n \ — (a? — zr?) dx = > |as- 5| == nab? 
a a —a 
—a 


For a = b = R we obtain the volume of a sphere of radius R. 
Now let us derive the formula for the surface area of a solid of 
revolution (Fig. 114). We consider a solid bounded by sections 


ray | 


Fig. 114 


passing through the points x and x + dz. Denote by dF the lateral 
surface area of this solid. Regarding it as the frustum of a cone, we 


get 
dF = x [y (x) + y (x + dz)] ds 


where ds is the length of a small portion of the curve, ds = 


=V1 + y'”* (x) dx (see Sec. 4.5). The sum y (z) + y (x + dz) may 
be replaced by 2y (x), disregarding the quantity y’ (x) dx as compared 
with y (z).* 

* Note that in the expression dF the sum y (z) + y (z + dz) is multiplied 
by ds so that the quantity we ignore is of the order of dz-ds ~ dz?. 
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Therefore 
dF = 27y (x) V1 +y" (x) dx 


The entire surface area of the solid of revolution is 
b ee 
F=2n \ y (2) V 1+ y" (2) dx (4.7-3) 
a 
The surface area of a sphere is readily found by means of this 
formula. A sphere is generated by the revolution of the upper semi- 
circle about the z-axis. The equation of a circle is z? + y? = a’, 
whence 


y=Vae—z, y = 


Substituting into (4.7-3) we get 


F=2n \ V @— r — dr = 2naz t = Ana? 


Vaz— x2 -a 


— 4a 


Exercises 


1. Find the volume of a cylindrical piece, or wedge, that is, a solid cut 
from a right circular cylinder of radius R by a plane drawn through a diameter 
of the base of the cylinder at an angle of a (Fig. 115). 

2. Find the volume of a cone using the fact that the cone is a solid generated 
by rotating a right triangle about one of the legs. 

3. Find the volume of a solid generated by revolving a figure bounded from 


above by the curve y = Vz, from below by the 
z-axis, on the right by the vertical straight line 
z= 2. 


4.8 CURVE SKETCHING 


The most primitive method of constructing 
the graph of a function f(z) is to compute 
the value of f (z,,) for a large number of points 
x,. The usual procedure is to choose points 
znin the form z, = zọ + na, n =Q, 
+1, +2,....Thisis quite an extravagant Fig. 115 
method. In order to see the variation of the 
function on an interval Az, we have to choose a step a much less 
than Az: a < Az. And if the step (subinterval) is small, a very large 
number of points are required to embrace the whole range of interest. 

The techniques considered in Secs. 4.1 and 4.2 make it possible 
to construct graphs much faster and more reliably and to gain a gene- 
ral picture of the shape of the curve. This requires, first of all, that 
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we find the characteristic points of the graph—maxima, minima, 
salient points, points of inflection, etc. 

Let us illustrate this fact by using the example of the graph of 
a third-degree polynomial, i.e., the graph of the function 


y = aœ + b +cecx4+d (4.8-1) 


A knowledge of the graph permits obtaining some important infor- 
mation about the function, say the number of real roots, the intervals 
in which the roots lie, and more. 

By way of an illustration, let us construct the graph of the function 


y = 0.027? — 0.75r? — 3z + 2.5 (4.8-2) 


First we find the maxima and minima. Equating to zero the deriva- 
tive of (4.8-2), we have 


y’ = 1.522 — 1.5r —3 = 0 (4.8-3) 


whence we find z} = —1, z, = 2. 

Let us investigate each of these values separately. To do so, we 
find y”: y” = 32 — 1.5, y” (—1) = —4.5 < 0. Hence, for zı = —1 
the function has a maximum: 


Ymax = —0.9 — 0.75 + 3 + 2.5 = 4.25 


y” (2) = 6 — 1.5 = 4.5 >0 and so for z, = 2 the function has a 
minimum: 
Ymin = — 2.0 


Now let us see how the polynomial behaves for very large absolute 
values of x. Note that for very large z, the term containing z? will 
appreciably exceed the other terms in absolute value. Therefore the 
sign of the polynomial (4.8-1) is determined by the sign of the expres- 
sion az?. 

If a œ> Q, then az? œ> Q for x œ> Q, the right-hand branch of the 
graph goes upwards; ax? < 0 for x < 0, the left branch of the curve 
goes down. It is clear that for a < 0 the left branch goes up and the 
right branch goes down. 

Let us find points of inflection. From what was said in Sec 4.5 it is 
clear that to find the points of inflection we have to solve the equa- 
tion f” (x) = 0. Using (4.8-3), we find y” = 3z — 1.5. The equation 
y” = 0 yields z = 0.5. Since y” = 3, it follows that y — y = 


= -y (x — 0.5)”, where y denotes the ordinate of the tangent line. 


Therefore, if z > 0.5, then y — y > 0 butif z < 0.5, then y — y < 
< 0. Hence, for z = 0.5 we have an inflection. 

It will be noted that the graph of a third-degree polynomial always 
has a point of inflection, and it is unique. Indeed when y is a polyno- 
mial of degree 3, the equation y” = 0 is a first-degree equation. 
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It always has a unique root, Xp). Since y” = const, it follows that 
y — y =A (x — zx}. It is clear that y — y changes sign when z 
goes through the value zo. 

We return to the construction of the sno and compute the ordi- 
nate y of the point of inflection to get y ~ 0.88. Let us also determi- 
ne the direction of the tangent to the curve at the point of inflection. 


Fig. 116 Fig. 117 


Using (4.8-3), we get tana = y’ (0.5) = 3.38. Using all the foregoing 
arguments, we get Fig. 116 for (4.8-2). 

Of course if we do not compute any other values of the function, 
then the resulting graph will give only a very rough qualitative 
picture of the behaviour of the function. But even such a graph 
enables us to count the number of roots (that is, the number of points 
of intersection of the graph with the z-axis) and to draw certain 
conclusions about their values. In our example, Fig. 116, we see 
that there are three roots, that one of the roots lies somewhere bet- 
ween 0.5 and +2, that the second root must definitely be positive 
(it exceeds 2) while the third root is negative (it is less than —‘1). 

The graph may be improved by computing a few more values of 
the function for certain values of z. 

Let us compute three more values of the function in this example. 
For x = 0, y = 2.9. This permits us to get a better picture of the 
variation of the curve between maximum and minimum. For z = 3, 
y = 0.25. We computed this value so as to get an idea of the rate 
of climb of the right branch of the curve. Similarly, to get an idea 
of the rate of fall of the left-hand branch of the curve we take x = —2 
and get y = 1.5. Using these values we obtain the curve shown in 


Fig. 147. 


210 HIGHER MATHEMATICS FOR BEGINNERS 


With this graph we can draw more accurate conclusions concerning 
the roots: one root lies between xz = 0.5 and x = 1; the second bet- 
ween x = 2 and z = 3, closer to z = 3; the third is less than z = —2 
(its value is most likely close to x = —2.5). 

It may happen that after equating the derivative to zero we will 
not obtain any real roots. This will mean that the polynomial does 
not have a maximum or a minimum. Since all that has been said 
about the behaviour of the polynomial for very large absolute values 
of x remains valid, the graph will intersect the x-axis only at one 
point (the polynomial has one real root). 

Finally, the derivative may have only one (double) root x9. Then 
it will be of the form 


y’ = A (x — =)? (4.8-4) 
Integrating (4.8-4), we get 
y =$ (1—1)? +C (4.8-5) 


From (4.8-5) we see that in this case the polynomial differs from 
a perfect cube only in the constant summand. From (4.8-5) we con- 
clude that y has neither maximum nor minimum (see Example 2 
of Sec. 4.1). The graph intersects the z-axis in one point. We find 
this point by equating y to zero in (4.8-5): 


£ (x—a)? +C =0, 


3C 
oN 3 / 3C 
= r 


Finding the maximum and minimum of a third-degree polynomial 
and, hence, the investigation of its graph can always be completed 
because by equating the derivative to zero we get a quadratic equa- 
tion whose roots are not hard to find. 


Exercises 


i the maxima and minima of the following functions and sketch their 
graphs. 

1. y = z — 322° + 2.2. y = 28 — 3r? + 3z — 15.3. y = z? — 3r? + 6x+ 
+ 3. 
Determine the number of real roots of the following equations. 

4. 223 — 3z? — 12r + 15 = 0. 5. 473 -+ 15r? — 182 — 2 = 0. 6. 22° — 
— z? — 4r + 3 = 0. 7. B — r 4+2 =0. 


Chapter 9 


Water Flow. 
Radioactive Decay and Nuclear Fission. 
Absorption of Light 


5.4 WATER FLOW FROM A VESSEL. STATEMENT OF THE 
PROBLEM 


We now consider the flow of water from a vessel with an opening 
near the bottom. The vessel can also receive an inflow of water from 
some outside source. The statement of this problem is very simple 
and pictorial. At the same time, the mathematical methods required 
to describe the flow of water are also employed in more complicated 
and interesting problems. 

So let us imagine a vessel with water flowing in and out. We denote 
the volume of water in the vessel by V (cm). This volume varies 
with time, which means V is a function of time ¢ (sec). What meaning 
has the quantity a? 

It is quite clear that dV = V (t + dt) — V (t) is the amount of 


water that has entered the vessel during time dt. Therefore ais 


the amount of water entering the vessel in unit time, or the rate of 
change of the amount of water in the vessel. This quantity has 
a special name, “water flow”. We will denote the flow by gq (2). If 
q > 0, then the water is entering the vessel, if q < 0, the water is 
being discharged from the vessel, and the amount in the vessel is 
diminishing. 

If we know the dependence of water flow on time, i.e., if we know 
the function q (t), then 


Æ qli) (5.1-1) 


In this case the problem of finding V is similar to that of determining 
distance traveled from a given velocity. In Chapter 2 we learned 
that this problem is solved by integration. 

For this problem to have a definite solution, we must know the 
amount of water V, in the vessel at a definite initial time tọ. The 
condition that V = V, at time ¢ = tọ is called the initial condition. 


14* 
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The amount of water admitted during time tọ to t; is | q (t) dt. 


Whence the amount of water in the vessel at time t, is 


ti 
V (t) =Vo+ | q (t)dt (5.1-2) 


to 


This expression holds true for any time ¢, and, consequently, 
fully determines the desired dependence of V upon tı. Observe, in 
particular, that for ti = tọ the integral in (5.1-2) is equal to zero 
and V (tọ = Vo. Thus, the condition (9.1-2) does indeed satisfy 
the stated condition relative to the amount of water at time tọ (the 
initial condition). 

Note also that formula (5. 1-2) can be used for ti < tọ. But then 
the meaning of this formula for ¢, < tọ and ¢t, > tọ is different. For 
tı > to the quantity V (t,) is the amount of water that will be in 
the vessel at time ¢, if at time tọ the amount of water was Vo and the 
water flow is given by the function q (t). For ti < to, V (ti) is the 
amount of water that must be in the vessel at time ¢, so that at a later 
time, by time fp, there should be V, water, given the flow specified by 
the function g (t). 

Instead of writing ż we can simply write t. Then formula (5.1-2) 
takes the form 

t 


V (t)=Vo+ \ q (t) dt (5.1-3) 


to 


Strictly speaking, the letter ¢ then denotes the upper limit of 
integration and is thus “engaged”. It would therefore be advisable 
to denote the variable of integration by some other letter, say, Tt 


and write (5.1-3) as 
t 
V (=V + J a(x) ac 
to 


which coincides with (5.1-2) if we replace ¢,; by ¢ and t by q. This 
is not usually done however and the formula is written in the form 
(5.1-3). This is not really confusing; remember only that q (t) in’ 
(5.1-3) is not the value of q at the upper limit but the function of the 
variable of integration that runs through all values from tọ to t. 

Formula (5.1-3), which yields the solution of the water discharge 
problem if the flow q (t) is given and also the amount of water at the 
initial time ¢ = tọ, can also be obtained by somewhat different 
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reasoning. From (5.1-1), by virtue of the definition of the indefinite 
integral, it follows that 


Vip =\ qi åt 


ae 


Suppose that the indefinite integral of the function q (t) has been 
found in some way. Denote it by Z (t). Then 


Jad =1() +0 
where C is the constant of integration. From this, 


Vi) =I) +C (5.1-4) 


To determine the constant of integration let us take advantage of 
the initial condition, that is, let us require that for t = tọ we have 


V = Vo. Substituting = ty into 
(5.1-4), we get i 

Vo = I (t) +C = 
whence Hy 

C = Vo — I (to) 


Substituting the value of C into 
(5.1-4) we find 


V ( = Vo + I (H) — I (to) f 


This coincides with (5.1-3) since 
t 
t 
(ad= 0| =I) (to) 
l NS 

The formula (5.1-4) may be termed \ 
the general solution of equation (5.1-4). Fig. 118 
By choosing one or another value of C, 
we can, from formula (5.1-4), obtain a variety of particular solu- 
tions that correspond to different initial conditions. 

Ordinarily however the flaw is not known as a function of time. 
More often we know a physical law describing the discharge of water. 
This law gives the flow as a function of the water head, that is, of 
the height of water level z (Fig. 118). 

Thus, for example, when water is flowing out through a long thin 
pipe, 

q = —kz 


where the coefficient k is a positive constant, the minus sign meaning 
that the water is being discharged. When the water flows out through 
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an opening in a thin wall, then 
q = —a Vz 


In each of these cases, until the problem has been solved, we do 
not know the dependence of water level in the vessel on time, z (2), 
and hence we do not know the flow. For this reason, the problem of 
determining V from the equation 


dV 
a = 4 (2) (5.1-5) i 


cannot be reduced to the preceding problem. Here we stated the pro- 
blem in the general case for an arbitrary relation of the flow q as 
a function of the level z. l 

Equation (5.1-5) involves two unknown quantities: the amount 
(volume) of water V and the water level z. It is clear that these quan- 
tities are not independent. A definite water level is associated with 
a very definite amount of water so that V is a known function* of z, 
V (2). 

Substituting V (z) into equation (5.1-5) we get 


dV (2) dV (z) dz _ 
dt dz gp 71e) 


The derivative of the volume with respect to height is equal to the 
area of the cross-section at height z [see formula (2.14-8)]. Denote 
this derivative by S (z): 


aV (2) _ 
dar a S (2) 


We finally get the equation 
d 
S (2) =C (5.1-6) 


A method for solving this equation is considered in the following 
section. 


* The form of this function is determined by the shape of the vessel. For 
a cylindrical vessel, for example, V = amr2z. For a conical vessel (see Fig. 118), 
y = = S (z) z, where S is the area of a cross-section of the vessel at height z, 
S = nr? (z), where r (z) is the radius of the cross-section at level z. From the 


similarity of triangles, we find r (z2) = ro = , where rọ is the radius of the upper 


2 
NTO 
base of the cone and h is the total height so that V = = h2 28, 
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5.2 THE SOLUTION OF AN EQUATION WHEN THE DERIVATIVE 
DEPENDS ON THE DESIRED FUNCTION 


The problem of water flow (discharge) reduced to determining 
the function z (t) from the equation in which the derivative Cale 


dt 
given as a function of z: 


S (2) =49(2) (5.1-6) 


i : ; dz q (2) q (z2) , 
Rewrite this equation as a Say Put 5 (2) = f (z); then we finally 


have 
Z =f (2) (5.2-1) 


Equations that contain the desired function and its derivatives 
are called differential equations. If the equation involves only the 
first derivative, then it is called an equation of the first order. We 
have already dealt with differential equations of the form 


dz 
w =F) 


To solve such an equation means to find the function from its deriva- 
tive. This problem is solved by integration. 
Let us consider equation (5.2-4). We rewrite it 


dt 1 

Ge (5.2-2) 
This notation fits the fact that we temporarily regard ż as a func- 

tion of z; we will seek the inverse function f (z) [see Sec. 3.2, in parti- 

cular formula (3.2-3)] and after finding it will express z in terms of t. 
Integrate the left and right members of (5.2-2): 


~~ 


whence 


dz 
pap 4. \ 5 (5.2-3) 
z0 

We have the solution to the problem: on the right is a function 
of z, on the left is the time ¢. This equation enables us, for each value 
of t, to find the corresponding value of z. The solution (5.2-3) satisfies 
the initial condition: z = 2) for ¢ = tọ (at the initial time t = to 

the level of water in the vessel, Zọ, is given). 
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We conclude this section with two examples. 
1. Water is flowing out of a conical vessel through a thin pipe: 


pees z 1 0 3 
q = — kz, Vezn ra 2 
AK eee o dz q(z)  — kæ kh? i 
dz h2 ’ dt S (2) nriz? mre z 
Z 
nrè o ve f o m a e 
a z dz = dt, Tne | zdz= m \9 5 = to 
zo 


(5.2-4) 


This formula completely solves the problem. It is readily verified that 


dz kh? 1 kh? 
dt w a O T O iry 
j y 3- - (t— to) : 

Nro 


so that z does indeed satisfy the equation. It is also clear that z = Zo 
for t = tọ. The expression (5.2-4) permits finding the time when the 
nrg zg 


kh2 2 


vessel is completely emptied: z = 0 when t = tọ + 
2. A cylindrical vessel with a tube. In this case 


V (2) =arg2z, -r = ary = 


whence 
d 
—nr? = —kdt 
Z 


— nri (In z—In 29) = — nrọ ln r nri In = -= k (t— to) (5.2-9) 


— 


From (5.2-5) it is quite easy to express z in terms of ¢. Indeed, In z 
(t — to) and from this 


=A ga 
9 nrg 

k 
= sare (tto) 


Z = Ze 
We consider two instants of time, ¢ and ¢ + At, and find the ratio 


z(t4-At) , 
a(t) ` 
k RAt 
2(t+-At) _ Se arg (EF At~ tot fo) = EA 


a(t) 
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We see that this ratio depends only on At and is independent of t. 
Therefore, the water level z falls in equal ratio during equal intervals 
of time. 

There is an interesting qualitative difference between these two 
examples. In the second solution there is no instant of time when z 
becomes exactly zero, z decreases with time but tends to zero only 
when t — oo. 


5.3 RADIOACTIVE DECAY 


The basic law of radioactive decay states that the ratio of the 
number of atoms disintegrated in unit time to the total number of 
atoms is a constant which is only dependent on the species of atom. 
It is understood here that the total number of atoms is extremely 
large. 

This ratio is called the probability of disintegration. Denote by 
N (t) the quantity of atoms that have not disintegrated by time tf. 
At time ¢ + dt there will be N (t + dt) untransformed atoms. For 
this reason, during time dt (from ¢ to t + dt) there will be N (t) — 


— N (t + dt) = —dN disintegrations of atoms. The probability 
f disint ti = h 
O isintegration w = Wadi’ whence 

dN | 


From this relation, recalling that the dimensions of ʻi are the same 


as those of the ratio x , we see that the probability of disintegration 


w has the dimensions of 1/sec.* 

The initial condition consists in specifying the number of atoms 
at the initial time: N = No for t = tọ. 

Solving equation (5.3-1) by the method given in the preceding 
section and using the initial condition, we get 


N (t) = Noe-* (5.3-2) 


* Consequently, probability here is not to be understood in the sense of the 
assertion that, as in coin tossing, the probability is one half that the coin will 
fall heads. The definition of the probability of disintegration as the ratio of 
the number of disintegrations per unit time to the initial number of atoms holds 
true only for the case when the number of disintegrations per unit time (say, 
per second) constitutes a small fraction of the total number of atoms. The one 

1d 

N dt? 
that is, the probability of disintegration is equal to the ratio of the number 
of disintegrations during a small time interval to the total number of atoms 
and to the magnitude of the time interval. 


definition of probability of disintegration is given by the formula wo = 
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(we advise the reader to perform all the computations). However, 
when the derivative is proportional to the desired function, a simpler 
solution to the equation can be offered. 

In Chapter 3 we discovered that the derivative of an exponential 
function is proportional to the function itself: 


— const-a~ 


d (a*) 
dx 
in particular, 


d (Cekx) = Cke!* 
dx 


if C and k are constants. Recalling this property of the exponential 
function, let us suppose that the solution of equation (5.3-4) is of 
the form 

N = Cet (5.3-3) 


and let us try to choose C and k so that the equation and the initial 
condition are satisfied. Differentiating (5.3-3), we get 


aN = kt __ 

a Cke = kN 
Substitute this into (5.3-1) to get kN = —wN, whence k = —o. 
Assuming ¢ = 0 in (5.3-3) and using the initial condition, we get 
C= No. And so N = NeT. 

The quantity —wt in the exponent is nondimensional as it should 
þe. 

Radioactive atoms are characterized by their half-life T, which 
is the time during which the number of atoms N diminishes via 
disintegration by one half the original amount. 

Let us determine the half-life 7. From (5.3-2), N (T) = Noe~®?. 


On the other hand, N (T) = 5 Nos by definition. Therefore Noe~®? = 


1 
9? 


—oT = —I|n2, T -= 


1 
=5 No, e-®F = whence 


pg (5.3-4) 


In 2 0.69 
@ W 

The half-life is inversely proportional to the probability of disinte- 
gration. 

Prior to disintegration, every atom exists a certain period of time, 
which is called the lifetime of the atom. 

We find the mean lifetime ¢ of an atom of a given radioactive 
element. Suppose, at the initial time ¢ = 0, when the atoms were 
created, there were No atoms. During time ¢ to ¢ + dt, the quantity 
of atoms that disintegrated was 


—dN = oN dt 
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All the atoms of this group lived roughly the same lifetime, t. Among 
the atoms taken at the initial time there are groups of atoms that 
will have various lifetimes: from the common-to-all-atoms time of 
creation to the distinct-for-various-atoms time of disintegration. 
To find the mean lifetime, we have to multiply the lifetime of each 
group by the number of atoms in the group, then add these quantities 
for all groups and divide by the total number of atoms in all groups. 

Since we have to add a very large number of terms, the integral 
takes the place of the sum, and we have 


| t-wN dé 
t = — (5.3-5) 
{ oN dt 


0 


We substitute the expression for N from (5.3-2). The denominator 
is 
a —@t [co 


\ oN dt = í oN e-% dt = oN, \ e- dt = —oN,— =N 
i 


w 0 
0 0 


as was to be expected, since the integral in the denominator yields 
the total number of all disintegrated atoms, which, clearly, is equal 
to the number of atoms existing at the initial time. 

We integrate the integral in the numerator of (5.3-5) by parts, 
setting ¢ = f, e7% dt = dg, to get 
0 


aN | te- ot dt =0No | —Ż te-ot 4 \ + e-o dt | 
' : 


= 0No — + te-ot E e-ot |” = No 
W w? 0 wW 


From formula (5.3-5) we now obtain 
pate (5.3-6) 


ON 9 wo 


Using this fact we can write the basic equation (5.3-1) and its solu- 
tion (5.3-2) as 


dN N 

a (5.3-7) 
itt 

N=Ne t (5.3-8) 


We must not forget that the time ¢ is the independent variable: the 


number of atoms depends on ¢. Now, the quantity t is a constant 
that describes the given type of radioactive atom. 
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From (5.3-8) it is evident that during time ¢ = t the number of 
atoms diminishes from No to N et = To , by a factor of e, which 


is roughly equal to 2.72. 

By formula (9.3-7), the initial rate of disintegration is such that 
if the number of atoms decaying per unit time did not fall off, all 
the atoms would disintegrate in time ¢. Indeed, when ¢ = O there 
were Nọ atoms the rate of disintegration was ~ e — =, 


At that rate, complete disintegration requires a time equal to t. 


From (5.3-4), œ = as and so 


T 
In 2 


Computationally, the quantity ¢ is more convenient than the half- 
life T. 


t= x 1.457 


Exercises 


av The mean lifetime of radium is 2400 years. Determine the half-life of 
radium. 

2. We start with 200 grams of radium. How much radium will he left in 
300 years? 

3. Ten grams of radium disintegrated in 500 years. Howmuch was there 
at the beginning? 

4. Determine how much time will elapse for 1%, 10%, 90%, and 99% 
of an original supply of radium to disintegrate. 

5. The amount of radium in the earth in various rocks comes out to about 
1/1012 (by atoms). What was the content of radium in the rocks 10 000 years 
ago, 10° years ago, 5 X 10° years ago (5 X 10? years is the age of the earth)? 


5.4 MEASURING THE MEAN LIFETIME OF RADIOACTIVE ATOMS 


The mean lifetime ¢ of various radioactive atoms is extremely 
diversified. To illustrate, let us take the several known isotopes 
of uranium. One, with atomic weight 238 (U?38), has a mean lifetime 


of t =7 X 10° years. Another (U?) has a mean lifetime t = 10° 
yéars (the fission of uranium-2 30 in nuclear power plants is the main 
source of atomic energy). The mean lifetime of radium is 2400 years.* 

However, it would be wrong to think that the mean lifetimes of 
all radioactive atoms are measured in thousands of years. Among 
radioactive substances that occur in nature and were studied by 
Marie and Pierre Curie and Ernest Rutherford, we find polonium 
with a mean lifetime of about 200 days, radium A with a mean life- 
time of 4 minutes and radium C’ with a mean lifetime of 2 x 10-4 
second. 

During the past 30 odd years encompassing the recent period of 
development of nuclear physics and the use of atemic energy, over 


* Reference books frequently give the half-life as T = 0.69 t, see Sec. 5.3. 
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400 different radioactive substances with a vast range of mean life- 
times have been discovered. 

If at time ¢ there are N (t) untransformed atoms, then there will 
be n (t) = œN (t) disintegrations (of atoms) in unit time. The quan- 
tity n (t) is the rate of disintegration of the atoms. 

Multiply both sides of (5.3-2) by œ to get 


oN = wNoe-%! 
or 
n (t) = No (t) e~ (5.4-1) 


where no (t) is the rate of disintegration at the initial time. 

If an element has a long mean lifetime, then formula (5.3-2) cannot 
be verified experimentally. Suppose we take uranium-238. Present- 
day measuring techniques enable us to detect every instance of ra- 
dioactive decay.. It turns out that 1.2 x 10t disintegrations take 
place in one gram of U?38 every second. One gram of U?38 contains 
2.0 X 1074 atoms and so 


= 1.2 X 104 = zig 1 
~ 2.5> 1021 =9 x 10 sec 
= 21 
Using (5.3-6) we find 7 = ee -= 2 x 10!7 sec = 7 x 10° years. 


Suppose we observe the disintegration of uranium for 10 years. 
During this time, 4 x 10” atoms will have disintegrated in one gram. 
It would be very hard to detect that the original amount of 2.5 x 
x 1074 atoms was diminished by (2.5 x 10?! — 4 x 10%). 

However, by experiments involving radioactive substances with 
relatively short mean lifetimes (from a few minutes to a few days) 
it has been possible to verify formula (5.4-1) with great accuracy 
and, thus, to corroborate formulas (5.3-1) and (5.3-2). To do this, 
let us compute the number of disintegrations over small periods of 
time. Dividing the number of disintegrations by the time interval, 
we get the rate of disintegration at various instants of time. 

We construct the graph of the disintegration rate as a function of 
time. How can we be sure that this curve is the graph of the expo- 
nential function? We can compute the logarithms of the resulting 
values of the rate of disintegration and, on this basis, construct 
a graph of ln n as a function of the time ¢. The result should be 
a straight line, which can be checked roughly by eye. Numerous 
experiments do indeed yield a straight line. 

Thus, In n (t) is a linear function of time, or 


ln n (t) = a + bt (5.4-2) 


Now this means that n (t) = e?+*! = ee"! — ce't. The quantity b 


turns out to be negative on the graphs: b = —w where w is the pro- 
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bability of disintegration. Thus, experiment confirms the basic result 
of the preceding section and enables us to determine œw by computing 
the tangent of the angle of inclination of the straight line (5.4-2) 
to the ¢-axis. 

Actually, this is a very remarkable result.* Imagine Nọ radio- 
active atoms “manufactured” simultaneously at time ¢ = 0. They 
are all prepared in the same fashion and at the same time. We know 
that radioactive atoms are unstable and are capable of disintegrating. 
We can suppose that the disintegration of the atoms requires a defini- 
te time. Imagine that after the atoms are ready, a certain time must 
elapse before they are mature enough to disintegrate. But then we 
should expect all the atoms to mature in the same period of time, 
and at the expiration of that time, disintegrate simultaneously. 
Imagine, further, that we have models of guns with stretched springs 
and gears (or clockwork time devices) that release their shells when 
the gears (or clocks) reach a particular position (time). Firing will be 
regarded as disintegration of the model. If all models are the same, 
manufactured at the same time, the shells should be fired after the 
lapse of an identical time interval. 

But this picture has nothing whatsoever in common with the actu- 
al behaviour of radioactive atoms. Though created at the same time, 
they disintegrate at all imaginable times. Let us try to find out what 
percentage disintegrates during a time less than the mean lifetime. 
From (5.3-2) we find that the rate of disintegration (the number of 


atoms that decay in unit time) is 2 = —qwN,e-*. During time 
dt there will be 


2N .dt=dN = — oN- dt 


atomic disintegrations, and during time from t = 0 to ¢ = t the 
following number of atoms will disintegrate: 


= No (1—e-%t) 


3 


II = 


ON dt = — Noe- 


C E ~j 


Since œw = —, it follows that 


~ ij ma 


M=N, (1—4) æ 0.63N, 


* Niels Bohr, speaking in 1905 on radioactive transformations, said in this 
connection: “The meaning of the discussions on the mean lifetimes of atoms 
without any indication of a definite instant of time lies in the fact that they, 
so to say, do not grow old until they begin to decay; this means that the proba- 
bility of disintegration is the same for them at any time.” 
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Thus, 63% of the atoms will disintegrate during a time less than t. 
Similarly, we compute that during time from ¢ to 2t, 23% of the 


atoms disintegrate and during time exceeding 2t, 14% of the atoms. 

In Fig. 119 we see two curves: one for the number of disintegrations 
in unit time for radioactive atoms (1) and for the gun models (2). 
The gun-model curve has a certain width here. We can figure perhaps 
that the models were not quite exact and therefore did not fire off 
quite at the same time. The more precise the models, the narrower 
the curve in Fig. 119. 

The area under the curve represents the total number of disintegrat- 
ed atoms for one curve and the total number of all models for the 
other curve. We can take the num- 7 
ber of models to be equal to the 
number of atoms. Then both curves 
will have the same area. 

The abscissa of the centre of gra- 
vity of both curves is also the sa- 
me.* This means that we consider 
models in which the mean lifetime 
(prior to firing) is the same as the 
mean lifetime of the radioactive 
atoms. 

We have thus done everything 
in our power to make the curves 
similar: we took as many models 
and with mechanisms such that 
the total number of models and atoms and the mean lifetimes of 
the models and atoms are the same. And yet the curves are so stri- 
kingly different! Experimentation with radioactive nuclei irrefutably 
rejects the type of curve obtained for the models. The more accurate 
the experiment, the more precisely is the law (5.3-2) confirmed. 

We examined this system with models so that the reader would 
not accept as ordinary and natural the relationship (5.3-2) for radio- 
active decay and would have cause for surprise and curiosity: “Indeed, 
why does radioactive disintegration proceed in this fashion”? 

What is the physical meaning of the probability of disintegration? 
A long time ago, at the beginning of the century, it was suggested 
that radioactive decay requires some kind of external action, say 
the entry of a particle from outside. Then we would image that one 
atom disintegrated earlier since it was hit by an incoming particle, 
while some other atom remained untouched. But this hypothesis 
did not fit the facts which stated that radioactive disintegration 
proceeds at the same rate under all manner of conditions, irrespective 
of temperature, collisions of atoms among themselves, the action 


Fig. 119 


* As will be demonstrated in Sec. 6.15, this follows from formula (5.3 5). 
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of cosmic radiation. Also, energy is strictly conserved in radioactive 
disintegration, which likewise rejects the idea of some kind of outside 
influence. 

A second possible hypothesis is that at the initial time of creation 
of the radioactive atoms they were actually not quite alike and for 
this reason decayed at different times. This is in keeping with the 
clock-driven models with clocks set for different times. This hypothe- 
sis presumes that an exact knowledge of the state of every atom com- 
pletely determines the whole subsequent history of the atom and, 
in particular, determines with exactitude when the given atom will 
disintegrate. If atoms disintegrate at different times after their 
creation, this means that the whole business was foreordained: when 
created, the different atoms of one and the same radioactive substan- 
ce were not exactly the same and the diverse decay times were pre- 
determined in the creation stage. 

This view does not hold water either. For each specific mode of 
generation of atoms of a radioactive element we should have a defini- 
te relationship between the rate of disintegration and time. Experi- 
ment refutes this supposition. 

One and the same type of radioactive atom can often be obtained 
in a variety of ways: say, atoms of Mo?” (molybdenum-99, molybde- 
num with atomic weight 99) are produced in nuclear reactors in the 
process of the fission of uranium atoms. These same atoms were earlier 
obtained under the action of the nuclei of heavy hydrogen (deuterium) 
on the atoms of ordinary, naturally occurring nonradioactive molyb- 
denum. At the present time we know of numerous instances where 
one and the same type of radioactive atom is produced by a variety 
of methods. Experiment has shown that, irrespective of the mode 
of production of the atoms, the disintegration rate is given by formu- 
la (5.3-2) with a constant value of œ, which characterizes the given 
type of atom. Consequently, it is precisely the basic equation 


dN 5 
a 
that all experiments confirm. 
This equation is pregnant with meaning: all radioactive atoms are 
identical. The probability of disintegration does not depend on how 
and when the atoms were obtained. One hundred freshly produced 
atoms disintegrate in exactly the same fashion as in the case where 
10° are generated, and a time interval elapses such that 109 atoms 
are left and we consider the fate of these 100 remaining atoms. * 


* Characteristic of the exponential function is that any portion of the curve 
is similar to the whole curve. Indeed, let N = NoT ®. At time t = t, 


N = Ni = NoT. Let us begin reckoning time anew from time tı. Denote by 
t the time reckoned from this instant: t = t — tı, t = ti +1. Then N = 
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What is so remarkable in the fact that 100 atoms with a given ato- 
mic weight and a given number of electrons are the same? If these 
were nonradioactive atoms there would indeed be no cause for surprise. 
But for radioactive atoms there certainly is cause enough when we 


recall that out of 100 atoms, 63 disintegrate in time tand the other 37 


disintegrate after t. What is strange here is that the disintegration 
time is different although the atoms are the same. 

It is not fruitless to wonder in this fashion. In the phenomenon of 
radioactive decay we already perceive certain peculiarities in the 
laws of motion of atomic and nuclear particles that differ from the 
laws of motion of the bodies we are accustomed to in ordinary life. 
These peculiarities are studied in quantum mechanics. All this is 
of course outside the scope of our book. Our aim is modest enough. 
It is to show that the necessity for elaborating radically new con- 
ceptions which differ drastically from those of ordinary mechanics 
stems from very simple facts about radioactivity that can be compre- 
hended by any school child. To realize that the old conceptions were 
insufficient, it was necessary to doubt, to wonder, to be surprised. 

In his autobiography, Albert Einstein—the greatest physicist of 
the twentieth century—notes the surprise and wonder that he expe- 
rienced when he first saw a compass and perceived the mysterious 
action of a magnetic force that passes through paper, wood, the earth, 
and acts onthe compass needle without any direct contact. He wrote 
that this wonderment served as a tremendous impetus for a further 
search. He wrote of curiosity, which, he claims “the modern methods 
of teaching have all but stifled.” Einstein himself evinced an extra- 
ordinary capability for wonderment and he was able to derive inspi- 
ration and impetus for the creation of theories out of the most mun- 
dane facts of everyday life. Thus, underlying the brilliant general 
theory of relativity is the simple fact that caused Einstein to wonder 
why different bodies fell with the same acceleration. 

Quite naturally, to wonder is not enough, and to merely pose 
a problem does not suffice. Einstein combined the ability to pose 
a problem and to solve it, which means mastering the requisite mathe- 
matical techniques. And yet, among a galaxy of outstanding scien- 
tists, Einstein is the celebrated physicist of the twentieth century 
because of his capacity to wonder and pose a problem where others 
were not able to see anything out of the ordinary. 


= Noe?! = Noe HTD = Noe Pe tT = Nie". We consider the disinte- 
gration of No particles prepared at time ¢ = 0 and we are interested in the 
portion of the process that develops after ¢ = ¢,. For this portion we get N = 
= Noe "t.e 7T = Nye ©", where t is the time reckoned from ¢,. Thus, the 
law of disintegration for the number of particles Ni = Noe ~®! remaining 
after the previous decay is exactly the same as the law of disintegration of N1 
freshly obtained particles. That is precisely what is asserted in the text. 
y p p 
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Perhaps this analysis of radioactive decay will help the reader 
to see what depths of content are hidden behind simple facts anc 
formulas. 

To conclude, we will illustrate with the curves of radioactive 
decay obtained experimentally in 1955 by Glenn Seaborg and his 
associates in the United States. They were first to observe Element 
No. 101 of the periodic table, to which they gave the name mendele- 
vium (element symbol: Md) in honour of the great Russian chemist 
Dmitri Mendeleyev. 

In this study, the 98th element, californium, with atomic weight 
202 was irradiated with neutrons in a nuclear reactor to yield cali- 
fornium-203, which ejects an electron and turns into Element No. 99, 
which is called einsteinium (element symbol: Es) and has the same 
atomic weight of 253. 

About 10° atoms of einsteinium (this is equivalent to 4 x 10713 
gram) were deposited ona gold plate and subjected to alpha-particle 
(a-particles are nuclei of helium) bombardment in a cyclotron. This 
generates Element No. 100, fermium, Fm, in accordance with the 


reaction 
253 4 256 : 1 
Esso LF He; = Fmioo + Pi 
and mendelevium via the reaction 
253 C 256 1 
Espo + He; z Mdio: + No 


In this notation, each chemical symbol has a subscript indicating 
the number in the periodic table (that is, the number of protons 
in the nucleus). The superscript indicates the atomic weight (rounded 
to a whole number) which is the sum of the number of neutrons and 
protons in the nucleus. He$ is a helium nucleus, or @-particle, p} is 
the nucleus of an atom of hydrogen, or simply, the proton, nį is 
a neutron. In a nuclear reaction, the sum of the subscripts on the 
right equals that on the left, also the sum of superscripts on the right 
is equal to that on the left, since in nuclear reactions all we have is 
an exchange of neutrons and protons between nuclei. After thea -par- 
ticle bombardment, the gold plate together with the newly formed 
fermium and mendelevium was dissolved in acid, and then the fer- 
mium and mendelevium were extracted chemically. As Seaborg 
writes, it was the periodic table of Mendeleyev that permitted fore- 
seeing the chemical properties of an element that had never before 
existed in nature and had never been studied. After chemical sepa- 
ration, measurements were made of the radioactive decay characte- 
ristics. Fermium-256 (with atomic weight of 206, that is) disintegrates 
radioactively with a half-life of about 3.5 hours. It breaks up (that 
is, fissions spontaneously) into two nuclear fragments of roughly the 
same mass (the details of the fission process are given in Sec. 0.9). 
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The upper curve in Fig. 120 shows the number of nuclei of fermium 
as a function of time in this experiment. Plotted on the axis of abscis- 
sas is the time in minutes. Plot- 
ted on the axis of ordinates is the 
number of atoms available at a given 
time.* The scale on this axis is not 
uniform: an ordinate is proportional 
to the logarithm of the number of 
atoms. In particular, the axis of abscis- 
sas (y = 0) corresponds to one remai- 
ning atom (ln 1 = 0), while for zero 
atoms we have — ooon the axis of 
ordinates. The disintegration of each 
separate atom changes the number of 
atoms by 1; in between disintegrations, 
the number of atoms is constant. 


In this experimental set-up in which Minutes after bombardment 
each separate disintegration is recor- ; 
ded, we have a polygonal (step-like) Fig. 120 


curve instead of a smooth curve. On 
the step-like curve, each disintegration is associated with a vertical 
line connecting two steps. The straight line drawn in Fig. 120 
corresponds to the decay law 
t 

n=ne * 
where t = a 5 hours, T ~ 3.5 hours. It will be seen from 
Fig. 120 that, in all, there were recorded 40 disintegrations of fermi- 
um. The more atoms theré are, the closer is the polygonal line to 
a straight line. When there are fewer than five atoms left, then quite 
naturally the probabilistic nature of radioactive decay leads to appre- 
ciable deviations from the exponential law which holds true for 
large numbers of atoms. 

After chemical separation, the nucleus of mendelevium rapidly 
(in half an hour) captures an atomic electron and turns into a nucleus 
of fermium. And so the precipitate containing mendelevium also 
yields (when the radioactivity is measured) a disintegration of atoms 
into two fragments with a half-life of 3.5 hours. The decay curve of 
fermium obtained from mendelevium lies in the lower left-hand 
corner of Fig. 120. Six disintegrations were experimentally observed. 
Special experiments demonstrated that these six atoms could not 


* It is not possible to count the number of atoms available at a given instant. 
What is recorded experimentally are the disintegration events of the atoms. 
The number of atoms N at time ¢ is computed after the experiment when all N 
atoms have disintegrated. 


15* 
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have appeared as-a fermium impurity in the precipitate being measu- 
red but most definitely had formed from the mendelevium. 

Seaborg and his associates observed a total of 17 atoms of mende- 
levium in that series of experiments. 

The foregoing example is not very good as an illustration of the 
how exactly the exponential law holds true in radioactive decay. 
Experiments demonstrating the validity of the exponential law 
were successfully carried out with more common radioactive sub- 
stances. On the other hand, the example of mendelevium and fermi- 
um shows to what peaks of experimental technique modern physi- 
cists have attained in synthesizing new elements and recording the 
disintegration of each separate atom. 

In Seaborg’s experiments, the counter recording mendelevium 
disintegrations was hooked up to an amplifier in the loudspeaker 
system of the institute and every disintegration event was heard by 
workers in the various laboratories on different floors so they could 
celebrate the birth (actually the recorded death) of every atom 
of the new element created by man (true, before the work was over, 
the local fire department got interested in these goings-on and the 
disintegration news broadcast was stopped). 


5.5 SERIES DISINTEGRATION (RADIOACTIVE FAMILY) 


In a number of cases, radioactive decay produces atoms which 
again decay radioactively, so what we have is a chain of disintegra- 
tions: an atom of element A turns into an atom of element B, which 
in turn disintegrates into an atom of element C, and so on. Let us 
consider the mathematical problem of determining the dependence 
on time of quantities of elements A, B, C and ways of solving the 
problem. We denote the quantities of atoms of substances (elements) 
A, B, C that have not yet decayed at time t by the letters A, B, C. 

Let the probabilities of disintegration of A, B, C be respectively 


equal to w, v, u. Then 
dA 


dt 
(here, A is termed the parent element). We write the equation for 
element B. In unit time a total of vB atoms of element B disintegra- 
te. On the other hand, during the same time we have wA disinte- 
grations of element A, and since each disintegration of an atom of A 
gives rise to one atom of B, then wA atoms of B are formed in unit 
time. Therefore 


ee sy (5.5-4) 


i = —vB+0A (5.5-2) 


Similar reasoning gives 
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The equations (5.5-1) to (5.5-3) form a system of differential equa- 
tions. In the given instance, we can solve these equations one by 
one, having to deal each time only with one equation in one unknown. 
True enough, B and C do not enter equation (5.5-1). From it we there- 
fore determine A (t) = A,e-“, where Ay is the number of atoms 
of element A at the initial time t = 0. 

Substituting the expression for A (t) into (5.5-2), we get an equati- 
on involving only one unknown function, B: 


<= —vB+ A(t) (5.5-4) 

How does one go about solving this equation? We can find a solu- 
tion if we first consider the fate of the group of atoms of B that have 
formed during the same interval of time, from t to t + At. We will 
ccnsider the number of atoms of this group that are still “alive”, 
AB (that is to say, atoms that have not disintegrated by time 2), 
as a function of time t. So as to avoid confusion about the time t 
when we measure the number of atoms, and the time of formation 
of the group, let us denote these times by different letters: t and Tt, 
respectively. At time tT, the rate of formation of atoms of element B 
was wA (t). During the small time interval At, a total of ABy = 
= wÁ (t) At atoms of element B were formed. 

How does the number of atoms in the group at hand depend on 
time ¢? For £< t it is equal to zero: the atoms of interest have not 
yet formed since the group itself is still nonexistent, AB = 0. Let 
t > T. Observe that a time ¢ — t has already passed since the group 
began to form. The decay probability of element B is v. Therefore, 
after the lapse of time t — t from the time of formation of the group 
the number of untransformed atoms will be 


AB (1) = ABye-*t-) = wA (1) e-t -9 At 


To find the total number of atoms of element B at time t, we have 
to add the number of atoms in all groups that formed prior to t. 
If we take At (and hence AB as well) very small, then the sum turns 
into the integral 

t t 


B(t) = \ SEO dt = \ wA (1) e704- dr 
0 


0 


Observe that here the variable of integration is denoted by t. 
The argument ż, upon which B depends, enters into the integral iwi- 
ce: as the upper limit and in the integrand. When integrating with 
respect to t the quantity ¢ is to be regarded as a constant. We can 
therefore write 


e—v(t—t) — e-vtprt 
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and take œe™™ out from under the integral sign as a factor that is 
independent of t. We then get 


B (t) = @e-* \ A(t) edt (5.5-5) 
0 


It is easy to verify, without evaluating the integral, that the solu- 
tion (5.5-5) satisfies the original equation (5.5-4) for any function 


dB (t) 
dt 


A (t). Indeed, we find the derivative . By the rule for differen- 
tiating a product we get 
t 
— wove- (4 (t) e?* dt + we-t — = ( A (tT) e dr) 
0 


0 


dB(t) | 
dt 


Since, by the property of the derivative of an integral (see Sec. 2.9), 


a l| A (t)e* dt) = A (t) e” 


it follows that 
t 


= —ove™t | A(t) edt +oA (t) = —vB +0A 
0 


dB 
dt 


Now if we set A (t) = Aoe—®t then we get the concrete solution 
B (t) = (e-ot__e-mt) 


The solution could also have been found without resorting to 
a consideration of the separate groups of atoms. Now that the solu- 
tion has been found, it is already a simple matter to guess the ma- 
thematical technique that will lead us to our goal. The solution 
(5.5-5) is of the form 


B (À =e T(t) (5.5-6) 
where J (t) denotes the integral that depends on ¢. We will seek the 


solution in the form of a product of e~”’ by the unknown function J 
and we will set up an equation for T: 


dB 
at 


-vt — 


= 5 (eI) = —ve"'I +e (5.5-7) 


Substituting expressions (5.5-7) and (5.5-6) into (5.5-4) we get 


e”. =A (t) 
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or 
as = we” A (t) . (5.5-8) 
By hypothesis, at the initial time ¢ = 0, B = 0, and hence J = 0. 
With this initial condition, the solution of equation (5.5-8) has 
the form 
t 
I(t)= \ wert (t) dt 
0 
and, finally, 


t 
B (t) =6™I (t) =e | oA (x) er de 
0 


In this formula it is essential, so as to avoid confusion, to retain 
strict designations and not to denote the variable of integration t 
by the same letter we use for the upper limit of integration, t. 


5.6 INVESTIGATING THE SOLUTION FOR A RADIOACTIVE 
FAMILY (SERIES) 


In the preceding section we brought to completion the solution of 
the problem in the case of two radioactive substances (elements). 
Let us now investigate this solution for two particular cases3 

(1) a short-lived parent element A and long-lived daughter ele- 
ment B; 

(2) a long-lived parent element A and short-lived daughter ele- 
ment B. 

Below, in addition to the decay probabilities œ and v, we will 


make use of the mean lifetimes t4 = = , tp = A In the first case, 


the nature of the solution can be readily grasped without calcula- 
tions and formulas. The entire process breaks down into two stages. 


First, when ¢ is of the order of t4 (here, by hypothesis, t4 < tg and 
so also t < tp in the first stage), A is converted into B. During this 
time there is hardly any disintegration of element B. During this 
period the amount of B is equal to the difference between the ori- 
ginal amount Ag and the amount A remaining at time t: 


B (t) = Ay—A (t) = Ayp— Ape = Ag (1 —e-t), (tX ty) 
By the end of this period, practically the whole of element A has 
been converted into B, the quantity of B becomes equal to the ori- 


ginal amount of the parent element Ay. Then follows a slow and 
protracted disintegration of B. 


B(t)=Ape™, tS ta 
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We will show how these expressions are obtained from the exact 
formula. For the case of two radioactive elements A and B, we obtai- 
ned in the preceding section the formula 


B (t) = Ao ——— (e- — e-”) 


v—@® 


In our case, t4 < ty, w > v and so it is more convenient to inter- 
change the signs so as to be dealing with positive quantities in. the 
parentheses and in the denominator of the fraction. Then 


B (t) = Ay —— (e~*# eo) (5.6-1) 
s R @ (N) 
Since v<a, it follows that Se a 


We consider the expression e™* —e-®! for two successive stages. 
First, when t < tg = - , it will be true that vt& 1. Then e-* x 


zæ 1. Since t can be a quantity of the order of ¢, and wt, consequent- 
ly, of the order of unity, it follows that the quantity e-®! can be 
computed exactly. From formula (5.6-1) we get 


B(t) = Ay (1 — e-**) 


In the second stage, when t > ts = =, it will be true that wf > 1. 


We can disregard e—® in this stage. Then e-®! is small not only 
with respect to unity but also in comparison with e-™, since v < a. 
We get 

B (2) = Aet 


Thus the exact formula does indeed yield the same results as those 
obtained from simple qualitative reasoning. 

Now let us take up the second case, that of the long-lived parent 
element A and the short-lived daughter element B: 


ta Ò tm w Kv 


We consider the period when a time ż, considerably exceeding tp, 
has passed since the onset of the process. In that case, the element B 
that was formed at the beginning of the process has already fully 
disintegrated by time ¢. Since B disintegrates rapidly, in a short time, 
there is always some of the recently formed element B available at 
every given instant of time. What we have here is a steady state 
(also known as a stationary state): element B is formed from A and 
straightway disintegrates, element B does not accumulate because 
it decays rapidly, but does not disappear completely because A is 
producing new quantities of B all the time. In a steady-state system, 
there are just as many atoms of B disintegrating in unit time as there 


CH. 5 WATER FLOW. RADIOACTIVE DECAY. ABSORPTION OF LIGHT 333. 


are atoms of B being formed from A. Mathematically, this condition 


is written thus: 
vB = wA e 


whence 
B (t) == A (t) = A (8) 


tA 


In a steady-state system, the instantaneous quantity of B is pro- 
portional to the quantity of A and always represents some small. 
portion of A. This portion is small because in the case at hand (the 


second case), tp <x tą and hence ZK 1, for otherwise there would. 
A 


be no steady state. 
How do we obtain the steady-state equation from the exact diffe- 


rential equation = —vB + 0A? Evidently, if we take it that. 


& is small in comparison with each of the two terms on the right,,. 


then, replacing ce by 0, we approximately get 
0 = —vB + oA, vB = oA 
Let us now examine the beginning of the process. For ¢ = U,. 


A = Ay, B = Q. This means that at the beginning we do not have 
a steady state, since by the steady-state formulas we should first have- 


By = — Ay 


(the subscript s on B denotes a steady state). At time ¢ = 0, element. 
B is forming at the rate of = = @Áp, while there is no disintegra- 


tion of B at all at the initial time, since B = Q. 

It is possible to determine the time ¢, during which, for the initi- 
al rate of buildup of B, the quantity B, will be attained. Indeed, if 
the rate of formation of the substance remains constant, equal to. 


dB 
(+ Mics , then 
dB 
B=t ea 
; W dB ; ; 
Here, putting Bs = z Ao (=) 4 =WA, we get the desired time 
_ wAg — 1 a 
adage 


Thus, the steady state is attained in a time roughly equal to the- 
mean decay time of element B. From the condition t4 < tp it is: 


234 HIGHER MATHEMATICS FOR BEGINNERS 


evident that the quantity of element A changes but slightly during 
this time. 


On the whole, the approximate examination, in the second case, 
of a short-lived daughter element yields the following: 


fort<t, B(t)= (=) i= WA, 


t=0 


for t Sl B (t) = B; = 2 Aye == Wty Age 


We get the function B = B (t) in the form of two lines: first a straight 
line, then as an exponential curve (Fig. 121, t, = 10tp). It 


B 


Fig. 124 


is easy to verify that for £ = tg the two formulas yield almost the 
same values. 
Let us see what the exact solution to equation (5.6-1) gives us, 


B =: Ao ——— (e~ ot —e-*) 


in the case at hand when v ®© a, te K t,. In the denominator, we 
neglect œ compared with v. For vt S 1, we disregard e-” in the 
brackets to get 


@ 
B = 4p ES 


which is precisely the steady-state solution. 

We determine the approach of the solution to a steady state by how 
fast e-”* falls off. For very small ¢, when vt < 1, so that œt is all 
the more so small, we get the following by expanding e™ and 
e-%t in a series and confining ourselves to the first two terms: 

B=A,—2- (1 —ot—1 + vt) = Ayot 


V — W 
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which coincides with the approximate result. Actually, however, 
the exact formula yields a single smooth curve without discontinui- 
ties and salient points (it is shown in Fig. 121). The approach of 
this curve to a steady-state solution depends on how fast e-”’ dimi- 
nishes. Thus, for e*t to make a correction of the order of 10%, we 


must have vit = 2.3, t=2.3. + =2.3 tp. Here, due to the smallness 


of wt, we assume that e7% ~ 1. Thus, true enough, the transition 
from the stage of initial buildup to the stage where the solution is 
equal, with sufficient exactitude, to the steady-state solution takes 


place in a time of the order of the time of disintegration, tp. 

The example of a radioactive family (series) is very instructive 
in the sense that obtaining a general exact solution does not in the 
least signify that the work is at an end. The construction of appro- 
ximate theories for various limiting cases is an absolutely necessary 
part of the work and the existence of an exact formula does not at all 
take the place of an approximate theory. Approximate, yet clear- 
cut and pictorial conceptions serve as a check on an exact formula. 

Also, approximate theories give us important new qualitative 
concepts such as that of the steady state. These can more easily 
be remembered and they possess a broader range of application than 
do the exact formulas. For instance, in the case of a radioactive 


family consisting of several generations A — B —> C — D, the 
exact formula is extremely unwieldy. But if t4 is greater than all 


other times, then all the results referring to the steady state are 
obtained just as easily as in the case of two elements A and B. 

Frequently, the easiest way consists in obtaining an exact solution 
valid for arbitrary v and œ (in our case), from which we then 
(for v < œ, or v > o) obtain, via mathematical manipulations, 
some simpler approximate formulas for the two extreme cases. But 
this is not yet all! If a simple approximate formula has been obtai- 
ned in a simple yet long-winded manner via the general solution, 
then alongside this there should be another, simple, way of obtaining 
an approximate formula. One should always attempt to find simple 
pathways because there will invariably appear problems in which 
the approach to an exact solution is insuperably complicated and 
only a simple approximate approach makes it possible to advance 
in the solution. 

In practical situations, exact formulas come up just as rarely as 
equations with solutions in whole numbers, although most of the 
textbook problems lead to exact formulas, just as problem books for 
junior classes abound in equations that can always be solved in who 
le numbers. 

Observe that the conceptions of radioactive families account for 
the strange result of the exercise in Sec. 5.3 about the amount of 
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radium in the past: radium is a descendent (true, not direct, but via 
a number of intermediate substances) of uranium-238. It is therefore 
not correct to regard the present-day supply of radium as the result 
of the decay of primordial radium. Actually, radium is in a steady 
state with uranium. From the equation 


B=—.A 
v 


we find that the quantity of radium B = 10-!? corresponds to the 
uranium content: 


A=-4 B=3 X 10"B=3 x 10° 
B 


We have approximately found the present-day amount of uranium-238 
in rocks. The original abundance, 5 x 10° years ago, was twice as 
much, of the order of 6 x 10-6. These magnitudes are quite reasona- 
ble, unlike the results of the exercise in Sec. 5.3. 


5.7 THE CHAIN REACTION IN THE FISSION OF URANIUM 


In 1938, Otto Hahn and Fritz Strassmann in Germany and Curie 
and Joliot in France demonstrated that when a neutron enters a nu- 
cleus of uranium, fission occurs in which the nucleus breaks up into 
two large fragments with the simultaneous emission of two or three 
new neutrons. Uranium with an atomic weight of 235 (uranium-235 
for short) is very active in this respect. Naturally-occurring uranium 
contains about 0.7% of uranium-235 atoms and 99.3% of uranium-238 
atoms.* The fission fragments of uranium-235 are medium atomic- 
weight nuclei from 75 to 160. The charge on these nuclei lies within 
the range from 35 to 57, the sum of the charges of two fragments al- 
ways being equal to the charge on the nucleus of uranium, that is 92 
elementary charges. The sum of the atomic weights of the two frag- 
ments is equal to 235 + 1 — v, where 235 is the atomic weight of 
uranium, 1 is the atomic weight of the neutron that caused the 
fission, and v is the number of neutrons generated in the act of 


* This was followed in 1939, in the laboratory of I. V. Kurchatov in Lenin- 
grad, by the demonstration (carried out by the Soviet scientists G. N. Flyorov 
and K. A. Petrzhak) that uranium-238 is capable of undergoing spontaneous 
fission without the entry of any neutron, although the probability of this event 
is extremely small. The probability of radioactive decay (with the emission 
of an a-particle) of uranium-238 corresponding to a half-life of 4.5 x 10° 
years is equal to œw = 5 x 10-18 1/sec while the probability of the spontaneous 
fission of uranium-238 is less by a factor of 10°, i.e., it is equal to 5 x 10-24 1/sec. 
Thus, in one second in one kilogram of uranium (which is about 2.5 x 10°! atoms) 
there occur roughly 10’ radioactive disintegrations and only 10 events of spon- 
taneous fission. 

On the other hand, in the very heaviest elements, spontaneous fission becomes 
predominant, the most probable decay process (see end of Sec. 5.4 where the 
decay curve of mendelevium is given). The problem of the chain reaction that 
we consider below does not involve spontaneous fission at all. 
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fission. An enormous energy of 6 x 10?” erg/g (per gram of fissio- 
ned uranium) is released in the fission process. Thanks to this great 
energy, the fragments rush apart at speegs of about 10° cm/sec. 

The source of this energy is the electric repulsion of two like- 
charged fragments. Before the nucleus is separated into two parts, 
the nuclear forces between particles that make up the nucleus balance 
the electric repulsive forces. But as soon as the nucleus has bro- 
ken up into two separate fragments, the repulsion of these two frag- 
ments is not countered in any way and so they fly apart at high speed. 
The fragments are very quickly brought to rest in a dense substance. 
Their time of flight is between 10- and 10~-!* sec. In this time they 
traverse distances from 10-* to 10-° cm. The kinetic energy of the 
fragments is converted into heat. The neutrons produced in fission 
have velocities of about the same order as the fragments (about 
2 x 10° cm/sec). 

Of crucial importance for the practical utilization of the energy 
of nuclear fission is the fact that a fission event caused by one neut- 
ron gives rise to more than one neutron. It is quite clear that if the 
neutrons do not leave the system, their number will increase in geo- 
metric progression with time, i.e., in accordance with the law of the 
exponential function. The rate of energy release will build up by the 
same law, in proportion to the number of neutrons. And even if 
at the onset of the process there were few neutrons, their number 
builds up so fast that the energy will be released at a rate convenient 
for practical use (for instance as a source of energy for a nuclear po- 
wer plant), and in just a short additional space of time the energy 
release will build up to such an extent that an atomic explosion will 
take place. In reality, part of the neutrons leave the system, some 
are captured by other nuclei without causing fission. We can utilize 
this to control the number of neutrons and, in a particular case, 
attain a steady-state system in which the number of newly formed 
neutrons in unit time is equal to the number of used up neutrons so 
that the number of neutrons in the system remains the same in the 
course of time, and the energy can be released at a constant rate. 
That precisely is the regime we need if atomic energy is to be used 
for peaceful purposes. 

Our immediate task is to set up and investigate the equation des- 
cribing the number of neutrons in a system as a function of time. 


5.8 MULTIPLICATION OF NEUTRONS IN A LARGE SYSTEM 


Let us first derive an equation for the variation in the number of 
neutrons with time in a very large system (say in a large chunk of 
uranium-235) when loss of neutrons to the outside can be neglected.* 


* We will consider the simplest case of metallic uranium-235 without gra- 
phite moderator. 
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The neutrons can all be regarded as having the same speed, denote 
it by v. 

Fission of a nucleus occurs in roughly half of all cases when a neut- 
ron enters a nucleus of uranium-235. In the other half, the neutron 
emerges leaving the nucleus in the same state, the number of neut- 
rons has not changed. The uranium nucleus is a sphere of radius R 
of the order of 10-% cm. 

How often will a neutron in flight inside the metal hit a nucleus 
of uranium? 

In the small time interval dt a neutron traverses a distance of vdt. 
Let us picture a cylinder whose axis is the route covered by the neut- 
ron; the radius of the cylinder is equal to the radius R of the urani- 
um nucleus. The neutron collides with the nuclei whose centres lie 
inside the cylinder. If the centre of the nucleus lies inside the cylin- 
der, the path of the neutron will pass at a distance less than R from 
the centre of the nucleus and so the neutron will hit the nucleus and 
enter it. The volume of the cylinder is equal to 


nR?’vdt 


There are N atoms in a unit volume of metallic uranium and hence V 
nuclei (the dimensions of N are 1/cm?, or cm~’). Therefore, in the 
volume xAR?vdt that interests us there are NnR?’vdt nuclei. 
There will be just as many events of a neutron hitting a nucleus du- 
ring the small time interval dt. Not every neutron hit makes the 


nucleus fission. Let œ be the portion of cases a neutron hitting a nu- 
cleus causes fission (in the case of uranium-235, aw 7) Then the 
number of fissions during time dt is equal to 

NanR?vdt 


The quantity anR?*, which has the dimensions of area since a 
and m are nondimensional, is called the cross section for fission and 
is denoted by o; (the subscript f on the Greek letter sigma stands 
for “fission”). 

If there are n neutrons in the bulk of metallic uranium, then the 
number of fissions in time dt is equal to 


nN o;v dt 


Each act of fission produces v neutrons, but this involves the absor- 
ption of one neutron, and so the variation in number of neutrons in 
every fission event is equal to (v — 1). Associated with the above 
number of fissions is the variation in the number of neutrons 


dn = nN (v — 1) o; vdt (5.8-1) 
Thus, from this equation we get 


d 
— =nN (v—1) op 
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Set 
N(w—1) oj v=a (0.8-2) 
Then 
dn 
t = an 
We already know that the solution of this equation is 
n (t) = ne (5.8-3) 


where no is the number of neutrons in the system at ¢ = Q. 

To summarize, then, if the number of neutrons in a system varies 
solely because of fission, then the number of neutrons increases in 
geometric progression if the time increases in arithmetic progression. 

Indeed, if we take a number of equally spaced intervals of time 


ti, t, + At, t, + 2At, 4 + 3Az, ... 
then the corresponding number of neutrons is 
Ny = Me™, fna, f'n, feny, ae 


where f = e*4t, This way of describing the process—growth in geo- 
metric progression—is common in the popular literature. Physicists 
and engineers speak rather of an exponential growth (in accord with 
the law of exponential increase). The exponential law is characte- 
rized by the growth rate a [formula (5.8-3)]. 

Let us find the dimensions of a. In (5.8-3) at is in the exponent. 
This means that at is a nondimensional quantity and, consequently, 
the dimensions of a are 1/sec. This same result can be obtained if we 
recall that 


4 
cm3 ( 


a= N v—1) o; cm? v— 
ec 
Let us find the approximate value of the constant a. The density of 
uranium is roughly equal to 18 g/cm?. The number of nuclei per 
cubic centimetre, N, can be computed by recalling the Avogadro 
number, which is equal to 6 x 10? atoms in 1 gram-atom of any 
substance. Hence, 235 grams of uranium-235 contain 6 x 10?3 


; : 4 
atoms, or 6 x 1023 nuclei. In one cubic centimetre there are oe x 


x 6 x 103 ~ 4 x 107? nuclei, N = 4 x 10” 1/cm?. Substituting 
the mean value v + 2.5, v =2 x 10° cm/sec, o; = on (107)? = 
= 1.6 x 10-** cm?, we get a = 4 x 10” x 1.5 x 1.6 x 10- x 
x 2 x 10° = 2 x 10° A/sec; = =5 x 10 sec. 

To summarize, if the neutrons do not leave the system, their 
number increases by a factor of e in 5 X 10~° second. 


At this rate of buildup, in one microsecond (10~® sec), the number 
of neutrons has increased by a factor of 
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One metric ton of uranium-235 contains 2.5 Xx 10?’ nuclei. If the 
neutrons do not leave the system, then this quantity of uranium will 
fission in less than one microsecond. This process is an explosion. 

Such a rate of buildup is not permissible if we want to use the 
fission process for generating electric power. It is necessary that neut- 
rons leave the system and thus reduce the rate of neutron buildup. 


5.9 ESCAPE OF NEUTRONS 


Picture a mass of uranium-239 in the form of sphere of radius r. 
We have to set up an equation for the number n of neutrons inside 
the sphere. Assume for the sake of simplicity that the sphere is 
fixed to a thin support so that it is surrounded by a complete void 
and a neutron that has left the sphere will never enter it again. 

How can we determine the neutron flux (the number of neutrons 
leaving the sphere in unit time)? We make a rough calculation. 
Consider a small time interval dt. During this time, each neutron 
covers a distance of v dt. Where are the neutrons that leave the sphere 
in time dt? Evidently they will have to be inside the sphere in 
a thin layer adjacent to the surface of the sphere but at a distance 
not exceeding v dt from the surface, otherwise during time dt they 
will not reach the surface, cross it and leave for good. But neither 
will those neutrons that are inside the layer of thickness v dt be able 
to leave in time dt since not all neutrons inside the layer have velo- 
city directed outwards along a radius. In our very rough calculation 
we will ignore this latter circumstance. 

How is it possible to find the number of neutrons in the layer? 
There are a total of n neutrons in the whole sphere. The volume of 


the sphere is V = Snr’, the volume of the thin layer that interests 


us near the surface is approximately equal to Sv dt if v dt is small. 
Here, S = 4nr? (the surface area of a sphere). 
The mean density of neutrons (the number per unit of volume) is 


C= + . Suppose that the density near the surface in the thin layer 


does not differ from the mean density. Then the number of neutrons 
in this layer is 


CSvdt ="? vat 


Therefore, the flux (number of neutrons leaving in unit time) is 


ere e n-4r2 TE 3v = 
4 $ nrs : 


Actually, the neutron density near the surface is less than the 
mean density and, what is more (this was noted above) the neutron 
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velocities have different directions. The neutron flux is thus less 
than we obtained, 


__ dkv 
dere 


n ° (5.9-1) 


where k is a numerical coefficient less than 1. Later on, in Sec. 5.12, 
we will compare our results with experiment and find that k is close 
to 0.3. If nuclear fission does not occur inside the sphere and no new 


neutrons are generated, then for the number of neutrons inside the 
dn 


sphere we get the equation = — q or, using (5.9-1), 


dt 
dn 3kv 
a y" 
Setting 
k 
ae eG (5.9-2) 
r 
we get 
dn 
ae 


The solution of this equation is familiar: 
n = nge~"* (5.9-3) 


The mean residence time of neutrons inside the sphere is, by 
(5.9-3), 
1 or 
b 3kv 


t= 


Observe that t ~ L, Therefore the mean time is roughly equal to 
the time during which a neutron moving at a speed of v travels a di- 
stance equal to the radius r of the sphere. An exact consideration 


of the escape of neutrons requires extraordinarily laborious computa- 
tions. It is very important from the very start of one’s studies to 
get used to approximate calculations of all quantities of interest. 
Exact calculations are frequently very involved and require quite 
a different range of knowledge, at times even the collective efforts 
of many workers and the use of electronic computers, and so on. 
But does this mean that a student engaged in self-instruction and 
living far away from higher educational institutions should give up 
the desire to consider a problem? There always exist simple, even 
though rough, methods (similar to the one just considered) for an 
approximate approach to a problem. To stop short of an approximate 
solution because the exact computations are complicated is me- 
rely to hide one’s lack of courage. Very often, just such hesitancy 
is destructive to the first steps of a scientist or inventor! 
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5.10 CRITICAL MASS 


Up to now we have considered separately two processes: the multi- 
plication of neutrons without regard for their escape, and the escape 
of neutrons without regard for their multiplication. 

Let us now consider a system in which neutrons multiply and can 
escape. As we know, in unit time there are formed an neutrons and 
bn neutrons escape from the system. Since the variation of the num- 


ber of neutrons in unit time is =, it follows that 
dn 
ar = an — bn 
or 
i (0. 10-1) 
dt i 


where c = a — b. For a given initial number of neutrons no, equa- 
tion (5.10-1) has the solution 


n = ne! (5.10-2) 


This solution gives quite different results depending on whether c 
is positive or negative. Indeed, from (5.10-2) it is evident that when 
e<(0 the number of neutrons n falls off with increasing ¢, which 
means n tends to zero with time. But if c>>0, then n increases with ¢, 
that is, n grows without bound in the course of time. Only the effect 
of new physical factors not accounted for in the equation can halt 
the growth of n. 

Thus, the value c = O is a “critical value”, for it separates the 
distinct types of solution with increasing and decreasing number of 
neutrons. Since c = a — b, for a given a we can speak of the criti- 
cal value of b: b., = a since for b < b., =a, c= a — b œO, 
and for b > b., = a,c = a — b < Q. The quantity a is determined 
by the properties of the fissionable substance: according to (5.8-2), 
a = Nvo; (v — 1). The quantity b depends on the amount of fissi- 
onable substance taken: 


pee (5.9-2) 


r 


The concept is therefore introduced of the critical value of the 
radius, re, for which b = be, = a. From formulas (5.8-2) and 


(5.9-2) it follows that 2“’— Nvo; (v— 1), whence 
Por 


Bk 
Ter = Wo; (v—1) 
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The mass of a sphere of radius r,, is called the critical mass, m,,. 
It is clear that 


Mer = S nrp S (5.10-3) 


where p is the density of the fissionable substance (as before, we con- 
sider a mass of fissionable material, say, uranium, in the form of 
a sphere). 

For r>r,, (this is the same as m >™m,,), c œO and we have 
a multiplication of neutrons. For r< r.e, (m<m,,), c< 0 and 
the original quantity of neutrons diminishes. Suppose we have a sphe- 
re of radius r. Its surface area is 


S = 4nr? 
the volume 


4A 3 
V= nr 


S 4nr? 3 
>= = 
á 5 nr? 


If r is small, this ratio is great, but if r is great, the ratio is small. 
No wonder then that when the radius is small, when the ratio of 
surface area to volume is great, the neutron escape increases and the 
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Fig. 122 


conditions for neutron multiplication deteriorate. It is surprising 
how sharply the number of neutrons varies with b: if b > b,,, then 
in a Short time the number of neutrons becomes practically zero, 
irrespective of whether b = 1.01 b., or b = 26,,. If b < ber, then 
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the number of neutrons increases without bound both for b = 0.99b., 
and for b = 0.5b,,, although the rate differs. That is precisely why 


t= 5x10 "sec 


Nog 


Fig. 123 


t= 15x10 Sse 


219° 4108 
Fig. 124 


one speaks of the critical value of b, the critical value of r or the 
critical value of mass. When above critical, the mass is called a su- 


n 


t=30x10 See 


Nog 
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Fig. 125 


percritical mass, when less than criti- 
cal, it is called a subcritical mass. 

In Fig. 122 are given the curves n = 
= nj e@-5)t for a number of values of b. 
Let us construct the curves of nasa 
function of b for a few definite values of 
time ¢. In the computations, a is taken 
equal to 2 x 108 sec-+. Figure 123 shows 
the curve of n (b) for t = 5 x 10-° sec. 
Figure 124 shows the curve of n (b) for 
t = 15 x 10-%sec, Fig. 125 shows the 
curve of n (b) for t = 30 x 10°° sec. 

The intersection of the curves with 
the axis of ordinates (b = 0) in Figs. 124 
and 125 lies outside the drawing: in 
Fig. 124 n = 20n) for b =0, in Fig. 125 
n = 400n, for b = Q. 


As is seen in Fig. 122, and also from a comparison with Figs. 123 
to 125, the greater the time interval ¢, the more divergent are 
the curves of n (t) (Fig. 122), the steeper are the curves ofn (b) 
(Figs. 123 to 125), and the more sharply is the criticality of the 
value b = 2 x 108 (in this example) manifested. 

If we take ¢ > 10-8 sec, then the curve of n (b) cannot be distin- 
guished from the vertical line b = be, = 2 x 108; n =O, for 
b œ> ber, n = œ for b < ber 
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5.144 SUBCRITICAL AND SUPERCRITICAL MASS FOR A 
CONSTANT SOURCE OF NEUTRONS 


In the preceding section we considered the problem of the varia- 
tion with time of the number of neutrons for a given initial number 
Ny of neutrons. We now pose a somewhat different problem. Suppose at 
an initial time ¢ = 0 the number of neutrons is zero and a neutron 
source is switched on at this instant of time emitting qo neutrons 
per unit time. This problem leads to the equation 


dn 


Ji = Ch + qo (5.11-1) 


where c = a — b. We seek a solution to this equation with the ini- 
tial condition n = O for t = 0. 

A method of solution was given in Sec. 5.5 for a similar problem. 
We give a brief review of the reasoning there. We seek the number ol 
neutrons at time ¢. The entire time interval from 0 to tis partitioned 
into subintervals At. We consider one such subinterval from t to 
t + At. During this time the source emitted gq )At neutrons. If 
the source operated only during one subinterval of time At, then 
we would be dealing with the problem of the preceding section with 
the initial number of neutrons no = gqAt, the sole difference being 
that these neutrons are emitted at time ¢ = t and not at time t = 0. 
Therefore, instead of the solution n = me we would have the 
solution n = noe'-D) = gyAte*(t—-% (this solution refers to ¢ > Tt; 
for t< t, n = 0), since clearly it is precisely on the time that ela- 
psed after the initial number of neutrons was given that the number 
of neutrons depends. That is, in the given case, on the quantity 
t— T. 

Actually, the neutron source is in constant operation during the 
whole time from 0 to ż, and so we have to add the contributions of 
all neutrons emitted by the source in the various subintervals of 
time At and their sum covers the entire time interval from 0 to t. 
Such a sum, given small subintervals At, is an integral, and so 


t 
n (t) = \ qoet -9 dt 
0 


It is easy to evaluate this integral: 
t 

n (t) = qoe** \ et dt = qe’ 
0 


— 1 e7cet 
Cc 


= get (et 1) 


= (et_1)  (5.14-2) 
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It is readily seen that this solution satisfies the equation 


d d f : 
=e [Ae (et —1) | = are = en + 9 


and the condition n = 0 at t = 0. 
The same formula (5.11-2) yields a solution for a positive or nega- 
tive value of c, though the shape of the curve n = n (t) is essentially 
F different. For c œ Q, (i.e., for 
a œ b), the exponent ct is 
positive so that e°* quickly 


N baa e e . e 
Of el! N exceeds unity with increasing t. 
o For large ¢ and c >Q, 
n aœ I et 
c 


For c< 0, ct< 0 and so e“ 
becomes much less than unity 
C=-1 with increasing t, and the 
values of n approach the num- 


ber — a (this number is po- 
sitive since c < 0): 


0 ; nx 
C 


Fig. 126 The curves are shown in 
Fig. 126. / 
Note the curious particular case of c = 0. If c=0O, the 
formula (5.11-2) cannot be used directly. 
Expand e° in a series: 


2 
et =A pet ae 


Substituting this into (5.11-2), we get 
2 7 1 
n(t)=2 | 4 et + 4...-1]=alttzett...] 


This formula may be used when c = 0. We then have 


n (t) = Qt (5.11-3) 
This result is also readily obtainable from (5.11-1). Indeed, for 
c = 0, (5.11-1) has the form = = qo, whence n (t)=qt-+ A, 


where A is the constant of integration. For ¢ = Q0 it must be true 
that n = 0, and so A = O and we get (5.11-3). 
As was shown above, when c < 0 the concentration of neutrons in 
qo 


the course of time attains a constant value — z oF, what is the same 
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thing, Tel: The smaller |c| (the closer we are to the critical state), 


the greater this constant value. Thus, even for a very weak source 
(small go), a mass close to critical can yield an arbitrarily large 
number of neutrons, a large number of fissions, and a great quantity 
of energy. Such in principle is the mode of operation of nuclear 
reactors. 


The maintenance of such a regime is no easy task, since small 
variations of b and c drastically alter the magnitude of 2, when c 


is close to zero, and operation at c close to zero is necessary when 
we want to obtain a big power output for small qo. However, this 
engineering problem can be solved by means of automatic control: 
when n gets out of bounds, the control system changes a or b. Besi- 
des, there are also natural factors that facilitate control: thus, for 
instance, when 7 increases, the temperature of the active material 
rises and then, it turns out, c diminishes, so that to a certain extent 
the system is self-regulating. 


5.12 THE CRITICAL MASS 


We now know how sensitive the properties of a system are depen- 
ding on whether we have a supercritical or subcritical mass. Let 
us examine in more detail the critical size, this is the size of a reac- 
tor having critical mass: 

8k 
rer = Wo, (v—1) 


Substituting the numbers for uranium-235, o; = 1.61074, v = 
= 2.5, M = 4 x 107", we get 


3 


Ter = k AX 1022 x 1.6 x 10724x 1.5 ~ k-30 cm 


We do not know how to determine the coefficient k, all we know is 
that it is less than unity. Let us find this coefficient by comparing 
the formula with experiment. Experiments show that the critical 
mass of uranium-235 is about 50 kg. A uranium sphere weighing 
50 kilograms has a radius of about 8.5 cm, so, in the given case, 


8.5 
k ~ -zy = 0.3 


Let us examine the physical significance of the formula for the 
critical radius. The neutron velocities cancelled out in the expressi- 
on ofrer, which means that the formula forr., can be obtained with- 
out regarding the course of the process in time and without exami- 
ning the rate of neutron multiplication and the rate of neutron 
escape from the system. 
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If we disregard the nondimensional factor 3k (it is of the order of 

unity), the formula for the critical radius becomes 

rer Nos x (5.12-1) 
What is this quantity on the left? The volume of a cylinder of 
height equal to. the radius and with area of the base equal to o; 
is r.,o;. Recall that if a neutron is in motion along the axis of such 
a cylinder, then it causes fission of those nuclei of uranium-239 
whose centres lie inside the cylinder. N is the number of nuclei in 
unit volume. Consequently, Nrer os is the mean number of nuclei 
in the volume of the cylinder. 

We can now give a different statement of the criticality condition. 
Earlier, we learned that the mean path, inside a fissionable material, 
of a neutron born inside the material (via fission) is of the order of 
the radius r. After a neutron has traversed a distance of about r, 
it leaves the fissionable material and is lost to the process. The cri- 
tical size of a reactor means that, on the average, prior to leaving 
the system, a neutron should produce one neutron over this distance. 
In fission, v — 1 new neutrons are generated. Hence, it is necessary 


that the neutron, prior to escape, produce approximately — fissi- 


ons, i.e., that there be roughly L 
cylinder ro;. This is the condition that leads to formula (5.12-1). 

Quite naturally, these arguments are not rigorous but they are 
necessary for an understanding of the physical essence of the mat- 
ter and cannot be replaced by any kind of calculations, even the 
most precise ones performed on modern electronic computers. 
Computer executed computations do not replace but merely sup- 
plement a clear-cut grasp of the qualitative physical aspect of the 
matter. In particular, the reader should pay special attention to the 
principle expressed at the beginning of the section: if some quantity 
(v) enters into the derivation of a formula, but is cancelled out in 
the final result, then this means that there is a derivation of the 
formula that dispenses altogether with that quantity. And one sho- 
uld always find that simpler derivation because a different derivati- 
on of a formula is tantamount to a fresh view of the process being 
investigated. 


nuclei in the volume of the 


5.143 ABSORPTION OF LIGHT. STATEMENT OF THE PROBLEM 
AND A ROUGH ESTIMATE 


Let us consider the absorption of light in air containing black 
particles of soot. Suppose a unit volume contains N particles. The 
area of a section of one particle by a plane perpendicular to the ray 
of light is denoted by o. For short, we call o the cross section. For 
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example, for a particle in the shape of a sphere of radius r, o is the 
area of a cross section passing through the centre of the sphere, 
i.e., 0 =0r?.* : 

We will assume that the light incident on the surface of the parti- 
cle of soot is completely absorbed. The problem consists in deter- 
mining the portion of absorbed light and the portion of transmitted 
light as a function of the quantities N, o and the path length z that 
a light ray traverses through air containing the soot. 

We begin with the roughest kind of estimate of the distance over 
which an appreciable portion of light is absorbed. We denote this 
distance by L. Just what the pregnant expression “appreciable por- 
tion of light” means will be examined later on in the sections that 
follow. Let us not be upset by the clumsy statement of the problem. 

Consider a cylinder with base area S and height L. We require 
that the sum of the cross sections of all particles in this cylinder be 
equal to S. 

In the volume SZ of the cylinder there are NSL particles, the sum 
of the cross sections of which is oNSL, and so we require that 


oNSL = S 
whence 
1 | 
L= air (9.13-1) 
Let us verify the dimensions of (5.13-1): o is the area, so its dimen- 


sions are cm’, N is the number of particles per unit volume and has 


the dimensions cm~’. Consequently, [L] = — —cm, as re- 


quired. 

What is the physical meaning of the condition thus posed? If it 
were possible to arrange the particles so that the areas covered by 
various particles do not overlap, then using the particles in the 
cylinder of height L and base area S it would be possible to cover 
the whole base of the cylinder and achieve a complete absorption of 
all the light. For z< L, total absorption of the light is clearly 
impossible: no matter how the particles of soot are placed, the total 
area of their cross sections does not suffice to cover the whole base 
of the cylinder.. 

It is clear that for x = L and even for x > L there will not really 
be complete absorption. For a random arrangement of soot particles 
and for arbitrary x, there will remain certain directions along which 
there will not be a single particle in the path of the light, which 
will then pass through. 


* An exact definition of the cross section 6 for particles of intricate shape 
is this: 6 is the mean area of the shadow cast by a particle on a surface perpen- 
dicular to a ray of light. 
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The energy transmitted through an area in 1 second is called the 
flux of light energy. Let J be the flux of light energy through an area 
of 1 square centimetre. This is called the energy-flux density, which 
has the dimensions erg/sec-cm?. Below we consider the energy-flux 
density of light J (x) as a function of the thickness x of a layer. 
Clearly, 

I (x) = Io f (x) (5.13-2) 


where J, is the energy of incident light and f (x) the desired function 
which characterizes the attenuation of the light. 

What can we say about the properties of the function f (x)? lf 
x = 0, there is no attenuation of light, J (0) = I) and so f (0) = 1. 
If xz >0, then the light is attenuated, J (x) < J) and therefore 
f(z) <1. 

Clearly, f (x) decreases with increasing x and approaches zero, that 
is, f (x) is a decreasing function. Thus, its derivative is negative, 
df 0 
ae 

We have already said that there will not be complete absorption 
either for x = Lor for x > L, and so we do not expect f (x) to vanish 
when x = L. However, we may assume that the value x = L is 
a characteristic length. This means that when light is transmitted 
over a path z < L, the fraction of absorbed light is extremely small 
when compared with the fraction of transmitted light. Over a path 

æ L a perceptible portion of the light is absorbed, and over 
a path x > L, most of the light is absorbed and only a very small 
portion is transmitted. 

As may be seen from formula (5.13-2), the function f (x) is non- 


6 ` é f ; è W 
dimensional. We can assume that if a dimensionless variable —- 


is introduced, then the function f (T) will always be the same for 


any kind of particles and for arbitrary N and o. These suppositions 
will be corroborated and made precise in the sections that follow. 


5.14 THE ABSORPTION EQUATION AND ITS SOLUTION 


We consider a thin layer of air between z and xz + dz. We conduct 
all calculations for a column of air in the form of a cylinder with base 
area 1 cm? (in the preceding section, when we considered a cylinder 
with base area S cm?, the quantity S cancelled out anyway). 

A beam of light consists of parallel rays and is characterized by 
the energy-flux density Z. If no light were absorbed by the soot parti- 
cles, then J would be constant. 

The layer under consideration contains Ndz particles covering an 
area of oNdz of the total area (4 cm’) of the base of the layer. Hence, 
the layer absorbs a portion oNdz of the energy incident from the left 
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on the layer. Therefore dQ = INodz. When light passes through 
the layer dz, the flux of light energy is attenuated by an amount 
equal to the quantity of absorbed energy dQ. Prior to entry into the 
layer, the energy-flux density was I (x); after emergency from the 
layer, it became J (x + dz) and so 


I (x) — I (x + dz) = IoNdx (5.14-1) 
Noting that J (x + dz) — I (x) = dl, we get, from (5.14-1), 
dl 
Pri — I No 


The solution of this equation is 
Tsj ms (5.14-2) 


This solution is obtained in the very same way as the solution N = 
= Noe in radioactive decay (see Sec. 5.3). Here, Jy) is the value 
of J when z=0Q. 

If the layer thickness is increased in arithmetic progression, 
zı = a, Lo = 2a, rz = 3a, etc., the light intensity diminishes in 
geometric progression. Indeed, denoting e-°%* = @ (then a < 1), 
we find, using (5.14-2), T (x) = Iga, I (x2) = Ipa?, I (23) = Iya? 
and so on. 


5.15 RELATIONSHIP BETWEEN EXACT AND APPROXIMATE 
CALCULATIONS 


It will be very instructive to compare the exact solution (Sec. 5.14) 
and the rough estimate (Sec. 5.13). Such a comparison will help us 
to make use of rough estimates in complicated problems where an 
exact solution is hard to find. Also such a comparison helps one to 
understand the range of applicability of a rough solution. 

In the rough solution we found the distance over which appreciable 
absorption takes place, 

1 
L= -Fo 
With the aid of the quantity L, the exact solution (5.14-2) can be 
expressed as follows: 


al 


T= he (5.15-1) 


Thus the supposition that the quantity L, found in a crude chain 
of reasoning, enters into the exact solution is fully corroborated. 
The exact solution is indeed of the form 


r= n (4) 
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From the exact solution (5.15-1) we find the concrete form of the 


function f (+). True enough, f (+) = ea 


We consider the distance x = L. Approximate reasoning gave 
complete absorption of light over this distance. Actually, from the 
exact solution (9.15-1), putting z = L, we find J = I,e7! = 0.37 Lo, 


Fig. 127 


which means that 37% of the light is transmitted and, hence, the 


x 
absorption is 63%. For small — we express e Ł by means of Maclau- 
rin’s formula, confining ourselves to two terms, to get 


e hwe1—= (5.15-2) 


Geometrically, this is tantamount to replacing the curve by the 
tangent to the curve at x = 0 (Fig. 127). As can be seen from 
(5.15-2), the tangent line intersects the z-axis at x = L. Therefore, 
if absorption occurred at the same rate, that is, so that the same 
amount of light is absorbed on every unit of length, all the light 
would be absorbed over the distance z = L. 

To summarize, then, the quantity L which was obtained via rough 
considerations is indeed of extreme importance in the exact solution 
as well. 

The question of rough solutions is very important in practical 
work and one should take every opportunity to develop skill in 
finding and understanding approximate solutions. This is far more 
important and fruitful than malicious snickering over the drawbacks 
of rough solutions. We will be pleased that a rough solution yields 
100% of absorption where the exact solution gives 63% —the error 


is only bya factor of 1 > The rough solution, for x = L, yields 0% 


of light transmission in place of the exact value of 37%. But that 
isn’t so bad either because from the very start it was evident that 
we couldn't expect good accuracy from a rough solution. 

If it has been established that a problem does not have an exact 
solution in the form of an explicit formula, one should not be deterred 
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in the least. Seek even for a very very rough solution of the pro- 
blem. But when using it, be sure to remember that the solution is 
a rough one, an approximate one, and py no means an exact one. 

Let us again dwell for a moment on the question of dimensions. 
We have verified the dimensions of L = 1/No and have established 
that this is length. It is often possible to find an approximate expres- 
sion of the quantity that interests us when all we know are its dimen- 
sions and the dimensions of the initial quantities given in the state- 
ment of the problem. In the case at hand however this is not possi- 
ble. Indeed, a quantity having the dimensions of length can be const- 

; : 1 ` 1 

ructed by proceeding solely from the concentration V (z) : L =n 
The quantity lı is the mean distance between particles. A quantity 
having the dimensions of length can also be constructed out of the 


cross section o (cm?) : la = Yo. The quantity l, characterizes the 


particle size. It is obvious that the quantity lą = 117%, for any 
value of the exponent a, also has the dimensions of length. In parti- 
cular, the L that interests us is obtained fora = 3. Thus, in the 
problem at hand, dimensional analysis does not give a definite 
answer. To find L, i.e., the quantity with dimensions of length 
entering into the exact solution, it is precisely the rough solution 
to the problem that one, it turns out, has to find. A formal applica- 
tion of dimensional analysis does not in this case yield an unambi- 
guous answer. But even when dimensional reasoning yields a unique 
answer, it is also desirable to get a rough solution to the problem so 
as to obtain a clearer picture of the phenomenon. 


5.16 EFFECTIVE CROSS SECTION 


In the problem of attenuation of light passing through dusty air, 
the quantity o has a simple geometric meaning of the area of the 
shadow cast by a single dust particle. The law of attenuation of 
light (5.14-2) is the same for light of different wavelengths (i.e., diffe- 
rent colours) since o is independent of the wavelength. 

In the absorption of light by separate molecules and atoms there 
is observed a strong dependence of the law of attenuation of light 
upon the wavelength of the light. For example, in clean air, visible 
light is hardly at all attenuated (attenuation is less than 1% per 
kilometre of path length; accordingly, the attenuation is by a fac- 
tor ofe over a distance of about 100 km). Ultraviolet rays of wave- 
length 1800 x 10-8 cm = 1.8 x 10-5 cm = 1800 A (A stands for 
Angstrom, 1 A = 1078 cm) are attenuated by a factor of e overa 
distance of L = 0.1 cm. Still shorter ultraviolet rays of wavelength 
1.14 x 10-° cm = 1100 A are attenuated e times over a path length 
of L = 0.01 cm. 
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Consequently, the absorption of light by air is not like the absor- 
ption of light by a black dust particle, which absorbs light of any 
wavelength in the same degree. 

The light energy g absorbed by a single atom in unit time is pro- 
portional to the energy-flux density of the light Z at the point where 
the atom is located: 

q=ol (0.16-1) 
Here, o is the constant of proportionality. Let us determine the 
dimensions of o. The dimensions of q are erg/sec. The dimensions of 
energy flux J are erg/cm? sec. Hence, the dimensions of o are cm’. 
The quantity o is called the effective cross section. For a black dust 
particle, the constant of proportionality coincides with the geomet- 
ric area of the shadow. For molecules and atoms, o is strongly de- 
pendent on the wavelength of the light. 

In rough fashion, we can picture the cause of this dependence as 
follows. The amount of energy absorbed by an atom when acted 
upon by light proves to be particularly great when the frequency 
of the light oscillations coincides with the frequency of motionof 
the electrons in the atom. This is resonance: the electron oscillates 
intensively and absorbs a particularly large amount of light energy. 

Such a resonance is attained for instance in the absorption of so- 
dium atoms (in the vapour state) of yellow light of wavelength 


5890 A = 5.89 x 10-5 cm. The very same yellow light is emitted 
by sodium atoms at higher temperatures when electron oscillations 
are caused by energetic collisions of atoms among themselves. 

At resonance, o reaches 1071? cm?. Atoms and molecules are of size 
10-8-10-7 cm, which corresponds to a cross section of the order of 
10718-1071 cm’. 

Thus, the maximum effective cross sections are many times grea- 
ter than the true cross-sectional areas of atoms and molecules. On 
the other hand, for light whose frequency does not correspond to 
the natural frequency of the atom, the effective cross section is 
small, much less than the cross-sectional area of the atom. 


5.17 ATTENUATION OF A CHARGED-PARTICLE FLUX OF 
ALPHA AND BETA RAYS 


The exponential law of diminution of particle flux as a function 
of distance 


x 
T=Ipe © (5.17-1) 
is based on a very general supposition that the attenuation of the 
flux over a small distance dx is proportional to the intensity itself 
of the flux: 

al 1 


=I (5.17-2) 
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where the constant of proportionality + is dependent solely on the 


kind of particle. 
The solution of equation (5.17-2) is 


x 


I= & 


The formulas (5.17-1) and (5.17-2) are therefore equivalent, one 
being a consequence of the other. 

Experiments show that in certain cases the exponential law 
(5.17-1) is quite exact; but sometimes deviations from the law are 
observed. Let us consider carefully the reasons that can give rise to 
deviations from formula (5.17-1) or (what is the same thing) from 
(0.17-2). 

It is easy to answer the question about the meaning of deviations 
from (5.17-2). Formula (5.17-2) presumes that when x and I vary, 
the light (or other radiation) under consideration does not vary 
qualitatively, otherwise the number L would change. Rewrite 
(5.17-2) as 

1 dl 4 


Idar L 


From this we see that the quantity a is constant. If it turns out 


that at different points in space the quantity + i- is different, this 


means that at such points not only is the intensity of radiation 
different but also its physical characteristics (say a different colour 
light, that is, having a different mean wavelength). 

When considering problems of protection against radioactive 
radiations and questions of the passage of a-, B- and y-rays and neut- 
rons through various substances, there is a different reason for depar- 
tures from the simple law (9.17-2). 

As applied to the process of light absorption, the law (9.17-2) 
signifies the following: if the light encounters a dust particle, some 
passes by the particle without any change while the other portion 
of light is completely absorbed by the dust particle. The situation is 
more complicated in the case of radioactive radiations: an a-parti- 
cle isa nucleus of the helium atom flying out of the radioactive parent 
nucleus at high speed (of the order of 0.07 c, where c is the speed of 
light, that is, at a speed of about 2 x 10° cm/sec). In passing thro- 
ugh an atom, the a-particle gives up part of its energy to the elec- 
trons. After roughly 50,0C0 collisions with atoms the a-particle will 
have lost half of its energy. It will not cease to exist, but its energy 
and speed will have changed. After 100,000 collisions the a-particle 
comes to a halt, ceases to collide with atoms and to knock out elec- 
trons. This is the number of collisions the a-particle experiences in 
air over a distance (flight path) of a few centimetres. 
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Actually, different a-particles (having the same initial energy) 
experience different numbers of collisions; they are not necessarily 
equal exactly to 100,000. However, since 100,000 is a big number, 
over a given path length the departures of the number of collisions 
of separate a-particles from the mean (100,000) are but slight (of 
the order of 300, which is about 0.3% of the mean number of colli- 
sions). For this reason, a-particles of the same energy always lose 
all their energy over roughly the same distance. This path length 
depends on the initial energy of the a-particle. If a flux of a-parti- 
cles of the same energy flies along the z-axis, the relationship bet- 
ween the intensity of the flux and the path length z is shown by the 


Fig. 128 Fig. 129 


curve in Fig. 128. This curve is quite different from the graph of the 
exponential function. Over a considerable portion of the path length, 
the intensity of the flux of particles does not change: the same number 
of a-particles fly through an area of 1 cm? in the same intervals of 
time. Then the intensity falls off sharply. This drastic fall was pre- 
pared over the section where the intensity remained constant, be- 
cause over this portion the energy of the a-particles diminished with 
increasing path length xz. The sharp drop in the flux occurs where the 
energy of the a-particles becomes extremely small. 

The picture is similar in the case of fast electrons (B-particles emit- 
ted when a neutron is converted into a proton in the nucleus of an 
atom). Here the situation is complicated by the fact that in radio- 
active decay there is an emission of electrons with different energies; 
what is more, the electrons give up part of their energy to the atom 
near which they fly and also experience a considerable lateral devi- 
ation. 

The curve for B-particles is of the shape shown in Fig. 129. Alrea- 
dy for small z, some of the electrons fall out of the beam. These are 
mostly electrons which had low initial velocities. Therefore, near 
x = Q the behaviour of the curve is similar to that of the exponential 
function. Later on however the curve reaches the z-axis, the inten- 
sity J becomes zero for a very definite value of z corresponding to the 
maximal energy of the electrons generated in the given type of 
radioactive decay. 
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The most important practical problems (they are also the most 
difficult ones) are those connected with protection against y-rays 
(gamma rays) emitted by radioactive substances and against neutrons 
produced in the fission of nuclei in atomic reactors and nuclear 
explosions. The situation here is confused and complicated in the 
extreme by the fact that y-rays and neutrons give up energy in 
large portions and are strongly deflected from their original direc- 
tions in the process. Even in a thick layer of air (100 to 200 metres) 
there is a considerable probability (of the order of 37%) of the passage 
of unaltered y-rays and neutrons. That is why they require thick 
shielding. A flux of y-rays and neutrons does not become zero for 
a definite thickness of the protective layer, as was the case for a- 
and B-rays. As experiments and complicated calculations show, for 
a given large thickness of the protective layer, a flux of gamma rays 
and neutrons falls off in rough accord with the exponential law. 


Chapter 6 


Mechanics 


6.1 FORCE, WORK AND POWER 


The relations existing between the most important quantities of 
mechanics admit of exact formulations only by means of integrals 
and derivatives. In Chapter 2 we examined the relationship between 
the distance covered (or the position) of a body and its velocity, and 
also between the velocity and the acceleration of the body. Without 
repeating this material, we now go on to examine the relationships 
between quantities such as force, work, energy, power. Let us con- 
sider the rectilinear motion of abody along the z-axis. Suppose a 
force F acting ona body is also directed along the z-axis. In elementary 
physics, the work A performed by this force is defined as the product 
of the force F by the distance traversed by the body: l = xz, — zy, 
where z, is the initial position of the body and zp, is the terminal 
position: 
= Fl = F (x, — Zp) 

Obviously, the situation is the same here as in the case of the rela- 
tionship between velocity and distance: the simple formula—work 
is equal to the product of force by distance—is valid only for the 
case where the force is constant. Now if the force varies during the 
process of translation, then the whole process has to be partitioned 
into separate small intervals (subintervals) so that over every sub- 
interval the force may be taken to be constant. Then for the subin- 


terval 
AA; = F,Aa;, = Fi (2i+1 — 2) 
Thus, in the general case of a variable force, the work is expressed 
not as a product but as an integral: 
*R 
A= \ F dz 


Xn 


We assume as known the motion of a body given by a known func- 
tion x = x(t). The translation of the body during a small time dt 
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is equal to the product of the instantaneous velocity v by the time dt: 
dx 
Therefore, the expression of work can be written thus: 
tp th 
A= | F Spat = | Fvat (6.1-1) 


s t 


The product Fv in this formula is the work performed in unit 


time; it is called the power. Indeed, in the case of constant velocity 
and force, the distance is equal to x = vt, the work is A = Fr = 


n 


= Fvt and the ratio of work to the time elapsed is equal to a = Fv: 
Denoting power by W, Fv = W, we can write 
th 
A=) Wat 


v 


tn 


Recall that in the mks (mkg force s or meter-kilogram force-second 
system of units, the force is measured in kilograms kgf: the unit of 
force is the force with which a mass of l kilogram is attracted to 
the earth), the length is measured in metres, the unit of work is mea- 
sured in kilogram-force-metres (kgf-m), the unit of power is kilo- 
gram-metres per second (kgf-m/s). A frequently used unit of power 
is the so-called metric horsepower, which is the power required to 
raise 75 kg against the force of gravity through a distance of one 
metre in one second (75 kgf-m/s). 

In the cgs (centimetre-gram-second) system of units, force is mea- 
sured in dynes (the force that will accelerate a mass of 1 gram 1 centi- 
metre per second per second, or 1 g per 1 cm/sec?), the work is in 
ergs (1 erg = 1 dyne-1 cm), power isin erg/sec. There is also a unit of 
work called the joule, equal to 10’ ergs, and the unit of power called 
the watt, equal to 1 joule per second = 10’ erg/sec. 

A body can be acted upon by several forces, say, F, and F>. Then 
we can speak of the work performed by the first force (A,) and the 
second force (A) during the time that the body was translated from 
the initial position z, to the terminal position z}. Regarding F, 
and F, as constant, we get 


A, = (£r — Zp) Fy, Az = (Tk — Tr) Fe 
Note the signs of the quantities in these expressions. A force is 
taken to be positive when it acts in the direction of increasing z, 
that is, in the direction indicated by the arrowhead on the z-axis 
(Fig. 130), to the right. A force acting in the opposite direction, to 
the left, is regarded as negative. 


17* 
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If a body is translated in the direction of the acting force, the 
work of that force is positive. Imagine a body moving in the direc- 
tion opposite that of the force so that F, and (£h — zn) have diffe- 
rent signs. Then the work A, of the force is negative. Now picture 
two forces acting on a body (Fig. 131a): the force F, of a stretched 
spring and the force F, of the tension ofthe rope which you (the reader) 


— r 


F<0 F>0 
Fig. 130 


hold in your hand. F, acts leftwards, F, <0; you are pulling right- 
wards, F œ> 0. If you pull with more strength than the spring,* 
then the body will move from left to right. In Fig. 134a is shown the 
initial position of the body, and in Fig. 131b the terminal position: 


fə 


Th 
F; 
(b) 


Fig. 134 


(£k — tn) > 0, Fi < 0. The work A, performed upon the body by 
the tension force of the spring, or, more briefly, by the work of the 
spring, in this translation is negative. Here, the work which you 
have performed is positive, A> œ> 0. The total work, A = Ao, A, 
is also positive. But A < A», since A, < 0. This means that only 
part of the work performed by you (A) was received by the body, 
the other part (.|A; |) having gone into stretching the spring. Observe 
that in all cases, the force of friction against a stationary surface 
is directed against the velocity of motion of the body, and so the 


* Mathematically, this means that the absolute value of the force with 
which you pull is ape than the absolute value of the force with which t he 
spring pulls the body leftwards: | Fe] > | F:|. 
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work of the friction force against a fixed surface is always negative, 
irrespective of the direction of the motion of the body. 

A force F, with which a spring, one ered of which is fixed, acts on 
a body differs in one very important respect: this force depends 
exclusively on the position of the body. Not all forces, by any means, 
have this property. For example, the force of friction between a mo- 
ving body and a fixed surface always retards the motion of a body. 
It is directed leftwards if the body is in motion rightwards, and it 
is directed rightwards if the body is in motion leftwards. Thus, the 
direction of the force of friction depends on the direction of motion 


t, 


Fig. 132 


of the body. Besides, the force of friction can also depend on the 
magnitude of the velocity of the bedy. Thus, the force of friction 
depends on the magnitude and direction of the velocity of a body. 

The force F, with which you pull the rope in the example of 
Fig. 131, a and b, can vary in any fashion, at your pleasure. The 
body can, say, move to the right and then to the left. In so doing, 
it will twice pass through the same position: the first time in the 
rightward movement at ¢,, the second time on the return route at 
time to. 

A possible graph of the motion of the body (the dependence of the 
x-coordinate on the time 2) is shown for this case in Fig. 132. We can, 
at time ¢, pull to the right, F» (t) > 0, and at time tz let go of the 
rope so that Fə (t) = 0 or even push the body leftwards so that 
F» (te) < 0. But z(t) = x (tə) = zı and so, speaking generally, 
an arbitrary force F> cannot be regarded as a function of the z-coor- 
dinate. 

The foregoing examples of the force of friction and the force applied 
by a person acting of his own free will serve to demonstrate that 
the dependence of force solely on the position of a body, F, = F; (2), 
which is characteristic of the force F, with which a spring acts on 
a body, is not a general property of all forces, but is a particular 
property associated with the elasticity of a spring. 

To find the work performed by the given force F; using one of the 

xk 
formulas A; = \ F; dz, or Aj = j F; v dt we have to know two 


xn tn 
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things: (1) what the motion of the body was, that is, the dependence 
of the coordinate of the body on time, z (t), and (2) the expression 
of the force F;, which in the general case depends on z, t, and v. 

Knowing the functions z (t) and v (t) and substituting them into 
the expression F; (z, t, v), we get an expression for F; as a function 
of time and we can describe the work as an integral with respect to 
time. 

Example. Let a force F (x) = — kz and let the motion of the 
body be defined by the equation z = b sin wt; then 


US = = bw cos ot, F (x (t)) = — kz (t) = —kbsinot, 
ty A 
— h2 
A; = — b’ kw \ sin wt cos wt dt = = \ sin 2wt dt 


tn t 


t 
= +f cos 2t |À == (cos 20t,—cos 20tn) (6.1-2) 


n 


In this case, when the force depends solely on the coordinate, it 
is much easier and convenient to take advantage of the expression 
of work as an integral with respect to z: 


Xh <p 
— kr? Xh kz? kx} 
A= | F (z)dz = —&k | zdz = Byes 
2 | 2 2 
Xn Xn á 


Substituting z = b sin wt, it is also easy to get the expression for 
work over a specified interval of time from ż,„ to tp: 


A= kb2 sin? wtn _ kb2 sin? wtp 


> ; (6.1-3) 


It is easy to see that this expression coincides exactly with the 
preceding one, since 
cos 2wt = cos? wi — sin? wf = 1 — 2 sin? ot, 
cos 2 wi, — cos 2wt, = 1—2 sin? wt, — (1—2 sin? of,) 
= 2 (sin’wt, — sin?wt,) 
Substituting this identity into (6.1-2) we get (6.1-3). 

A good deal of caution is required when using the expression for 
work as an integral with respect to the z-coordinate in the general 
case of a force F (zx, v, t) depending on x, v, t. Indeed, in principle, if 
the motion x = z (t) is given, then this equation can be solved for 
t and we can determine ¢ (x). But one must bear in mind that t may 
not be a single-valued function of z; x may have one and the same 
position for two distinct instants of time, which means that one and 
the same value of x is associated with two distinct values of ¢ (see 
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Fig. 132). Then the overall motion has to be divided into separate 
periods during which the velocity does not change sign and ¢ is 
a single-valued function of x. But for different periods, ¢ is expressed 
by unlike functions of x. For example, let a body be moving via the 
law x = b sin wt, as in the preceding example, but the force is 
given as a function of time, F = f cos wi, the force not being 
a single-valued function of the position z. Indeed, let ¢ = 0, then 


x = 0, F =f. If we put t = L, again z = 0 but then F = — f so 
that the body will be in the same position x = Q at different times 
(4 = 0 and t = Z) though the force will not be the same. This dif- 


ficulty is absent when integrating with respect to time: to every 
instant of time t there corresponds one definite value of the z-coordi- 
nate, the force F and of all other quantities. 

It is easy to find the work by integrating with respect to time, 


th th te 
A= \ Fv dt = \ f cos wtbw cos wt dt = fbw \ cos? wt dt 
th tn tn 


Let us take advantage of the above trigonometric formula 


cos 29 = 2 cos? ọ — 1 


Whence 
3 1 cos 2M 
cos? g = = -!. 5 
Therefore 
tk 
A = foo \ (+ oe os cor ) at 
tn 


on = foo (t, — tn) +P (sin 2w¢,—sin 2wt,) (6.1-4) 


As is evident from (6.1-4), the work increases without bound with 
the passage of time. This is due to the fact that the force and the 


oscillations are in resonance (resonance will be examined in detail 
in Sec. 6.11). 

Motion in accordance with the law x = b sin wt represents oscil- 
lation of the body. Consider the work of a force during one half- 
period, choosing for the initial time t, = 0, zn = O and the termi- 


nal time t} = =, sin of, = sin n = 0, zp = 0. Then, in (6.1-4), 
sin 2ot, = sin 2mt, = 0 and the work is 


1 
A=- foo =F fb (6.1-5) 
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The body has returned to its initial state, while the work performed 
by the force is not equal to zero but has a definite magnitude. How is 


this result to be understood from the viewpoint of the first formula 
Xk 


A= \ F dz? At first glance, if we substitute z, = zp = 0, we get 
xn i 
A= \ Fdx=0 
0 


Actually, however, we have to consider separately the process of 
buildup of z from Q to max = b and the process of decline of x 
from Zmay = b to 0. During buildup, each value of x is associated 
with a definite value of the force F, which we denote by F, 


F,=foosot=fV1—sm oi =f y 1—(4)'>0 


During decline of xz, the same positive values of z are associated with 
a negative value of force,* which we denote by Fs: 


Fa(a)=—f y 1—(4)’ 


Thus the integral with path x for variable of integration breaks up 
into two: 
b 0 
A= \ F, (x) dx + \ F, (x) dz (6.1-6) 
b 


0 


These two integrals cannot be combined by the formula 
b 


| pdz + í ọpọ dz = í pdx 


a b 


since the integrands in the two integrals of (6.1-6) are defined by 
different formulas, although their meaning is the same (force). 
This is due to the fact that F is given as a function of ¢, while ¢ is 
expressed in terms of zx by different formulas for increase of zx from 0 
to b and for decrease of xz from b to 0. In this case, F, (x) = 
= — F, (x). Substituting the expressions for F, (x) and F, (x) into 


* The equation cos? œt -+ sin? wt = 1 is true for all values of wt. From 
this it follows that cos ot = + V1 — sin? ot and the sign in front of the radical 


depends on the value of wt. It is easy tosee that for — > < ot < > one has to 
a < ot < Ži the minus sign, which was done above. 


take the plus sign, and for 5 
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(6.1-6), we get 


a-f V 1—(4)' a Ee. 


b 


In the second integral we can interchange the limits of integration 
(this changes the sign of the integral) to get 


b 


A= 24 | 1—(4) de (6.1-7) 


0 
Putting z =>, dx = b dz, we find 


1 
A= 2b¢ | VI=#az 
0 


1 
The integral J = \V1 — 2 E = (the area of a quadrant of 


0 
a circle of radius 1), and so from (6.1-7) we have 
at m 
A = 2bf z= “+ Of 


which coincides with formula (6.1-5) obtained by integrating with 
respect to time. 

Thus, in the case of a force that is dependent on time and can assu- 
me different values for the same value of x, the work A is also not 
a single-valued function of x. In the foregoing case of oscillatory 
motion, F = f cos wt, x = b sin wt, the quantity x again and again 
passes through the same values in the course of time, and the work 
performed by the force continues to increase all the time (for posi- 
tive f). 

If the force is a function of velocity (as is the case of friction), 
the situation will be similar: the body can return to its original 
position, but the work of the force will not be zero. In the case of the 
force of friction, the work is negative (see exercises). 


Exercises 


1. Find an expression in the form of an integral for the work of friction, 
the force being proportional to the velocity of motion of the body and in the 
opposite direction, F = —hv, h> 0. Demonstrate that the work is negative. 

2. The force of friction is constant in magnitude and opposite in directiom 
to the velocity, that is 

(—h if v>0 
F= 
+h if v<0 
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The body moves in accordance with the law z = b sin wt. Find the work of 


the force of friction during a time interval from t = 0 to t= L, 


3. The force acting on a body is given by the formula F = f sin wot, fo 
a constant. Since the body is also acted upon by other forces, it moves according 
to the law xz = b sin @,t. Determine the work performed by the force F during 
the time interval from t = 0 to ¢ = ¢,. Consider the case Wp = 04. 

4. A body is falling according to the law z = E 


downwards). Find the formula for the work resulting from the air-resistance 


(the z-axis is directed 


force F = —aSp , where a is the constant of proportionality dependent on 
the shape of the body (it can vary between 0.1 and 1), S is the cross-sectional 
area of the body in cm?, p is the air density (1.3 X 10-3 gm/cm?), v the rate 
of fall in cm/sec. Also find the formula for the work done by the force of gra- 
vity F = mg, where m is the mass of the body. 

Perform the computations and compare the results for a wooden ball of 
diameter 1 cm, a = 0.8 and for a steel bullet of length 3 cm, diameter 0.7 cm, 
a = 0.2, for t = 1 sec, 10 sec, 100 sec. 

Remark. The idea behind the calculation is that we assume that the force 
of air resistance is to be small compared with the force of gravity and does 
not noticeably affect the law of free fall. Computing the work done by the air 
resistance and comparing it with the work performed by gravity, we verify 
the correctness of our starting assumption concerning the small role of the 
force of air resistance. In Sec. 6.7 we give the exact solution of the problem 
of free fall with air resistance taken into account. 

5. A wind blowing with a speed of vo acts on the sail of a boat with a force 
equal to 


— v) 


2 
+asSp Morr for v < vo, 


— y)2 
vor for u> v9 


where v is the rate of motion of the boat, S is the area of the sail, p is the air 
‘density, a is a dimensionless coefficient (for the sail perpendicular to the wind 
‘direction, a ~ 1). Find the work done by the force of the wind in moving the 
boat b metres. Find the power of the wind force. Assume that the boat is in 
uniform motion at a constant speed v. Determine work and power as functions 
of v. Find the maximum power for v9 = 30 m/sec, a=1, S = 10 X 10 m? 
and express it in metric horsepower. 

6. A body is in motion in accord with the law x = c cos (wt + a) under 
the action of a force F = f cos wt. Find the work done by the force during the 
‘time interval from ¢ = t, to t = t}. Find the work done bythe force during 


one period of operation (from t = 0 to t= =) . Determine the mean power. 


6.2 ENERGY 


We consider the case of a force that depends solely on the position 
(coordinate) of the body, F = F (x). As we have already mentioned, 
an instance of this kind of force is the force with which a spring acts 
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on a body, the other end of the spring being fixed.* In that case, the 
xh 


expression A = \ F dx may be applied without any complications 


xn 
{compare this with the preceding section). In particular, in this case 
if the body first moves in one direction from z, to £m, and then in 
the opposite direction returning to the initial position, then z, = 
= z,, and the total work done by the force is actually equal to zero, 
xp,p—xXn 
Ae | F (x) dz =0 
xn 
Dividing the path length into sections only corroborates this con- 
clusion: 


xm xk xm xm 
wey a P ime F dz 


and A = Q for x, = 2p. 

In mechanics, potential energy is defined as the capacity to do work. 
A spring possesses a definite reserve of potential energy depending on 
how compressed or stretched it is. If one end is fixed in position, the 
potential energy of the spring depends on the position of the body 
to which the free end of the spring is attached. Thus, the potential 
energy u = u (zx) is a function of the coordinate x. If in the initial 
position, the potential energy is u (z,),then after the body has been 
displaced to z}, when the spring has performed work A equal to 


xk 
A= | F (x) dz 
xn 


the remaining potential energy is equal to u (x,) — A. Thus 
xk 
u (£h) =U (tn) — A =u (tn) — \ F (x) dx (6.2-1) 
xn 
Get a good feeling of the sign affixed to A in this expression: if the 
spring does work, then the reserve capacity of the spring to do work 
will diminish! The work performed by the spring is taken from the 
reserve of potential energy. For this reason, the work done (that 
given up by the spring) is equal to the difference between the initial 
and final energy of the spring: 


A = u (Za) — U (£h) 


* If the second end of the spring is allowed to move at random, the force 
acting on the body will depend not only on the position of the body but alse 
on the position of the second end of the spring and this does not satisfy the 
stated condition. 


268 HIGHER MATHEMATICS FOR BEGINNERS 


All formulas involve the difference of potential energy in two po- 
sitions of a body. Therefore, if we replace u (x) by u (xz) + C, where 
C is an arbitrary constant, this will in no way affect the physical 
results. Indeed, 


[u (t,) + C] — lu (a) + C] = u (£a) — u (zh) 


The value of u (x) at some given point, call it zo, can be chosen qui- 
te arbitrarily. Denote it by uo. Then at some other point z, the value 
of the function u (x) is determined from the formula (6.2-1) ifin it we 
put 2, = To, Lp = T, 


u (£) = Up— \ F (x) dz (6.2-2) 


That is how the problem of determining the potential energy from 
a given force is solved. 

We can pose the converse problem: knowing the potential energy 
as a function of x, u (x), find the force F (x). To solve this problem, 


ACP WI} 
A 
gz=0 
Fig. 133 


take the derivative of both sides of (6.2-2). The derivative of the 
integral is equal to the integrand, so that 
du 


(z) 
=o — F(z) 


The minus sign here is very essential. The force is positive (in 
the direction of increasing z) if & is negative; that is, as x increases, 
the potential energy u decreases. The force is negative (in the direc- 
tion of decreasing zx) if > 0; that is, when z increases, the energy 


u increases. In this case, obviously, as x decreases, the energy u also 
decreases. This means that the force is always in the direction of 
diminishing potential energy. 

Let us examine in more detail the example of the spring. Let the 
body be at the origin when the spring is not under tension (Fig. 133). 
When the body is pulled to the right, the force is proportional to the 
displacement of the body and is directed leftwards: 


F = — kz, k>0 
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Assume Uy = 0 for x) = 0, that is, regard the potential energy for 
the nontense spring as zero. This yields 


u(a)=—{ Fdz=k | zdr=k Z 
Ü 0 


It is easy to see that this u (x) is associated by the formula F = — - 
PAR - d zy 
with a force F = — z (3) = — kz. 


We consider a second example, the force of gravity. Send the 
z-axis upwards. The force of gravity acts downwards and is equal to 
—mg, where g is the acceleration of gravity. It is independent of 
the height z, but a constant quantity is merely a special case of 
a function. The important thing is that the force of gravity does not 
depend on time and velocity. We can therefore make use of the for- 
mulas derived above. We take as zero the potential energy of the 
body at the earth’s surface when z = 0. Then 


u (2) = — | F dz = — | (—mg) dz = mgz (6.2-3) 
0 0 


The potential energy grows linearly with increasing height of the 
body above the earth’s surface. 

In the preceding example we assumed that the distance z is small 
compared with the radius of the earth. Let us now examine the attra- 
ctive force on the assumption that the distances can be arbitrarily 
large. By Newton's law of gravitation, the attractive force is inver- 
sely proportional to the square of the distance between the bodies. 
We know that for a body above the earth’s surface, the force of gra- 
vitation towards the entire globe is equal to the force of attraction 
to a mass equal to the earth’s mass and concentrated at the centre of 
the earth.* It is therefore convenient to reckon the distance from the 
centre of the earth. Denote it by r. Then the force acting on a body is 


koe 


r2 
The constant C is taken to be positive. The force is negative since 
it is directed towards the centre of the earth, and the coordinate r 
increases as the body recedes from the earth; the force acts in the 
direction of diminishing r. 
The constant C can readily be determined from the condition that 
the force acting at the earth’s surface (r = rọ = 6400 km = 


* This does not hold true for a body inside the earth, in which case we have 
regard oy for that portion of the earth’s mass between the earth’s centre and 
the body. 


270 HIGHER MATHEMATICS FOR BEGINNERS 


-= 6.4 x 108 cm) is known: 
C 
F (ro) = — mg = ar C = mgr? (6.2-4) 


where g is the acceleration of gravity at the earth’s surface, g = 
= 981 cm/sec?. We finally have 


mgr? 
fan oro 
r 


For zero we again take the potential energy of the body at the 
surface of the earth. Then 


= mgr? (——+—) = mg (r,—) = mg -> (r— ro) (6.2-5) 


At a small height z = r — ro & ro, T differs but slightly from unity 


and, approximately, we have 


u (r) = mg (r — rọ) = mgz 


which coincides with formula (6.2-3) obtained earlier. But, as can. 
be seen from (6.2-5), the potential energy does not increase without 
bound with increasing r, as would have been the case in accordance 
with the approximate formula (6.2-3), but tends to a definite limit 


u( co) = mgro 


Thus, making allowance for the decrease of gravity with distance, 
the energy of a body at an infinite distance is the same as, by the 
approximate formula, at a distance of rọ from the earth’s surface, 
or at a distance of 2r from the centre of the earth. 

In this problem we encountered a physical situation involving 
infinite distance. In this respect we must note that in any physical 
problem we are always interested in finite quantities, finite distan- 
ces. For instance, if we consider the motion of a body and the energy 
of the body as dependent on the earth’s gravity, then we can be 
interested in attaining the moon, Mars or other planets, even stars. 
All these objects involve distances that are very very great relative 
to that of the earth’s radius, but they are finite! 

Suppose we consider the problem of launching a rocket to a great 
height, to a considerable distance from the earth. We are interested 
in the energy required and the time of flight. Here are two cases: 

(1) a space vehicle is to traverse a distance of R = 10 rọ where ro 
is the earth’s radius, | 

(2) a space vehicle is to traverse R = 100 ro. 
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The time of flight is roughly proportional to the distance. Accordin- 
gly, in the second case the vehicle will be in flight 10 times longer 
than in the first case. A change in R produces an essential change in 
the time of flight. For this reason, one cannot replace R by infinity 
when considering time of flight. 

The work needed to tear away from the earth and go a distance R 
from the centre of the earth is i j 

2 
As= mgr, (=F) 
Recalling that rọ = 6.4 x 108 cm, we get A, = mg x 5.76 x 108 
in the first case and A, = mg x 6.34 x 10° in the second. 

A 10-fold change in distance caused a relatively small change in 
the requisite energy. If we replaced R by infinity, we would get 
Aw = mg x 6.4 x 108 
A, differs from A. by 10%, A, differs by 1%. That is why, when 

computing work, R may be replaced by infinity. 

To summarize, then, one and the same quantity R in one and the 
same problem can either be replaced by infinity or not, depending 
on the aspect considered. The possibility of such a substitution de- 
pends not only on the quantity R itself (and its comparison with 
other quantities of the same dimensions entering into the formulas, 
ro in the given case). The possibility of replacement depends on the 
structure of the formula in which it occurs. 

Returning to the question of potential energy of a body attracted 
to the earth, let us find the numerical value of u (oo) per unit mass: 
in the cgs system of units it is equal to gro = 981 x 6.4 x 108 x 
=~ 6.28 x 101! erg/gm, in the mks system, gro = 6.28 x 108 kgm ; 
It will be interesting to see what this quantity looks like in thermal 
units: 1 kilocalorie is equal to 427 kgf-m so that u (œ) = 15 x 
x 10? kilocalories per kilogram. This is 30 times the evaporation 
heat of water and 10 times the chemical energy of explosives. 

In problems of celestial mechanics and in physics it is advisable 
to choose for zero the potential energy of a body located at an infi- 
nite distance from the mass attracting it. Then for the potential 
energy of a body at distance r we get 

T 


u(r) =u(oo)— | F (r) dr = ——— 


where C is the constant in the expression of the force (F = — a) 


it is determined from formula (6.2-4) if we know the acceleration of 
gravity, g, at the earth’s surface and the radius of the earth, ro. 

We can obtain a different expression for C. By Newton’s law of 
gravitation, = — G eh where m is the mass of a body attracted 
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to the earth, M is the mass of the earth, r the distance to the centre 
of the earth and G the gravitation constant equal to 6.7 x 10-8 
dyne cm?/g? = 6.7 x 10-8 cm3/g-sec?. Therefore C = G mM. Using 
this formula, we can easily determine C if we know G and M. 

The problem of potential energy of two electric charges e; and e, 
is completely analogous to the preceding one. The interaction force 
between them is equal to 


(6.2-6) 


e4e 
F=k ee 


r 


Here if the charges are expressed in the electrostatic system of units 


nin coulomb), the force in dynes, then 
k = 1 in formula (6.2-6). There is no minus sign here that we see in 
the expression for the gravitational force. Indeed, if e} and e, are 
like charges (both positive or both negative), the product ee, is 
positive. But then the charges repulse one another, i.e., the force 
F is positive. 

Again defining u (r) so that u (co) = 0, we get 


(the unit of charge = 


u(r) = = 


The potential energy of two like charges separated by a finite distan- 
ce is positive: they repulse and, moving from r to œœ, can perform 
work equal to 

u (r) — u (œ) = u (r) 


The potential energy of two unlike charges is negative. Indeed, 
eye, < O if e, >Q, e, <0; this is clear physically: since unlike 
charges attract, energy must be expended to pull them apart to 
infinity. 

Observe that thanks to the law of conservation of energy, the 
potential energy may be defined not only as the capacity to do work 
but also as the work required to bring a system to a given state. 
A stretched spring can do a definite amount of work in returning to 
the unstretched state. That, clearly, was the work that had to be done 
in stretching the spring. Similar assertions may be made in the case 
of a body raised a definite height above the earth, or for a system of 
two charges. 


6.3 EQUILIBRIUM AND STABILITY 


We consider a body that can move without friction along a straight 
line, which we take for the z-axis. Let the body be acted upon 
by a force directed along this axis and dependent on the z-coordi- 
nate. We can again picture the spring. Below we will examine other 
examples as well. 
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The equilibrium position of a body is defined as that position for 
which the force is zero and the body is at rest. Denote by zy the point 
of equilibrium, then F (z 9) = 0. Expanding the function F (x) in 
a Taylor series and ignoring all powers of (x — zo) except the first, 
we see that two versions of the function F (x) are possible in the 
neighbourhood of point x) [provided F (x9) = 0]: F (x) = ky (x — 
—Zo), F (x) = — k, (x — Zp). In both formulas, it is assumed that k; 
and k, are positive quantities. The first case is shown in Fig. 134a, 
the second in Fig. 134b. 

These two cases are associated with an entirely different character 
of equilibrium. In the case of Fig. 134a, if the body is somewhat to 
the right of point zo, then it is acted upon by a positive force, i.e., 
a force which pulls it farther rightwards. Thus, the equilibrium at 


F FA 
0 Lo T 0 To T 
(a) (b) 
Fig. 134 


point z = zy in Fig. 134a, is unstable. A slight deviation of the body 
(whether to the right or left makes no difference) suffices for a force 
to begin to act on the body that will increase the deviation. On the 
contrary, in the case of Fig. 134b, the force is negative (pulls 
leftwards) when the body deviates to the right. Deviation of the 
body from the equilibrium position gives rise to a force which tends 
to return the body to the position of equilibrium. Here we have to 
do with stable equilibrium. It is easy to see that the second case 
occurs for a body attached to a spring. 

In accordance with the above expressions for force, we find the 
expressions of potential energy via (6.2-2). In the case of unstable 
equilibrium, 


4 
u (x) = u (z0)— -5 kı (x — 10)? 
In the case of stable equilibrium 
4 
u (x) = U (Xo) + > k2 (£ — 10)” 
The appropriate curves are shown in Figs. 135a, 135b. 
Thus, in the case of unstable equilibrium, the potential energy 


has a maximum, in the case of stable equilibrium, it has a minimum. 
In both cases, the force is zero at the point of maximum or minimum, 
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This result is quite natural. If a body is in the state of maximum 
potential energy, then energy is released during displacements in 
both directions. This energy can be used to overcome inertia’ and is 
converted into kinetic energy. But if the body is in the state of 
minimum energy, then energy from an outside source is required to 
move it to any other position. This energy will go to increase the 


Fig. 135 


potential energy. A small expenditure of energy will displace the 
body only a small distance. These properties of a body in a position 
of minimum potential energy fully accord with the concept of stable 
equilibrium. | 

When gravity acts near the earth’s surface, the potential energy 
is mgz, where z is the height above the surface. The curves depicting 


Fig. 136 


the function u (x) can be visualized as curves indicating the height 
of a body as a function of the horizontal z-coordinate. We have to 
imagine a body in motion along a curve like a bead on a stiff wire. 
The curve u (x) corresponds to the shape of the wire if the plane of 
the drawing is vertical. Then it is clear that the maximum of u (zx) 
is (see Fig. 135a) a point on the wire from which the bead slides down- 
wards at the slightest touch, and the minimum of u (x) (Fig. 1350), 
the lowest point at which the bead is in a stable position, and any 
other beads on the wire would strive to take up that position. 

The graph of u (x) thus gives a pictorial visualization of the direc- 
tion of forces and character of equilibrium. 

Let us examine a few examples. 

1. Referring to Fig. 136, let a charged body be in motion along 
a straight line (which we take for the z-axis) on which are fixed two 
identical charges symmetric about the origin at a separation of 2a. 
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It is quite clear that at the origin the body is in a state of equili- 
brium. Indeed, in this case the forces acting on the body from the 
fixed charges are equal in magnitude and opposite in direction so 
that they balance, which me- 
ans their resultant is zero. 

The potential energy of the 
body is made up of two terms: 


-} 


where e is the charge on the 
body, e, is the fixed charge, 
r’ is the distance to the left- 
hand charge, r” to the right- 
hand charge, 


ée4e 
r’ 


eye 
r" 


u (x) = 


r’=a2z2+ar*° =a~—z 

and so 
1 1 
u (x) = eye (ss tae } 

(6.3-1) 
The appropriate curves are 
shown in Fig. 137. The upper 
curve corresponds to ee > 0, 
which is the case of a like charge of body and the fixed charges, the 
lower curve corresponds to e,e < 0, which means that the body 
has a charge opposite to the fixed charges. 

In the case of eye < 0, equilibrium at the origin is unstable. 
Indeed, the body is attracted both by the left and the right 
charge and at the origin the forces of attraction balance. But if the 
body is displaced the slightest bit in any direction, say to the right, 
then attraction on the right will exert a stronger effect and will 
continue to pull it rightwards. 


We find Tila . Using (6.3-1), we get 


Fig. 137 


du 1 ; 1 
T= ee | Gar + aoa | eae 
Putting z = 0 in (6.3-2) we have 
d?u __ 4eje 
dz? |x=0 a3 
d*u 


Hence, for z = 0, 3 a 0 if e,e > O. In this case, u (x) has a mini- 


mum for xz = 0 and the equilibrium is stable. But if ee < 0, then 
d*u 

dz2\x—0 
brium is unstable. 


<0 and u (x) has a maximum for z = O and the equili- 
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2. Similarly, we consider a situation in which the charges are 
spaced in the same way from the origin, but along a straight line 


Fig. 138 


perpendicular to the line (z-axis) along which the charged body is 
in motion (Fig. 138). In this case the potential energy is 


— €4eé 
= OTe 
[the graph of potential energy for a = 1, |e,e| = 1 is shown in 


Fig. 139]. In Example 2, equilibrium at the origin is unstable for 


Fig. 139 


e,e > Q. If the charge on the body is opposite to the fixed charges 
(ee < 0), the equilibrium is stable. 

This is easy to establish if we examine the force acting on a moving 
charge (Fig. 140). Let ee > 0. Displace the body rightwards from 
the position of equilibrium. Then the resultant force of repulsion 
is also directed to the right, further increasing the deviation. The 
equilibrium is unstable. In the case of eye < 0, the resultant force 
is in the direction of decreasing deviation. The equilibrium is 
stable. 


í ; ; i d2 
These results are also readily arrived at by considering = 3 
L= 
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Observe that for ee > 0, when stability occurred in Example 1 
(Fig. 136), in Example 2 (Fig. 138) we had unstable equilibrium. 
For eye < 0 (unlike charges), the situation was reversed: the equili- 
brium is unstable for the arrangement of charges as given in Fig. 136 
and is stable for their arrangement shown in Fig. 138. 

Turning Fig. 138 through 90°, we note that actually it refers to 
the same initial distribution of charges in the equilibrium position 


Fig. 140 


as in Fig. 136. We can say that Figs. 136 and 138 refer to the same 
initial distribution of charges but the directions of motion under 
consideration differ (Fig. 141). Then the equilibrium will always 
(for any signs of the charges) be so at 
tabs in one direction or in the pe 
other. 

Proof is given in electrostatics that 
this result is quite general: there is 
no point of equilibrium in the space 
between external fixed charges such 
that equilibrium is stable relative to 
displacements in any direction. 

The general proof of this fact given 
below may appear too hard for the 
reader and he can skip it without any loss of continuity in the book. 

For proof in the general form, note that the potential energy of 
a charge e at point (z, y, z), depending on its distance r from a fixed 
charge e, located at point (z1, Y1, 2,) is given by the formula 


As in Fig. 156 


Fig. 141 


u = £1 Pee ete eee ees E 
ro VV (2@ = 24)? + (y— 1)? + z) 


2 
Consider the motion along the z-axis and find 2 for y and z 


2 
constant. This quantity is denoted by as Then in analogous fashion 


o2 


2 
we find z and = , which refer to motion along the y- and z-axes, 
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respectively. It turns out (and the reader should convince himself of 
this) that for arbitrary x, y, Z, 24, Y1, 2, the sum of the second deriva- 
tives along the three perpendicular axes is equal to zero! 

ðu 02u 02u 

gn + gya Gea =0 

Obviously, this property will be preserved for the sum of any 

number of terms of the form T, where ep is a fixed charge at the 
point (£h, Yk, Zk) and rp is the distance of charge e from this point. 
Consequently, for any distribution of fixed charges in space, the 
following formula is valid: 

d2u 2u d2u 


a oe oe (6.3-3) 


in particular, also at the point at which the charge e is in equilibrium. 
For equilibrium, it is necessary that the forces along any axis be 
equal to zero. For this we must have = = 0, = ==), = =; 

If the forces acting along three perpendicular axes are zero, then 
so also is the force in any direction.* 

For equilibrium to be stable relative to motion along all three 
perpendicular axes, it must be true that 


02u ôu ðu 
x2? > 0, Oy? > 0, O22 >0 


But this contradicts equation (6.3-3) since the sum of three positive 
quantities cannot be equal to zero. 

During recent years (beginning with 1956) the question of whether 
it is possible to hold charged particles stable by acting on them with 
fixed charges has attracted considerable attention. To obtain nuclear 
energy via a deuterium reaction it is necessary to contain charged 
particles in space and not allow them to collide against the walls of 
the containing vessel. By what has just been proved, this cannot be 
achieved by arranging charges on the walls of the vessel, no matter 
how the charges are chosen. Inventions in this direction are therefo- 
re clearly hopeless. We now know that, fundamentally, the problem 
may be solved by applying a magnetic field. 


Exercises 


1. A charge e is moving along a straight line on which are fixed two positive 
charges e; and ez = 4e; at a Separation of 2a. Find the point on the straight 
line at which equilibrium of the charge is possible and determine the type 
of equilibrium. Consider two cases: e > 0 and e < 0. 

2. Solve Problem 1 when the sign of charge e, is changed. 


* If we have a nonzero force F acting in some direction, then there will 
be a force acting along each axis equal to the projection of the force F on the 
axis, 
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6.4 NEWTON’S SECOND LAW 


Newton’s second law of motion states that the product of the 
mass by the acceleration is equal to the force applied.* The accele- 
ration a is the derivative of velocity v with respect to time; in turn, 
velocity is the derivative of the coordinate of the body with respect 
to time. Thus 


d 
ma =m S- = F (6.4-1) 
or 
d2z 


We begin with the case where the force is given as a function of 


time, F = F (t). This means that the derivative = is given as a fun- 


ction of time. Using Newton’s law (6.4-1) it is easy to find the velo- 
city at any given instant of time. Besides the applied force we also 
have to specify the velocity at some time tọ. Then 

t 


v(t) =v (t) + — \ F (t) dt (6.4-3) 
to 

Knowing the velocity as a function of time, v (t), and the initial 
position x (to) of a body, we can find the position of the body at any 
time: 
ime , 

x (t) = z (to) + \ v (t) dt (6.4-4) 

to 

where v (t) is given by the preceding formula. 

The relationship between velocity and distance is considered in 
detail together with examples in Chapter 2. 

On the whole, formulas (6.4-3) and (6.4-4) solve the problem of 
finding <x (t) from equation (6.4-2), which is a differential equation 
of the second order involving the second derivative of the unknown 
function zx (t). The answer includes not only the given function 
F (t), but also two constants defined from the initial conditions: the 
position and the velocity of the body at a given time tọ. 

If the law of motion of a body is given or has been experimental- 
ly determined, that is, we know the function z (t), then it is easy to 
find the force applied to the body: to do this we have to find the 
second derivative of the function z (t) and multiply it by m [for- 
mula (6.4-2)]. 


* Newton’s first law, the law of inertia, states that any body at rest or 
in uniform translational motion will maintain this condition unless acted 
upon by an external force. In this case, the acceleration is equal to zero for a 
force equal to zero. Thus, the first law is contained within the second law as 
a particular case. 
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Exercises 


1. Find the law of motion of a body acted upon by a constant force F if 
at time t = 0 the body is at rest at the origin (x = 0). 

2. The same provided that x = 0, v= v at t= 0. 

3. The same provided that z = 2, v = vp at t= 0. 

4. A body of mass 20 kg begins to move under the action of a force of 1 kef 
from the origin without an initial velocity. What distance will it cover in 
10 seconds? 

5. A ball falls from a height of 100 metres (initial velocity, zero). How 
long will it take the ball to reach the ground? (Disregard air resistance.) 

6. Under the conditions of the preceding problem, the ball starts falling 
at velocity vo = 10 metres per second. Examine two cases: (a) the initial velo- 
city of the ball, vo, is directed downwards, (b) the initial velocity, vo, is directed 
upwards, Determine the time required to reach the ground; and the velocity 
it will have at the time of impact. Verify that in cases (a) and (b) the velocity 
at impact is the same. 

7. A body is acted upon by a force which is proportional to the time that 
elapses from the beginning of motion (the constant of proportionality is equal 
to k). Find the law of motion of the body if it is known that the body begins 
moving from point z = 0 with initial velocity vp. 

8. A body is acted upon by a force periodically varying in time, F = 
= f cos wt (f, œ are constants). 

(a) Find the law of motion of the body provided that z = 0, v = Oat t = 0. 
Establish that this is oscillatory motion. Determine the period of oscillation, 
the maximum value of z (t) and the greatest value of the velocity. 

(b) The same for a force F = f sin wt and z = 0, v=0 at t=0. 

9. A body is in motion under an applied constant force F. At time t =tọ 
the body is at point z = zo. Find the velocity the body must have at t = tọ 
so that at t = tı it will reach point x = z4. 


6.5 IMPULSE 


The problem of finding the law of motion of a body for a given 
dependence of the force on the time was, in principle, solved in the 
preceding section. Here we will examine the properties of this solu- 
tion and certain new concepts associated with the solution. 

The product P = mv of mass by velocity is called the quantity 
of motion (momentum). The quantity | 


t 


| F(t) dt (6.5-1) 


to 


is known as the impulse of the force during the time interval bet- 


ween ż and t. 
Formula (6.4-3) may be written 


t 
| Fat=P (t) — P (to) (6.5-2) 


to 


In words: impulse equals change in momentum. 
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There are forces that act during very brief time intervals (an 
instance is the blow of a hammer and the rebound after striking 
a body). Both prior to and following the, blow, the force is equal to 
zero. It is clear that in the absence of other forces (other than the 


F š 


Fig. 142 


brief blow) the body prior to the blow moves with a constant velo- 
city and after the blow with another, also constant, velocity. 

Let F (t) be different from zero only during the interval between 
t, and ¢, (Fig. 142). We consider the integral 


te 
I= | Fat (6.5-3) 
ti 


It may be called the total impulse in the sense that the integral is. 
taken over the entire interval of time during which the force acts. 
The expression (6.5-1) involves an integral from to to t. If to < ty 

and >œ tą, then 

t 

| Fdt=1 

to 
Indeed, we write 

t ty to t 


eae ah abt Le 


to to 2 


The first and third integrals on the right are equal to zero since 
F = Q over the respective intervals and the second (middle) inte- 
gral is J. Thus, from (6.5-2) and (6.5-3) we get P (t) = P (toà) + 
+ I if tj)< th, t> ty. 

From formula (6.4-3) we see that the velocity following the blow 
depends solely on the impulse of the force, that is, on the integral 
of the force but not on the particular type of the function F (t). 
For example, several different curves of F (t) shown in Fig.-143 all 
yield the same impulse, which is to say, they all change the veloci- 
ty of a body by the same amount. It is not difficult to draw the appro- 
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priate graph of velocity, v (é), for each of these curves of F (i). 
Fig. 144 depicts these graphs under the general assumption that the 
initial velocity is equal to zero. The common element of all the 


Fig. 143 


curves in Fig. 144 is the finite value of velocity. All the curves go 
into a horizontal straight line on the right at a height of v = A 


Each of the curves of F(t) in Fig. 143 may be compressed along 
the axis of time and proportionately stretched along the axis of 


Fig. 144 


force. The area under the curve of F, that is, \ F dt, the total impul- 


se, does not change in the process. That is precisely how, say, Cur- 
ve 2 in Fig. 143 was obtained from Curve 1. 

The shorter the time of action of a force, the shorter the time inter- 
val during which the velocity of a body varies from the initial value 


va = 0 to the final value, vp =~ (Fig. 144). Thus, in the limit, for 
m 


a very great force acting during a very small time interval, the graph 
of velocity takes the shape of a step (Fig. 145). It is not essential 
here which of the curves of Fig. 143 we compressed: the step is cha- 
racterized by only one quantity, Vk = A and this quantity is the 
same for all the curves. 
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If prior to the application of the force the body was at rest at 
point xo, then after a brief application of a large force the body be- 


gins to move with a constant velocity equal to 2 . If the force acted 


at time ¢ (we consider the interval from ¢% to ¢, to be small and we 
do not distinguish between ¢, and ¢,), then the position of the body 
as a function of the time is given by the formulas 


scar N (6.5-4) 
I 
z= to + — (t— tı), t>t, 
The appropriate graph is shown in Fig. 146. Observe that x (8 
satisfies the equation 


d*x 


Recall that on the graph of z (t), the first derivative z is connected 
with the slope of the tangent to the curve. The second derivative 


Fig. 145 Fig. 146 


describes the rate of change of the first derivative, that is, the second 
derivative is connected with the curvature of the curve z (i). 

In Fig. 146 the curve x (t) has a salient point at t = 4, z = Zp. 
The salient point can be regarded as a point at which the curvature 
is infinite so that the existence of a salient point corresponds to the 
consideration of a very large (infinite in the limit) force. However, 
dz 
dt 
hence, the very large force acted over a very small interval of time 
so that the impulse is finite. The impulse can readily be found from 
the graph (Fig. 146) by computing the velocity after the application 
of the force and utilizing formula (6.5-2). 

The law that we have found concerning the motion of a body 
which up to time ¢ = t was at rest, and at that moment received an 
impulse J will help us to refine the formulas (6.4-3) and (6.4-4) of 


both before and after the salient point the derivative = is finite; 
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the preceding section. For this we need a special case of the formula 
(6.5-4) when, at ¢ = q, the body is at the origin (x) = 0). Let us 
introduce some special notation: 


0, t<T, 
’ t, = I 6.5-5 
Tı ( T) i — (t—1), t>T ( ) 


If we substitute v (t) from (6.4-3) into (6.4-4) and use more accura- 
te designations (so that the upper limit and the variable of integra- 
tion have different letters), we get an expression which at first glan- 
ce is rather unwieldy: 

t ti 
1 
x (t) = x (to) + (£— to) -v (to) + — \ dt, \ F (tg) dta (6.9-6) 
to 


to 


The integral here can be transformed by the formal rules for hand- 
ling repeated integrals. But we have not mentioned such rules any- 
where and so we get the transformed expression (in the form of a sin- 
gle integral) by using the law (6.5-5) of the motion of a body under 
the action of a single impulse of force. 

The action of a force F (t) during the time interval from Tt to 
t-+ At may be approximately replaced by the action of the impulse 
Al = F (t)-At. We already know the motion of a body under the 
action of such an impulse: see formula (6.5-5) in which J is to be 
replaced by AT (1). 

It then only remains to combine the contributions of all intervals 
At; to the coordinate x (t) to get 


x (t)= X zi (t, AI (1) = S (t—1)- F (0) At 


a \ F (t)-(¢—t) dt (6.5-7) 
to 


Here, as usual, we replaced the sum by the integral for sufficiently 
small subintervals At. Formula (6.5-7) does not take into account 
the initial coordinate x (tọ) and the motion with the initial velocity: 
(t — to)-v (to); we simply add these terms to expression (6.5-7) and 
we finally have 

t 


x (f) = 2 (to) + Eto) v(m) + | F) E—t)dt (6.5-8) 


to 


Formula (6.5-8) has the advantage over (6.5-6) that in (6.5-8) we 
have to integrate only once. We did not state why we can merely 
add the summands involving the individual impulses, the initial 
velocity, and the final coordinate. This is examined in more detail 
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in Sec. 9.5. Here it suffices for us that we can directly verify the 
2 

values of z (to), = and aa using formula (6.5-8). We have to 

differentiate z (t) in (6.5-8) in a manner similar to what was done 

in the verification of formula (5.5-5) in Sec. 5.5. 

The reader will recall that by Newton’s third law, in the interac- 
tion of two bodies, the force with which the second body acts on the 
first (F,)* is equal in magnitude and opposite in direction to the 
force with which the first body acts on the second one (F,) (for every 
force there is an equal and opposite force): 


F, (t) = — F, ($ 
As applied to the first body and force F, the formula (6.5-2) yields 
t 
P, (t) — Py (to) = \ F, dt (6.5-9) 
to 
This same formula applied to the second body and the force F, yields 
t 


P, (t)— P, (to) = \ F. dt (6.5-40) 
to 
Since F, = — F, by Newton’s third law, it follows that 


| F,dt = -Í F,dt 


That is why (6.5-10) takes the form 
t 
P, (t)— Po (to) = — \ F,dt (6.5-11) 
to 
Comparing (6.5-9) and (6.5-11) we find 
P, (t) — Py (to) = Pe (to) — Pe (é) 


P, ( + P (t) = Pi (to) + Pe (to) 


The latter formula shows that the action of one body on the other 
does not change the sum of the momenta of the bodies. 


whence 


6.6 KINETIC ENERGY 


Let us consider a body moving under the action of a known force 
F (t) and find the relationship between the work done by the force 
and the rate of motion of the body. 


* The subscript on F indicates the body acted upon by the force F; the sub- 
script on P also denotes the number of the body to which the momentum refers. 
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Multiplying both sides of the basic equation me = F (t) by 
velocity v, we get 
d 
mv —- = F (t) v (6.6-1). 


dv d v2 
i ae (+) 
is valid no matter what the function v (é). Using this fact, rewrite 
(6.6-1) as 


The identity 


ma (+) =O 


and since m is a constant, it follows that 


d mv? 
w5 ) =F (t)v 
Introducing the notation 
2 
=k (6.6-2) 
we finally obtain 
dK 
-r =F (t)v (6.6-3) 


Using the expression for work (6.1-1) we have 
ti ti 


dK 
Am Nath laa a 
0 


t 
whence l 


The quantity K is the kinetic energy of the body. Formula (6.6-4) 
expresses the law of conservation of energy: the change in the kine- 
tic energy of a bady is equal to the work done by a force. Formu- 
la (6.6-3) expresses the law: the rate of change of kinetic energy is 
equal to the power developed by a force. 

When the force is given by a definite function of time, then the 
impulse and, hence, the change in momentum caused by the given 
force are dependent neither on the mass of the body nor on its ini- 

ti 


tial velocity, since the impulse, the change in momentum, is (F dt. 


i 

On the contrary, the work done by a force and the change in kine- 
tic energy of a body under the action of a force are essentially 
dependent, as may be seen from (6.6-2), (6.6-3), (6.6-4), not only on 
the force itself but also on the mass of the body and its initial velo- 
city. Indeed, by acting with a given force over a specified time inter- 
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val on a heavy body at rest at the start of motion, we impart only 
a small velocity that will result in only a small displacement, and 
the work done by the force will likewise þe small. A light body will 
take up appreciable work and will acquire a large energy. If prior 
to the action of the force the body was in motion in the opposite 
direction to the force, then the force can reduce the energy of the 
body. 

Picture a body participating in two motions at once. Say, a man 
walking in the cabin of a ship in motion, or a ball dropped in the 
cabin. Suppose one of these motions (that of the ship, in our case) 
is uniform. The question then arises whether it is possible, by obser- 
ving the ball falling in the cabin or the motion of some other body 
under the action of an applied force, to establish whether the ship is 
moving or not. To put it differently, does the uniform motion of the 
ship influence the character of motion of objects on the ship? No, it 
does not affect such motion in any way. Experiments have demon- 
strated that the absence of any influence of uniform motion on phy- 
sical phenomena refers not only to mechanics but also to the process 
of propagation of light, to electric and magnetic phenomena. From 
this fact, Einstein drew conclusions of tremendous importance in 
developing his theory of relativity (we do not explain the theory of 
relativity in this book). 

In mechanics, it is not hard to establish the absence of the influen- 
ce of uniform motion. Indeed, let a body be in motion in a train with 
velocity v, the train itself moving at a constant speed of vo. Then, 
relative to an observer standing on the tracks, the body has a velo- 
city of vy; = v + vo. The acceleration of the body is the same both 
for the observer standing on the railway tracks and for another ob- 
server riding in the train: 


d dv dvo dv . 
a a ge ea cae 


Thus, a constant summand in the expression for velocity does not 
change the acceleration. And therefore the force acting on the body 
does not change: F = ma, = ma. The difference in velocities of the 
body prior to and after the action of an applied force is likewise the 
same for an observer on the tracks and for another observer in the 
train. Indeed, suppose the velocity with respect to the observer in 
the train prior to the action of the force is v’, after the action of the 
force, v”; for the observer standing on the tracks, the respective velo- 
cities are v; and vj. Then v; = v’ + vo, vi = v” + vo and so 
vi — V; = v” + vo — V — vy = vV" U 
The situation is more complicated in respect of kinetic energy. 


(What now follows can be skipped in a first reading.) Not only the 
kinetic energy itself but even the differences of kinetic energies are 
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distinct for different observers. For the observer standing on the 
railway tracks, 
” ,_m(vi)? m(vi)? _m(v" +v)? m (v + v9)? 
K,—K, = 2 i) A a sa 
ny2, 12 
= uA aoe © +- mvgv" — mvo" == K” — K' 4- mvp (v" —v’) 


In this formula, K; and K;, are the final and initial kinetic energies 
computed by an observer on the tracks, and K” and K’ are, respec- 
tively, the kinetic energies computed by an observer in the train. 

The work done by a force and the power are also different for 
different observers, since although the force is the same, the distan- 
ce and the velocities are different for an observer on the tracks and 
for another one in the train. 

However, the law of equality of change in kinetic energy and work 
is valid for any observer, although each of these quantities taken 
separately differs for different observers (see the exercises for exam- 
ples corroborating this fact). 

Note the following remarkable formula which is valid for a body 
moving under the action of only one given force F (t), 

ti 
2 2 
A= \ F (t) v (£) dt = ZZE — _ (vy, + 9) (4; — vo) 


to 
=F (mv, — mwi) = PEP | Fiat 


In this case, it turns out, the velocity v (t) may be taken out from 
under the integral sign and replaced by the arithmetic mean of the 
initial and terminal velocities. 

This conclusion holds true only for the case where v (t) is a veloci- 
ty acquired by a body under the action of only one force F (t). If 
the body is acted upon by a number of forces, F,, Fə, F, then the 
work performed by all these forces is equal to the product of the mean 
velocity by the sum of the impulses of all forces: 

ti 


A= È (Fy + Fy + Fo) dt 


ti 
aiii f F, dt + 2e f mpap ate Pit Mo. | Fat (6.6-5) 
to to to 
However the work done by each of these forces (say, Fə») separately 
ti 


is not equal to the corresponding summand, a aaa F, dt, in 


i 
(6.6-5), since the force F», acting separately, would impart a velocity 
to the body that differs from v (t) (see Problem 6 below). 
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Exercises 


1. Find the formula for the kinetic energy of a body moving under the 
action of a constant force F (the velocity was zer8 at the initial time) as a func- 
tion of time and also as a function of the distance traveled. 

2. A body is in motion under the action of a force F = f cos wt, and v = 0 
at ¢ = 0. Find the expression for the kinetic energy of the body. Determine 
the maximum of kinetic energy. 

3. A body is moving in accordance with the law z (t) = A cos (wt + a), 
(A, œ, a are constants). Determine the mean kinetic energy provided ¢ increases 
without bound from t = 0. 

4. A ball falls from a height H from a state of rest. Demonstrate that the 
kinetic energy of the ball K = mg (H — h), where h is the height of the ball 
above the ground at a given instant of time. 

5. A train weighing 500 metric tons started out from a station, and in 3 mi- 
nutes developed a speed of 45 km/hr traveling 1.5 km. Determine (a) the work 
and the mean power of the locomotive, on the assumption that friction on the 
rails is absent; (b) the same but having regard for friction. The coefficient of 
friction is k = 0.004. (The force of friction is equal to the force of attraction 
of the train to the earth, i.e., its weight, multiplied by k.) 

6. A body is acted ee by two forces: F, = at and F = a (0 — t). The 
impulses of these forces during time 0 to O are the same. At time ¢ = 0, the 
body had a velocity of vo = 0. Find the work of each force during the time 
interval from 0 to O and compare it with the product of the impulse by the 
average velocity. 

7. A man standing still on the ground acts on a given mass m with a force F 
during a time ¢. As a result, the mass, which was originally at rest, acquires 

2 
a velocity v = = and a kinetic energy “5 L equal to the work performed by 
the man. 

Consider the same experiment done in a train traveling at vg. The mass m 
had a velocity vy prior to the experiment, and vp + vı after the experiment. 
Find the change in the kinetic energy of the mass m. What work was done by 
the man? Assuming that the man rests against the wall of the railway car and 
its velocity is v9 and does not change, find the work of the force done by the 
train (locomotive) during the experiment. | 

8. A man of mass M standing in skates on the ice (friction neglected) acts 
with a force F on a mass m during time t. 

What kinetic energy will be imparted to the mass m? What kinetic energy 
will the man acquire? What is the total work done by the force acting on mass m 
and on the man? Why is it greater than in Problem 7? 

9. The same experiment as in Problem 8, but the man has an initial velo- 
city of vo together with mass m. The velocity of mass m is, after the action 


F . 
of the force, vo + -= , the velocity of the man is vọ — a . Find the change 


in kinetic energy of the mass m and the man as a result of the action of the 
force. Find the work done by the force, which work is equal to the change in 


the overall kinetic energy, and compare it with the result of the preceding 
problem. 


6.7 MOTION UNDER THE ACTION OF A FORCE 
DEPENDENT SOLELY ON THE VELOCITY 


When in motion, every body experiences a counteraction from the 
medium in which the motion is taking place. If the resistance is 
slight, it can often be neglected. But in some cases this approach is 
not satisfactory and the resistance has to be taken into account. It 
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has been established that if a body is moving in a liquid or a gas, 
and the speed is small and the size of the body is small, then the 
force of resistance is proportional to the speed: 


F (i) = — kv (2) (6.7-1) 


Here, the coefficient of proportionality k œ 0, and the minus sign 
in (6.7-4) shows that the force of resistance is opposite that of the 
velocity of the body. The number k depends on the properties of the 
medium and is proportional to the viscosity of the medium. Besides, 
k is dependent on the shape and dimensions of the body. For example, 
in the case of a sphere of radius R, formula (6.7-4) takes the form 


= — 6nRypv (t)* (6.7-2) 
where y is the viscosity of the medium. For air, y = 1.8 x 107-4, 
for water y = 0.01 (at 20°C), [q] = aio 
We consider the problem of deceleration of a body. Suppose some 
force has imparted a velocity to a body and at time t = t has 
ceased to act. The body continues in motion and is acted upon by 
the force of resistance alone. 
By Newton’s second law, 
dv 


m -y = —kv 


Dividing both sides by m and setting 2 = a (a œ> 0), we get 


M 
a S 


The solution of this equation is (see Chapter 4) 
v (t) = voe T t-to) (6.7-3) 


* Formula (6.7-2) is valid for e < 5, where p is the density of the medium. 


The reader can easily see that the quantity a is dimensionless, It is called 


the Reynolds number. 

** Viscosity ņ can be defined as follows. Let a liquid (or a gas) be in motion 
along the z-axis, but the velocities of the various bare are distinct and 
depend on the y-coordinate. It is clear that a rigid body could not move in that 
fashion and would be destroyed. In a liquid or gas, in this case, there arises, 
between adjacent layers, a force of friction which is proportional to the difference 
z . The 
se e pet constant in the expression for force per square centimetre of 

orizontal surface area is called the viscosity: 


dyne dv 
cm? dy 


of the velocities of the adjacent layers, that is, to the derivative 


f 


CH. 6 MECHANICS 291 


Here, vo is the value of velocity at time ¢ = tọ. Since a> (0, it 
follows that for œ to the exponent in (6.7-3) is negative, e~%('—'o) < 1, 
and hence v (t) < vo, which means the velocity falls off with time. 
The medium retards the motion of the bédy. 

Let us find an expression for the distance traveled by the body. 
From (6.7-3) we have 


dz 
ae Uoe (t= to) 
or 
dz = vge-alt-to dt (6.7-4) 


Suppose at ¢ = to (initial time) the body is at the origin: z (t) = 0. 
Integrating (6.7-4) we obtain 


x (t) = vo \ e-alt—to) dt 
to 
whence 


x (t) = —2 [1—e-at-to) (6.7-5) 


Using formula (6.7-5), we can obtain the entire distance covered 
by the body after time tọ, which is after the force ceased to act. In 
this connection, note that for very large values of ¢, the quantity 
e~ «(f—t0) ig extremely small and can be neglected in comparison with 


unity. Therefore, the body travels a total distance of ~. 


Let us examine the fall of a body in air. The z-axis will point down- 
wards towards the ground, we place the origin at a height of H 
above the ground (on the ground z = H). Let the motion begin 
at ¢ = 0 with a velocity of vo. Then z (0) = 0, v (0) = vo. The body 
is acted upon by two forces: the force of gravity (causes the motion) 
and the force of air resistance (inhibits the motion). 

Newton’s second law gives 


m- — mg —kv (6.7-6) 
Dividing all terms of this equation by m, we get (since =a) 
= g—av (6.7-7) 
On the right, factor out a: 
isa (f=) 048 
We establish the dimensions of Z, Since @ = = and k = — =, 


it follows that œ has the dimensions of sec-!. The dimensions of £ 


19* 
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; ô . : 
are cm-sec/sec? = cm/sec, which means = has the dimensions of 


velocity.* 
Set £ = v,. Equation (6.7-8) takes the form 
d T 
—— =a (v — v) (6.7-9) 


Suppose that vo < v,. Then the right member of (6.7-9) is positive 
at the start of motion and, hence, the left member is positive too, 


it) 


Fig. 147 


dv 
dt 
v,, the closer 


> 0; therefore the velocity v (t) increases. And the closer v is to 
dv 
dt 
at some time ¢, it were true that v (t,) = v,, then v would remain con- 
stant since v=v, is the solution of equation (6.7-9) with initial 
condition v (t) = vı. Similarly if at the start of motion v > v, 
then v approaches v, but in this case v decreases. For this reason, 
a certain time after the start of motion the body falls at practically 


is to zero and, consequently, the slower v grows. If 


a constant speed of v; = 4, irrespective of the speed it had at the 
start of fall. The graph of velocity for vọ = 0 is shown in Fig. 147. 


The foregoing examination shows that a number of properties of 
v (t) can be detected even without solving the equation (6.7-9). Now 
* The calculation performed here of the dimensions of £ is a check. The 


dimensions of È are evident from formula (6.7-8). Since only quantities having 


the same dimensions can be subtracted, it follows that = must have the dimen- 


sions of velocity. 
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: : d 
let us solve this equation. Put v, — v = z. Then a = — = and 
(6.7-9) can be rewritten as ‘ 
dz 
go Oe 


Here, at ¢ = 0 it must be true that z = v, — vy. The desired soluti- 
on is z (t) = (vı — vo)e@'. Passing to the function v (t), we get 


Vy — v (f) = (vi — Vo) eo 
whence 
v (t) = vy + (Vo — vi) e% (6.7-10) 


Considering this equation, it is easy to see that we can draw the 
same conclusions as were evident from an inspection of equation 
(6.7-9). Firstly, if vo > v4, then v (t) > vı, since (vo — vi)e =t > 0. 
But if v9 < vı then (vo — vı) et < 0 and therefore v (t) < v. 
Secondly, no matter what vo is, the quantity e-%t is small for suffi- 
ciently large t, and, practically speaking, v (t) = v4. 

Using (6.7-10), let us find the expression for the distance as a 


function of time: 


a = V4 + (Vo— v) e7% 


whence, recalling that z (0) = 0, 
x (t) = vt + (1 —e-) 


If a body has a large velocity or considerable dimensions, then 
fhe resistance is proportional to the square of the velocity. It has 
been experimentally established in this case that* 


p2 


where S is the cross-sectional area of the body, p is the density of 
the medium. In this case, the force of resistance is practically inde- 
pendent of the viscosity of the medium. The coefficient & in this 
formula is a dimensionless number; its magnitude depends on the 
shape of the body (for streamlined bodies, k can drop to 0.03-0.05, 
for bodies with poor streamline characteristics, k can reach 1.0 to 


* This formula is valid for the Reynolds number Hp > 100. The meaning 
of the formula given in the text is that for the motion of a large body, the energy 
expended on overcoming the resistance of the medium is not spent on the fri- 
ction of layers of the liquid but on the kinetic energy of the liquid, which is 
forced to move in order to let the body pass through it. The reader is advised 
to derive the formula for the force. 
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= = G we obtain 

F(t) = — Ge? (t) (6.7-11) 
It is clear that G has the dimensions of g/cm. 


Let us solve the problem of deceleration for the force of resistance 
(6.7-11). The appropriate equation is of the form 


1.5). Denoting 


dv 


n 2 
m -ir ~ Gv 
Dividing both sides by m and setting z = B (B > 0), we get 
dv 9 
w= ee 
dv : ilv t 
whence AA B dt. Integrating, we get — noes Be k , where 
0 
v, is the velocity of the body at time t = tọ. 
Therefore — 24 - = — P (t — to) and from this we have 
Uor l ee (6.7-12) 


4+ Bug (t— to) 
From the formula 8 = £ we find that 6 has the dimensions 1/cm. 
Find the formula for the distance. Using (6.7-12) we get 


oE Vo 
of arene) 
whence 


t 
to 


Assuming that the body begins to move from the origin, x (tọ) = 0, 
we get, from (6.7-13), 


x (t) = ain [1 + Buy (t—t)] (6.7-14) 


It is easy to see that this formula corresponds to velocity being an 
exponential function of the distance traveled: v = uy e-§*. If we now 
want to find the entire distance traversed by the body after the force 
that imparted the velocity has ceased to act, we will see that this 
distance [formula (6.7-14)] is the greater, the more time, t, that ela- 
pses. [By formula (6.7-14) z —> œo as t > o0.] Actually, this is not 
so. The point is that when the velocity of the body is small, the re- 
lation (6.7-11) no longer holds true. We have to resort to (6.7-1) 
and, for the distance, to formula (6.7-5). 

Let us consider the problem of a body falling in air for the case 
of air resistance being proportional to the square of the velocity. 
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At start, let the body fall from the origin having an initial velocity 
Vo. In analogous fashion to the case where the resistance is proporti- 
onal to the velocity, we get the equation . 


dv 

= 78 — pv? (6.7-15) ; 
We rewrite (6.7-15) in the form 
dv g 

a=b (p) 


It is easy to establish that V g/B has the dimensions of velocity; set 
V e/B = y, g/B = v. ae 

Jr =P vi—v*) (6.7-16) 

An exact solution is given in the answers to Exercise 1. Let us 


consider the general properties of the solution. Reasoning in similar 
fashion to the way we did for equation (6.7-9), we can show that in 


this case a velocity of v} = VY g/þ should set in. We will show that 
after a long enough time lapse following the start of fall, the formula 
v — v = Ce—2Bait (6.7-17) 


where C is a constant, will hold true. Equation (6.7-16) can be rew- 
ritten thus: 


d 

— = $ (v; +v) (4—v) (6.7-18) 
For ¢ large, v ~ v, and so in this equation we replace v, + v by 
2v,. If we replace v by v, in the difference v, — v, we get Z = Q, 


whence v = const = v,. Since we are interested precisely in the 
small difference between v and v, (the law of approach of v to v;), it 
is not permissible to ignore the difference v — v,. Thus, from (6.7-18) 
we get 


d - 
a= = 2Bv, (v,—v) (6.7-19) 
Put v — v =z, j = — 7 Equation (6.7-19) then takes the form 
d 
ora = — 2ßv;z 
Its solution is 
Z= Cg Bon (6.7-20) 


which coincides with (6.7-17). 

The value of C in (6.7-20) cannot be determined from the initial 
condition v (0) = vo [that is z (0) = vı — vol because equation 
(6.7-19) holds true only for sufficiently large ¢ (near t = 0 we cannot 
replace v + v, by 2 v). 
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Also observe that the formula F ( = — Gv’ (t) is valid only 
when v > 0. Indeed, if v < 0, it must be true that F (t) = Gv? (t) 
since the force of resistance is in the direction opposite to the velo- 
city and, hence, is positive if the velocity is negative. Both cases 
(v> 0 and v < 0) are embraced by the formula 


F (t) = — Gu (t) |v (8| 


Exercises 
1. Find the expression for the velocity as a function of time from the equa- 


tion ~ = P (v? — v?) for the initial condition v (0) = vp. Using the formula 


for v show that a velocity is established equal to v, = V2 Shaw that tor-the 
formula (6.7-20), cat (vo— v1) 


1T V0 
2. In the problem on the falling of bodies (the resistance is proportional 
to velocity) have regard for the fact that the body is acted upon by an expul- 
sive force in accord with the Archimedean law. 
3. Applying the result of the preceding problem to a sphere and noting 
that for a sphere k = 6nRny, where R is the radius of the sphere and y is the 
viscosity of the medium, demonstrate that for large ¢ the speed of fall is estab- 


2 R?g (p—p’) 
9 


lished for the sphere at v = (here, p is the density of the material 


of the sphere, pọ’ is the density of the medium). 


6.8 MOTION UNDER THE ACTION OF AN ELASTIC FORCE 


Let us examine the case where the force acting on a body depends 
solely on the position of the body: F = F (z). Above we considered 
in detail the work done by such a force and found out that in this 
case the system has a definite potential energy u (x) with which the 
force is connected by the relation 
F (x)= — du (x) 


Ux 


Return to the problem on the motion of a body under the action of 
such a force. The basic equation is of the form 


m- =F (2) (6.8-1) 


This equation cannot be solved directly since it involves the deri- 
vative with respect to time, while the force is given as a function of 
the z-coordinate. It is therefore natural to seek the quantities of 
interest as functions of the z-coordinate. For one thing, we will seek 
the velocity as a function of the coordinate, i.e., v (z). We will then 


represent the derivative with respect to time, a as the derivative 
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of a composite function, since the z-coordinate itself depends on 
the time: 


dv[x(t)] _ du[x(t)] dz (t) 
dt ~ dz dt 
dz . Í i dv dv 
But 7 is nothing other than the velocity v (x). Thus, ae g 
whence 
dv _ dvd ( mv? 
M-i Oe dr 3) 
Substituting this into the equation of motion (6.8-1), we get 
d 2 
— (Z) =F (a) (6.8-2) 
Integrating we findi . 
vi x4 
Coe ) dz = | F(z) dz 
vo Xo 


or 


The physical meaning of this expression is quite clear: the change in 
kinetic energy is equal to the work done by the force. 
Using potential energy, we rewrite (6.8-2) as 


d a= du 
oral a ae heme 
or 
d mv? 
(4 +u(zx)) =0 


If the derivative of an expression is identically zero, then the 
expression itself is a constant, therefore 

2 

= + u (x) = const (6.8-3) 

In this form, formula (6.8-3) expresses the law of conservation of 

energy: when a body is in motion due to the action ofa force depen- 

dent exclusively on the coordinate, the sum of the kinetic energy of 


2 
the body, > and its potential energy u (x) remains constant. 


This sum is called the total energy of the body. The purpose of these 
lengthy transformations here and in the preceding section was to 
show that the law of conservation of energy (as applied to mecha- 
nics) is a consequence of the Newtonian law. Also a corollary to 
Newton's law is the fact that the kinetic energy of a body is preci- 
mv? 
es. 

How do we continue the solution of the problem of the motion of 
the body? Using the values of the velocity Vo and the coordinate xy 


sely and not some other function of the velocity of the body. 
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of the body at the initial time, we find the total energy E of the 
body, which is a quantity that remains constant throughout the 


motion: mrt + u (zo) = E. With the aid of formula (6.8-3) and 
knowing E, we can find the velocity of the body as a function of z: 


v(x) = y= [E — u (x)] (6.8-4) 


It remains to find the relationship between z and ¢. From (6.8-4) 


we get 
BP es = [E—u(z)] 


= dt, 


whence 


dz 
y =u) nit | pte ares 
m 
Thus, the time ¢ is expressed as a function of the x-coordinate 
t = t (x) (6.8-5) 


This function is given by an integral. We can find z (t) by solving 
(6.8-5) for z. Since v is expressed as a function of x by means of 


Fig. 148 


a square root, even the simple expression u (x) frequently leads to 
extremely awkward expressions for t (x). 

To get a general idea of the nature of the motion, it will be useful 
to draw the curve of u (x). If on the same graph we plot the horizon- 
tal line at height Æ (Fig. 148), the picture is vivid in the extreme. 
The velocity is proportional to the square root of the difference 
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E — u (x). For instance, when x = zx, the velocity is proportional 
to the square root of the length of the line segment AB (Fig. 148). 
To the right of point C and to the left of, point D is a region where 
E < u (x), that is, a region into which a body with total given ener- 
gy E cannot penetrate for lack of energy (formally speaking, the root 
of a negative quantity yields an imaginary value for the velocity). 
In the region where E > u (x), the square root for v (x) yields two 
possible values in accord with the two signs of the radical: 


vat + [eu (2) 


At theinitial time, both the quantity and the sign of vp are determi- 
ned by the initial conditions. From then on, the motion occurs in 
the direction specified by the sign of the initial velocity, vo. Evident- 
ly, when v = 0 the sign of the velocity cannot change suddenly. 
Thus, if at the initial time the body was located at the point z = 
= 2z,* and v > 0, then the body will reach the extreme admissible 
point zg. At this point the velocity of the body becomes zero and 


there occurs a transition from the formula v = 2 [E — u (z)] to 


the formula v = 72 [E — u(zx)]. Since v = Q at this point, 


the change of sign takes place without a jump (discontinuity) in the 
velocity. The situation is similar at the point x = zp. Thus, in the 
case depicted in Fig. 148, the motion of the body will be in the form 
of oscillations between two extreme positions zç and zp.» 

Let us consider another example. The potential energy of a body 
is given by the function u = az (a œ> 0). Find the law of motion of 
the body. 

Suppose that at the initial instant of time, tọ, £T = £o, V = Uo. 


Then the total energy E = me + ax. Using (6.8-4) we get 


v= y = [ZÈ anar |= VF aa) 


where y = = Knowing v (x) we find the time 


x 
dz 
l d Vta) 
In the integral make the change of variable vi + y (% — x) = 
= 2", 2z dz = — y dz to get 
Voyo a) 


E = 


= ty—= [Vv Fy (@o—#) — V0] 
vo 


* The point z, is not shown in Fig. 148, it can be located at any place bet- 
ween Zp and Zo. i 
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From this we find z: 


y (tbe) = —V vty (Toz) + vo 
transposing Vo to the left, squaring and cancelling y, we obtain 


x= —F (tt)? + vo (t — to) + Xo 


dz ; . f 
gz We are convinced that what we have is a case of uni- 


formly decelerated motion. This was to be expected since F = 


Finding 


=— z7 í; the force is constant and negative, which means that 
the motion is uniformly decelerated. In this elementary case where 


Fig. 149 Fig. 150 


the force was actually independent of x, there was of course no reason 
for employing such a complicated computational procedure. 

In the next example we will consider the potential energy whose 
graph is in the form of a step (Fig. 149). Such a function u (zx) is 
associated with the graph of force given in Fig. 150 (to convince 


oneself that this is so, the reader should recall that F = —, 


the force is extremely great and negative, that is, in the direction 
of decreasing x. The steeper u (x) is (the curve in Fig. 149), i.e., the 
shorter A = zı — Zp over which the rise in u (x) occurs, the greater 
is the force in absolute value. The force is zero where the function 
u (x) is constant (to the left of x» and to the right of z;). 

Let a body start moving from x (Fig. 149) with a velocity vo. 
Suppose the total energy of the body is equal to Æ. For what values 
of E can the body reach point z,? Since u (xo) = Q0, it follows that 
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E am On the other hand, E&E = m + u,, where v; is the velo- 


city of the body at the point zı and is the potential energy for 
x = x, Therefore 


mi = E—u; (6.8-6) 
From this formula it is evident that if E < u,, then the body can- 
not reach z, because then vf < 0, which is impossible. For this rea- 
son, the body can reach z = x only if E >È wy. 
For this case we determine the work done by the force F in dis- 
placing the body from zo to zı: 


—— — 
—— 
ee’ —<_ 


Using (6.8-6) we find 
A =E —u,—E = — Ui 


The force F does not perform any work in further motion of the body 
to the right of the point z,, since F =0 for x > z4. 


Exercises 
2 
1. The potential energy is given by the formula u = s (k > 0). Construct 


a graph and show that the motion is oscillatory. 
. The potential energy is given by the formula 


0 if z<0 
u (x) = 2x if PERE 
2 if rpi 
At the initial time tọ a body of mass 1 gram leaves the origin and moves right- 
wards with a velocity vp (cm/sec): (a) vo = 1, (b) vo = 1.9, (c) vo = 2.4. Indi- 
cate for each case whether the body can continue in motion indefinitely to the 
right. If it cannot, find the point at which it will stop. 
3. u (z) = —z’ ae 4z*, At the initial instant of time a body of mass 2 grams 
starts out from the poini zo at a Poy of vo (cm/sec): (a) t9 = 1, v = 1, 
) 2 = —2, vo = (c) to = —2, = —1. In each case investigate the 
nature of the ara (points vat which the body stops, regions which the body 
cannot reach). In the case of stopping points, give at least a rough idea of their 
coordinates. 


4. The same requirements relative to u (x) = z» m= 2: (a) tọ = 0, 


E 


1 f f ; 
w= 2, (b) t= Express the time ¢ as a function of z in terms 


a D 
of an integral. 


6.9 OSCILLATIONS 
Consider a body acted upon by the force 


F = = kz 
As we know, to this force corresponds a potential energy 
kx? 


2 
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The origin is the position of stable equilibrium. The curve of poten- 
tial energy (parabola) has the shape shown in Fig. 148. 

The motion of a body under the action of such a force constitutes 
oscillations to the left and to the right of the position of equili- 
brium. We can imagine a ball rolling from one branch of the parabo- 
la building up speed and, by inertia, rolling up the other branch, 
rolling down again, and so forth. By Newton’s second law, the equ- 
ation of these oscillations is of the form 

dx 


We will not solve it by the general and rather involved procedure 
given in the preceding section. Instead we will guess the type of 
solution and concentrate our attention on investigating the proper- 
ties of the solution. 
Thus, we assume that 
x = A COs at (6.9-2} 
This form of the solution is chosen because the cosine is one of the 
simplest periodic functions. 
Put expression (6.9-2) into the basic equation (6.9-1). Since 
dx ; d?x 
pas ae — a0 sin ot, P7 
it follows that 


— —aw’ cos wat 


— maw’ cos wt = — ka cos ot (6.9-3) 


This relation will hold for any ¢ if mw? = k. Therefore the func- 
tion (6.9-2) does indeed satisfy the equation if mw? = k, whence 


O = y +. Then E 
x= acos (7 Vy +) (6.9-4) 


Observe that the square root in the expression for does not lead 
to two solutions since cos wt = cos (— ot). . 

Let us find the period of oscillation, thatis, the time during which 
the body returns to the initial position with the initial velocity. The 
function cos @ returns to its original position when the angle 9 
makes a complete revolution (changes by 2m). Thus, in the expres- 
sion a cos wt the quantity wt should vary through 27 in one period T. 
Therefore T is found from the condition 


œo (t + T) = wt + 27 
whence 


2m m 
oT = 27, De 20 A (6.9-5) 
The quantity v = = yields the number of oscillations per unit 
time and is called the frequency. It has dimensions 1/sec, or sec~* 
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(reciprocal second). The unit of frequency—one cycle, or oscillati- 
on, per second—goes by the special name heriz, in honour of the 
German physicist Heinrich Hertz. It „is evident, from formula 
(6.9-5), that v = = But it is more convenient in all formulas to 
deal with œ and not with v, otherwise the coefficients 2m and 4n? 
will appear throughout. The quantity œ = a is called the circular 
frequency. * 

The constant a cannot be determined from (6.9-1) because the 
equation is satisfied for arbitrary a [a can be cancelled from both 
members of (6.9-3)]. 


The velocity of the body is v = c = — ao sin wt. From the 


relation cos? œt + sin? œt = 1 it follows that for cos œt = +1 
it will be true that sin wt = 0. Consequently, the velocity v is equal 
to zero at times of maximum deviation of the body in one direction 
or the other (x = a or x = — a). Imagine that at t< 0 the body 
is placed at the point x = a and is held at rest in this point with the 
aid of some external force (say a hook) until time ¢ = 0, and then 
the hook is disengaged. At this instant the body is at rest, and oscil- 
lations are initiated under the action of a force F = — kz. In this 
case, the dependence of the coordinate z of the body upon time ¢ is 
given by the formula z = a cos wt. Since the absolute value of 
cos wt does not exceed 1, it follows that a is the largest value of zx, 
or the maximum departure of the body from the position of equili- 
brium. The number a is called the amplitude of the oscillations. 
Thus the amplitude is equal to the original deviation of the body if 
at the onset of oscillations the body was at rest.** 

Let us note in passing that, generally speaking, if A (t) = L cos œt 
lor A (į) = L sin wt], then LZ is the greatest value of the quantity 
A (t)andis termed the amplitude of that quantity A (t). 


* To grasp the origin of this term, consider a line segment of length a revolv- 
ing counterclockwise. The similarity between rotation and oscillation is quite 
apparent, since a revolving hand of a clock returns to its original position after 
each revolution just as an oscillating body returns to its original position after 
one period. Here, the z-coordinate of, say, a second hand varies via the law z = 
= acos wt, if the second hand revolves with angular velocity œw. In the case 


of rotation, if T is the period of one revolution, then v = T is the number of 


revolutions per unit time, œ = 27w is the angular velocity of rotation expressed 
in radians per second. Since the radian is a dimensionless quantity, œ has the 
dimensions of 1/sec. In view of the simple meaning of œ in the case of circular 
motion, this quantity in problems involving oscillations is termed the circular 


frequency. 
** We defined the amplitude as one half of one oscillation period. Between 
the extreme left-hand point z = —a and the extreme right-hand point z = 


= +a, the body travels a distance of 2a, which is twice the amplitude. 
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Also observe that the frequency œ isindependent of the amplitude a. 
Let x = x, (t) be a solution of the equation (6.9-1), that is, let 


it be true that m- = = — kzı. We consider the function zz (t) = 
= (zx, (t), where C is a eee Substituting into (6.9-1) the values 
2r 
zand sa we get mC 4 — = — kCx, (t) or, cancelling out C, 
dx, 
ag = kt 


Thus, if x = 2, (t) satisfies (6.9-1), then also zx, (t) = Cz, (t) satisfies 
this equation. 
It is easy to see that (6.9-1) also has another solution, z (t) = 
d2 (sin wt) __ 
dt? - 
second derivative into (6.9-1) and cancelling out sin wt, we get 


=b sin ot. Indeed, —* sin wt. Substituting x and its 


k i s : 
@ = 4, which is the same value as before.* For this reason 


z(t) =bsin (t y+) (6.9-6) 


As in the preceding case, we are not able to find b from (6.9-1). It 
is determined from the initial conditions. Suppose at the initial 
time t = 0 the body is at the point z = 0 and has acquired a definite 
initial velocity Vo due to a brief external force (a blow, say). Then, 
since v (t) = bw cos wt, it follows that for t = 0 


= bw (6.9-7) 
whence b = z, Hence, the amplitude in this case is determined by 


the initial velocity. 

The relation (6.9-7) offers a practical and convenient way of mea- 
suring impulse and velocity that is widely used in mechanics and 
goes by the name ballistic pendulum. If a body is suspended in the 
form of a pendulum or is held in a position of equilibrium by springs 
and its frequency is known, then the initial velocity following a blow 
may be determined from the amplitude of oscillations caused by 
the blow. 

We will show how (6.9-7) can be approximately obtained via some 
general elementary reasoning. The dimensions of amplitude are 
cm, those of velocity, cm/sec, and the dimensions of time are sec. 


: k : ; , 
* Here again, o = — y= does not yield a new solution since 


b sin (—jf £1) = —b sin m &:) t), the minus sign before the root 


fost W mi to the same form ) function as before but for a diffe- 
rent value of the constant b. 
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Therefore, for reasons of dimensionality, the amplitude must be 
a quantity of the same order as the product of the initial velocity 
into some portion of a period. Since motion caused by a blow lasts 
a quarter period up to maximum deviation and v < Ug (since the 
motion is retarded), it follows that b < vo T/4. If the motion has 
a constant deceleration, the mean velocity would be equal to half 
the initial value and, consequently, b ~ vo T/8. Actually, however, 
as follows from formulas (6.9-7) and (6.9-5), 


The important thing here is that due to the fact that the period is 
independent of the amplitude, the latter is directly proportional to 
the initial velocity. 


We have verified that two different functions (6.9-4) and (6.9-6) 
2 

satisfy the equation m = = — kz. Suppose we want to solve the 
problem of the motion of a body having a given initial position and 
a given initial velocity: at t = 0, zt = Xp, V = Vo (and the values 
zo and Vy are arbitrary, each may not be equal to zero). We will call 
this the general problem. Up to now, in contrast to the general pro- 
blem, we have only considered particular problems in one of which 
xz = z at t = 0, v = O and in another z = O for t = 0, v = Vo. 

Suppose we have taken the solution z = a cos wt. Putting t = 0, 


d 
we get zo = a, hence xz = xo cos wt. But then v = = = — 2% 0X 


xsin wtso that for t= 0, v equals 0 and not vo. Therefore, using the 
solution z = a cos wi, we cannot solve the general problem. All we 
can solve is the problem with zero velocity. 


Let’s try the solution z = b sin wt. Here, v = = = bw cos wt 


When ¢ = 0 we get Vvo = bo, b = = whence z = “2 sin wi. But 


for t = 0, z equals 0 and not z Again, we are unable to solve the 
general problem with the aid of this solution. 
It is easy to see that the sum 


= a cos wit + b sin wt (6.9-8) 


is also a solution of equation (6.9-1) for arbitrary a and b [the reader 
can verify this himself by finding the second derivative of the sum 
(6.9-8) and putting it into (6.9-1)]. We thus have a solution with two 
arbitrary constants: x = a cos wt + b sin wt. The corresponding 
velocity is v = — aw sin œt + ba cos ot. 

With the help of (6.9-8) we can solve the general problem of the 
motion of a body with an arbitrary position and an arbitrary velo- 
city at the initial time: v = Vo for t = 0, x = Zp. Using the initial 
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data, we find from (6.9-8) a = 2, b = a and so 
x= zo Cos wt + —? sin wt 


From the foregoing it follows that the solutions x = a cos wi, 
x = bsin wt do not make it possible to solve the general problem of 
motion, but only the particular problems involving special initial 
conditions. That is why these solutions are called particular solu- 
tions. Now the solution z = a cos wi + b sin wt permits solving 
the general problem of motion, a problem with arbitrary initial con- 
ditions. That is why this solution is termed the general solution. 

The general solution with two arbitrary constants may be obtained 
by other reasoning. In place of the independent variable ¢ in equati- 
on (6.9-1) we introduce a new independent variable t by the formula 


eo a one (6.9-9) 


ja dr dxdt dz. 
where ¢’ is a constant. Then a aa ap ne from (6.9-9) 


2 2 
it is evident that a = 1. Similarly, — = E . Equation (6.9-1) 
takes the form 


We know its solution, z = C cos wt, where C is a constant and 
o = ye. Returning to the variable t, we get z = C cos œ (t + 
+t’) =C cos (œt + at’). Putting wt’ = a, we have 
x = C cos (wt + a) (6.9-10) 
Using the formula cos (œ + 8) = cos acos B—sin a sin f, let 
us compare the solutions (6.9-10) and (6.9-8): 
C cos (wt + a) = C cos a cos wt — C sina sin wot = a cos wt + 
-+b sin wt 


Thus, for both solutions to be able to describe one and the same 
motion, they must satisfy the conditions 


= C cosa, b=—Csina 


Since a and b are readily expressed in terms of initial position and 
initial velocity, it is useful to be able to solve the converse problem: 
to find C and a, knowing a and b. To do this, we set up the expres- 
sions 

at b? = C? cos? a + C? sin? œ =C? 
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whence 
C=V a+ 0? (6.9-11) 


eS, = tan&, a=arctan (——) 


a cosa 


If the solution is written in the form (6.9-10), then it is clear that 
the amplitude is equal to C. Hence, if the solution is of the form 


(6.9-8), then the amplitude is equal to V a? + b?. Suppose v = Vo 
at t=0, z = zo then a = zo, b = ~ and so the amplitude is 


a p2 
V t+: 
Exercise 
: : d2 f 
1. A body is in oscillation according to the law a = —z. Find the func- 


tion z (t) and determine the period for the following cases: (a) v = 2 cm/sec 

at t = 0, z = 0. (b) v = 0 at t = 0, z = 1. (c) v = 2 cm/sec at t = 0, z = 1. 

For Case (c), write the solution both in the form of (6.9-8) and as (6.9-10). 
6.10 OSCILLATION ENERGY. DAMPED OSCILLATIONS 


Let us write down the general solution for the equation (6.9-1) 
in the form 


x = C cos (ot + a) (6.9-10) 

The potential energy of a body is equal, at every instant, to 
2 kC2 

u (a(t) = = 


—5— cos” (wt + a) 
and the kinetic energy is 


mv? m mC 2w2 


K (t) =—; =z [— Cosin (ot +a)? = 


sin? (wt + a) 


The frequency of the oscillation, as we already know, is determined 
by the formula w? = - Substituting œ? into the expression for 


kinetic energy, we get 
kC2 
K (t) = 


2 


sin? (ot + a) 


Thus, the factor in front of the trigonometric function in the 
expression for potential energy and in the expression for kinetic 
energy is the same. The functions themselves, cos? (wt + a) and 
sin? (wt + a), are very much alike, one being derivable from the 
other by a-displacement along the time axis amounting to At = = 
(Fig. 151). Each of the quantities u and K oscillates between maxi- 
mum and zero; when one is at maximum, the other is at zero. Obser- 
ve that the functions cos? (wf + @) and sin? (wt + a) describe oscil- 


20% 
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lations about the mean value equal to half the maximum. This is 
clearly evident from Fig. 151 and also from the familiar formulas 


cos? B =+ (1 + cos 28) =l44 cos 2p, 
sin? B = = (1 —cos 2B) = > cos 2B 
It is clear here that the quantity 5 cos 2B oscillates, taking on posi- 


tive and negative values alternately, and $ is the mean value. 


The sum of the potential and kinetic energies (that is, the total 


energy of the system), 
E = K +u = {cos (wt +a) + sin? (ot +a)] =S— 


is constant, as was to be expected. 
Note that if we specified the motion with a frequency that did 


not satisfy the formula w= + , then the sum of the potential 
and kinetic energies would not be a constant, and the maximum 


x=sinfot+a) 


x=c0s*{vt+Z) 
g 72 t 


Fig. 151 


kinetic energy would not be equal to the maximum potential ener- 
gy. This is not surprising since oscillation with a frequency diffe- 


rent from wœ = y= does not satisfy the basic equation of motion. 


Hence, for such oscillation to occur, it is necessary that the body be 
acted upon by some kind of other, external, forces, besides the for- 
ce F = — kz.* Because of the work of external forces, the total 


energy (+) will no longer be preserved. 


Now let us investigate the problem of damping of oscillations. 
Let a body be acted upon by the force of friction in addition to the 


‘ 7 kz? 
* This force is associated with the potential u (z) = F z 
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force F = — kz of a spring. Suppose the friction is small so that 
over one period the work of the force of friction is small compared 
with the oscillation energy. We can then assume, approximately, 
that the oscillations occur as in the case of no friction: 


z(t) = C cos (wt + a) 
2 
The oscillation energy is = . In the case of friction, the energy of 


the oscillations diminishes with time. Thus, friction will cause the 

coefficient C of cos (wt + a) to decrease slowly; it will no longer be 

a constant. The law of decrease of C is defined by the condition that 

the decrease in energy is equal to the work of the force of friction. 
With respect to unit time, these quantities are 


a (28) 
dE as dC py (6.10-1) 
Sey eH Pv = Wy 


where F; is the force of friction, v is the velocity of the body, and W, 
is the power of the force of friction. In the oscillation process, the 
velocity v and the force F, vary periodically. The product F,v always 
remains negative. In the case at hand of small friction which is 
a slow damping of the oscillations, we can take it that the variation 
of amplitude C (ż) is small over several oscillation periods. The pro- 
duct F,v may be understood as the mean value of this product during 
one period. Formula (6.10-1) holds true only for time intervals 
exceeding the oscillation period. 

By way of an illustration, let us examine the friction proportional 
to the velocity of the body: 


F, = — bh, Fv = — hv’ 
Substituting v = — Co sin (wt + a) we get 
Fv = — hC* & sin? (ot + a) 


Note that the mean value of sin? (wt + @) during one period is equal 
to 1/2 (see Exercises in Sec. 4.4 and also the formulas on page 308). 
Using (6.10-1) we finally get 


dC _ og í 
whence 

dC hw? 

“dt 2k 4 


: k ; i i 
Recalling that œ? = ~; » we obtain a simpler expression: 


dC h 
“dt 2m C 


The solution of this equation is 
h 
C=C,e m t (6. 10-2) 
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Here, C, is defined from the initial conditions. Multiplying both 
sides of (6.10-2) by cos (wt + a) and using (6.9-10), we get 


h 
x(t) =Cye™ m" cos (ot +a) (6.10-3) 
where © = y = This is an approximate formula obtained on the 


assumption that the friction is slight and is proportional to the 
velocity. 


When the force of friction is proportional to the velocity, the 
problem has an exact solution. In this case, the body is acted on by 
two forces: —kz and h = By Newton’s second law, 


d2x dx 
m Se = — ka —h E- (6.10-4) 


We will seek the solution z (t) in the same form as was obtained for 


a small friction: 


x(t) = Coe! cos (œt + a) (6.10-5) 
Then 
= = — CeT Y cos (t + a) —Cyw,e-V* sin (ot +a), 


d? ; 
ae = y*Coe—V' cos (01t + a) -+ pCome-V' sin (01t 4- a) 
+ Coye Y sin (@,¢ + a) — Cwe- Yt cos (0t +- a) 
dr dz 


Substituting into (6.10-4) the expression for z, —, zz 


ling out Coe-v', we get 
my’ cos ( œt + a) + my œ sin (œt + a) + my a, sin (œt + @) 
— mw’ cos ( at + «) = — k cos (wit + a) + hy cos ( wt + @) 
+ ho, sin ( œt + a) 


and cancel- 


or 
[my?— mai] cos (@,t + a) + 2myo; sin (wt + a) 
= — |k— hy] cos (@;t + æ) + ko; sin (œt +a)  (6.10-6) 
This equation holds true for arbitrary ¢ if 
my?— moi = —k-+ hy 


Sie Shea: (6.10-7) 
Cancelling œ; out of the second equation, we obtain 
v= +7 (6.10-8) 
Then from the first equation 
v=- (6.10-9) 
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Consequently 


h 
x (t)=Cye 2™ ‘cos (V =- tta) (6.10-10) 


m 
When friction is low, that is, the number h is small in comparison 


2 
with k, we can ignore the term under the radical sign as compared 


with =. . Then (6.10-10) becomes (6.10-3). Thus, in the approximate 


consideration we correctly obtained the law of decrease of amplitude 
but did not notice the small variation of frequency due to friction. 

If the friction is considerable, the radicand may become negative 
and the formulas become meaningless. This means that motion invol- 
ving appreciable friction is no longer oscillatory. In that case the 
solution is to be sought in the form x = Ce-v, Substituting this 
into the equations we get two values of y. The sum of the two solu- 
tions corresponding to these y will yield the general solution and 
will enable us to solve the problem for arbitrary initial data. 


This case is considered in detail in Sec. 8.10 in connection with 
electrical oscillations. 


Exercises 


1. Find the law of damping of oscillations for friction proportional to the 
square of the velocity (this friction is characteristic of rapid motion of a body 
in a low-viscosity liquid). Show that after the lapse of a large time interval, 


the amplitude C (t) = 1/bt, where b is a constant independent of Co (Co is the 
amplitude at the initial time). 


2. Find the law of damping of oscillations for friction that is independent 
of the velocity (this is characteristic of the friction of hard dry surfaces). Deter- 
mine the time during which the oscillations cease. 

3. Obtain the equation for small vibrations of a pendulum, that is, a mate- 
rial point suspended by a thread of length l. Small vibrations are deviations 
through a small angle, in other words, vibrations such that the horizontal 
displacement z is small compared with l. Find the period. 


Hint. Take advantage of the fact that the sum of the kinetic and potential 
energies is a constant. 


6.11 FORCED OSCILLATIONS AND RESONANCE 


Consider a body acted upon by an elastic force F = — kx. We 
have established that this force causes the body to oscillate with 


a definite frequency œ = V k/m, which is the so-called natural (or 
free) frequency. From now on we will denote the natural frequency 
by œ so that w) = V k/m. 

Now let the body be acted upon by an elastic force and also a peri- 
odic external force with frequency œ. It then turns out that the ampli- 
tude of the oscillations brought about by the external force is very 
strongly dependent on how close the frequency w of the external 
force is to the natural frequency. This phenomenon is called resonan- 
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ce and has a wide range of applications. It refers to any systems that 
admit oscillations and vibrations. In mechanical systems (machine 
tools, motors) such vibrations can result in deformation and destruc- 
tion of the equipment. 

At times, resonance is purposely used to produce, via a small 
force, vibrations of the operating tool with great amplitude. 

In electric systems, resonance enables us, using several periodic 
forces with different frequencies (say, a number of radio transmit- 
ters), to achieve a situation in which the oscillations in our system 
depend solely on one of the periodic forces (the one whose frequency 
is close to the natural frequency of the system). This allows for 
tuning a radio set to a definite station. 

Let us set up the oscillation equation: 


d2zx 


d 
Lr = hah — + f cos ot (6.11-1) 


In this equation, f cos wt is the external force. 

Divide through by m and set L =} in accordance with the fact 
that (in the absence of friction) such is the natural frequency of the 
body. Denote the ratio 2 by 2y [see formulas (6.10-8) and (6.10-9)]. 


We obtain 
d2zx 


dz f 
— 1mm oe 2 — a —— 
WE = — Me 2y— + — cos ot 


It is natural to expect that under the action of a force having 
a frequency wthe body will oscillate with that frequency. We there- 
fore seek the solution in the form 


x = a cos wt + b sin ot (6.11-2) 
Substituting the expressions for x and its derivatives into (6.11-1), 
we get 
— aw? cos ot — bw? sin ot = — aw? cos wt — bw; sin wt 
f 


+ 2yao sin wt — 2ybo cos wt +- — cos wt 


For this equation to be true for arbitrary t, the separate terms invol- 
ving cos wt and sin wt must be equal. Equating these terms, we get 


— aw? = —ao? — 2ybo +L ; (6.11-3) 


— ba? = — boj + 2yaw 
From the latter equation of (6.11-3) we get 


p= PATO) 


~ @2—o2 e 
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Substituting this into the first equation of (6.11-3), we find 
o f w — 0? 
"=m (0—0?) F Gyo)? aera) 
Then 


N i 2Vo 2 
o= n (a? + BOP anne) 


Going over to the form z = C cos (wt + a) and recalling that 
C=Vae+d? (6.9-11) 


we obtain the amplitude C of oscillations produced by an externak 
force: 
a Te ae (6.11-6} 
m V (w — o?) + (2v0)? 
It is then clear that C is the greater, the closer wis to @o. The 
curve of C as a function of œw for a given ap is shown in Fig. 152 for 


two values of y (4 =1, œ= 1} . The less the friction, the sharper the 


rise in amplitude for the frequency of the external force equal to 
the natural frequency. ç 
It is not hard to see that 
the sum of the solution 4% 
(6.10-5) of equation (6.10-4) 
and the general solution 
(6.11-2) of equation (6.11-1). 
x = a cos wt + b sin wt 
+C e~t cos ( œt + @) 
(6.11-7) 
where a and b are given 
by the formulas  (6.11-4) 
and (6.11-5), is also a solu- Fig. 152 
tion of equation (6.11-1). 
Using this solution, we can solve a problem with arbitrary initial 
data by choosing Co and a. Indeed, suppose that v = vo at t = 0, 
x = Zo. Then, using (6.11-7), we find 
Xp = a + Co cosa, 
Vo = b œ — Co (y cosa + ow, Sin g) 


(6.11-8) 


From this system of equations we can determine Co and œ (see Exer- 
cises). Thus, (6.11-7) is the general solution to a problem involving 
oscillations of a body under the action of an elastic force and a peri- 
odic external force. This general solution confirms the assumption, 
made at the beginning of this section, that under the protracted 
action of an external force with frequency wa body will oscillate 
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with the same frequency œw. This is true because no matter what the 
initial conditions, they only affect the values Co and a, which is to 
say, only the last summand in the solution (6.11-7). However, in the 
course of time, this term, which has frequency œ, becomes arbitra- 
rily close to zero due to the factor e-v' and we can neglect it for 
large t. The remaining terms describe oscillations with frequency œo, 
which do not decay with time since they are maintained by the acti- 
on of an external force. 


Exercises 


1. Determine Co and a from the system (6.11-8). 


2. Because of friction, the maximum amplitude C is for wmax somewhat 
different from %2. 


Find the deviation of wmax/@? from unity as a function of y. 
Hint. Test the radicand in (6.11-6) for a minimum, denoting œ? = z. 


6.12 ON EXACT AND APPROXIMATE SOLUTIONS OF PHYSICAL 
PROBLEMS 


In the preceding section we had the luck to find with comparative 
ease the exact solution of a problem involving oscillations of a body 
under the action of a periodic external force in the case of a restoring 


force (—kzx) and friction(—h a) . With this exact solution at our 


disposal it is easy to find a number of important limiting cases. 
(1) The frequency w of the external force is extremely small com- 


pared with wo, where œ% == . Neglecting @ in (6.11-6) in comparison 


EE ge 
with wo, we get C = aoe oe 
(2) The frequency œ of the external force is extremely large and 


Í 1 
ch larger than . Then C = ——————... But 20? w4 
mu arg an Wo m Vortara yot < 
(the friction is not very great); neglecting the term 4%? w*, we obtain 


—. 
— 


mw? ` 
(3) The force of friction is small. Disregarding the term containing 
y, we get 
ae! 1 
C= rer a (6.12-1) 
We take the absolute value since we consider the positive value of 
the radical in formula (6.11-6). 

(4) The phenomenon of exact resonance: the frequency of the 
external force is exactly equal to the natural frequency, that is, 
© = p Then 

i 
C=} -— it (6.12-2) 


hwo 
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These limiting cases actually make up over 90% of the content 
of all the results obtained. When one obtains a general result, it is 
always necessary to simplify it by comsidering various limiting 
cases, aS we have just done. The simple formulas relating to the 
limiting cases are more easily remembered and more frequently 
used in practical situations. Only once in a while does one have to 
resort to general formulas. If we know the limiting cases, we do not 
know everything but we know almost everything that is contained 
in the more complicated exact formula. 

The question arises as to the possibility of obtaining these limi- 
ting formulas directly via simplifications in the equation itself. 
To solve an involved equation in exact fashion and then simplify 
the solution is just as senseless as to use intricate machinery to 
package goods elegantly and then immediately tear open the package 
to get them. 

To obtain limiting (approximate) expressions directly is particu- 
larly important for the added reason that an exact solution is very 
sensitive to the slightest variations in the statement of the problem. 
A slight complication in the problem and one finds it impossible to 
get an exact solution. An approximate solution is rougher and more 
stable with respect to variations in the problem. 

Of particular importance to students are cases where it is possible 
to obtain and compare both solutions, exact and approximate. It is 
precisely in such cases that one can acquire some experience in the 
proper choice of approximations and be sure of the results. 

Let us now return to the first case: the frequency of the external 
force is low. This is clearly a slow motion. Therefore, in the original 
equation 


2 
moe = — kz — h TZ + f cosot (6.11-1) 
we drop terms involving motion, m pu and h 2 =; » to get 
0 = — kz + f cos œt 
whence 
p= LE LC cos ot, cat 


Thus, for low frequencies, at each moment the applied external force 
is balanced by the force of elasticity. This result is clearly very gene- 
ral, for it refers to any motion with a low frequency. This limiting 
case is called a static case. In particular, the force of elasticity may 
be any function of the coordinate [F (z)], the external force may be 


any function of the time [F, (#)]. The oscillation equation takes the 
form 


m <2 =F (2)—h=+ Fy (t) (6.12-3) 
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It is not always possible to obtain the exact solution of this equation, 
but the approximate approach is preserved. Indeed, neglecting in the 
case of slow motion the terms involving velocity and acceleration, 
we get from (6.12-3) 

F (x) + F,(t) = 0 
From this we find z (#), or an approximate relationship between z 
and ż. Substituting x (#) into the exact equation (6.12-3), we can 


find the order of the error by neglecting the terms m 2 and h =, 


Let us take a look at the second limiting case, very high frequen- 
cy œ. For a high frequency, the time of action of the external force 
and, hence, the impulse during each half-cycle (while the force is 
acting in one direction) are small because of the short duration of 
the half-cycle. Thus, for a given amplitude of the force f, the grea- 
ter w, the smaller the velocity that the body can acquire and the 
smaller the displacement of the body. Neglecting the terms kz and 
h = , we get an equation of motion of a free body with no forces 
acting except the external force, 


TE = fcosot (6.12-4) 


We will seek the solution of (6.12-4) in the form 
x = C cos ot 


m 


Then 
d?x 
dt2 


Substituting into (6.12-4) we get 
—C ma’ cos wt = f cos ot 


= —Cw* cos at 


whence 
R f 
aay 
and so 
t= — L cos wt (6.12-5) 


In the standard form x = C cos (wt + æ) the solution (6.12-5) may 
be written so that C is positive: 


f 


m@2 


z= cos (wt + 7) 


Here, the elastic force is 


k 
— kr = —! cos at = — f cos wt 
ma @ 


The force of friction is 
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When comparing forces that depend periodically on time, one 
should not compare their instantaneous values but their amplitudes. 
The ratio of an external force to the elastic force (the ratio of the 
amplitudes) is : 

w2f @2 


S| —— 


of o$ 


This ratio is the greater, the greater œ. Similarly, the ratio of the 
external force to that of friction grows without bound with the growth 
of w. For this reason, given large œ, the external force appreciably 
exceeds both the elastic force and the force of friction. This supports 
the possibility of an approximate consideration of motion under the 
action of the external force alone.* 
The third limiting case—neglect of friction—is easily obtained 
directly: 
d?x 


-gz = — ke + f cos ot = — moz + f cos ot (6.12-6) 


m 


We seek the solution of (6.12-6) in the form z = C cos (ot + a). 
2 


Substituting into this equation the expressions for x and n , We get 


a=0, m(@ — w?) C cos wt = f cos ot 
whence 
— f 
C= Tay 
We consider the fourth limiting case: the frequency of an external 
force is exactly equal to the natural frequency of the oscillations, 
© = Op - 
We will seek the solution to (6.11-1) in the form 


x = C cos (ot + a) 
Then 
dz 


mM -yr 


= — MC o; cos (Wot + a) 


Recalling that œ = k/m, we get 


d2x 


Mp 


= —kC cos (ot +a) = — kz 
Substituting into (6.11-1) the expressions for z and its derivatives, 


we obtain 
hC œ Sin (Wot + a) + f cos Mot = 0 


* It is essential that the friction considered above is the closer to zero, 
the closer the velocity is to zero. In dry friction (force of friction independent 
of velocity) an external force less than that of friction will not cause oscillations 
at any frequency. | 
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This equation will hold true for any ¢ if 


mt f 
Hence the solution is 
a J , 
T= hoo cos (ot—+) (6.12-7) 


The amplitude of oscillations at resonance is C = f/h ap. 
Referring to Fig. 153, let us look at the relationship between C 
and œ provided by the approximate formulas (6.12-1) and (6.12-2). 
Formula (6.12-1) yields two branches going off to infinity at œ = 
= @; formula (6.12-2) yields a finite value C = A for w= «@. 


C 


YW). 


Fig. 153 


If we construct the curves of (6.12-1) and place the point A that cor- 
responds to formula (6.12-2), it is then easy to draw free-hand a smooth 
curve (dashed in Fig. 153) which, far from resonance, coincides 
with the curves of (6.12-1) and has a maximum A at the point @p. 

In the case of resonance (fourth case) the amplitude C and the 
initial phase a can be determined by means of energy considerations, 
the value of which consists in the fact that they also enable one to 
solve approximately certain problems that do not have exact solu- 
tions. 

The power developed by an external force f cos wt in the case of 
motion specified by the expression x = C cos (wt + a) is 


W ex = Í cos wt =. = — fCo cos ot sin (wt + a) 
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Let us determine the mean power of the external force during a large 
(more precisely, infinite) interval of time: 


W ex = — {Co cos ot sin (wt + a) 
Observe that 


cos Wt sin (Wt + a) = = sin 2wt cos æ + cos? wi sina 


2 
and so 
cos wt sin (Wt + a) = > sin 2wt cos œ + cos? œt sina = a sin @ 
Consequently 
W ex S e sin @ 
or 
TT: C 
Wes = cos (a +>) (6.12-8) 
Now let us determine the mean power of the force of friction. 
Since F;, = — hv, it follows that 
W r = —hv? (6.12-9) 
But 
— fae\? = C22 
v? = (F) = C?w? cos? (wt + p) = 
Therefore (6.12-9) yields 
TT C2w2 
W ‘r = —h 


9) 
a 


Since the work of the external force goes to overcome friction, the 
mean powers of the external force and the force of friction must be 
equal in absolute value: 


|W yr|=|Wex| (6.12-10) 
that is, 
{Co It C2m2 
z~ | COS (a ++) [=h 5 
or 
Jt 
f | cos (+5) |=2Co 
whence 
_f n 
C= | cos (a++)| (6.12-41) 
The maximum possible amplitude (resonance) results, as may be 
seen from (6.12-11), when cos (a +7) = 1, that is, fora = — =. 


Here, © = @, and C = a z. Hence, the solution in the case of 
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resonance is 


j 7 
T his cos ( oot — +) 
We again have the formula (6.12-7). 
Let us return to formula (6.12-8). From this formula we see 


that at resonance W,, has the largest value since at resonance 


N è 7 
cos (a+ oe a 1. For this reason, in the case of resonance an external 


force develops the maximum mean power and, consequently, per- 
forms maximum work. 

These arguments of an energy nature make it possible to determine 
the amplitude at resonance also in the case of a more complicated 
dependence of the force of friction on velocity. Let the force of fric- 
tion be given by the formula 


Fir = — hv|v [> (6.12-12) 
For v>0, (6.12-12) gives Fy, = — hv", for v< 0 we get F; = 
= h |v |". Therefore, (6.12-12) yields the force of friction in oppositi- 


on to velocity for any sign of the velocity v. The mean power of the 
external force is, as before, given by the formula (6.12-8). We deter- 


mine W;,. The instantaneous value W;, = Fiw = — hv*|v|"-); 
since v?=|v|?, it follows that Wy,= —h| v |"+!. Substituting here 
the value of v, we find 

W ir = —AC™H onti | sin (Wot + a) [7+ (6.12-13) 


Using this equation we get 
W yr = — hC" tonti A 
where A = |sin (œt + @)|"*1.* The condition (6.12-10) yields 


hC™anttA = $ {Co cos (2+) | 
From this we have 
n f h 
c= V myos (2+) 


The maximum amplitude attained at resonance is equal to 
T ae ae 
C= on eA (6.12-14) 
A particular case of formula (6.12-14) for n = 1 (friction proportio- 
nal to velocity) is the earlier found formula 
f 


Woh 


* For reference we give values of A for a few n: n —> 0, A > Z = 0.64; n = 


= 1, A = 0.5; ae en A A = >= 0.375. 
3n 8 
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6.43 JET PROPULSION AND TSIOLKOVSKY’S FORMULA 


In the case of motion in airless space, the only method of flight 
control (changing speed and direction) consists in ejecting a portion 
of the mass of the flying body itself, which means applying the 
reaction (jet) principle. 

The Russian scientist K. E. Tsiolkovsky was the first to fully 
realize the significance of the jet principle and to investigate the 
fundamental regularities of reaction motion (jet propulsion). From 
him, via his pupils and followers—Soviet scientists and engineers— 
stems the scientific tradition that saw final embodiment in the arti- 
ficial earth satellites and space vehicles of recent years. 

Let us derive the basic equation of the rectilinear motion of a ro- 
cket. The propellant, whether gunpowder or a mixture of fuel (alco- 
hol, gasoline) and oxidizer (oxygen, nitric acid), possesses a definite 
supply Q of chemical energy per unit mass (Q is of the order of 1000 ki- 
localories per kilogram for smokeless powder and 2500 kcal/kg for 
a gasoline (or petrol) and oxygen mixture.* In burning, this chemical 
energy is converted into the thermal energy of the products of combu- 
stion, which stream out of a nozzle, the thermal energy turning into 
the kinetic energy of motion. 

When a reaction (rocket) engine is fixed on a test bed, the products 
of combustion are exhausted at a definite velocity uo. The kinetic 
energy they have per unit mass constitutes a definite portion of the 
chemical energy of the propellant: 


u 


ti aQ (6.13-1) 


where a is a dimensionless number, the coefficient of efficiency of the 
processes of combustion and exit of gases.** From now on we will 
consider the exhaust velocity wo to be a given known quantity. It 
is roughly 2 km/sec for powder and about 3 km/sec for liquid pro- 
pellant. It is easy to see that these quantities are associated with the 
values of a æ% 0.5 (efficiency of the order of 50%). 

Prior to combustion, the propellant was at rest. Suppose a mass 
dm of propellant is burnt and exits from the nozzle. In so doing, it 
acquires a momentum of wy dm. Clearly, the impulse dI of the force 
with which the rocket acts on this mass is equal to the momentum 


* The heating value of gasoline is about 10 000 kcal/kg. However, burning 
1 kg of gasoline (or petrol) (CH2) requires 3.4 kg of oxygen. In a rocket launched 
into airless space, the oxygen has to be carried along and the energy must be 
referred to the sum of the weights of the fuel and oxidizer. 

** In formula (6.13-1), Q has to be expressed in mechanical units (erg/g) 


and then uy is obtained in cm/sec. We then have 1 kcal/kg = 1 cal/g = 
= 4.18 x 10” erg/g. 
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acquired by the mass dm,* 
dI = Fdt = udm 


By the law of every action having an equal and opposite reaction, 
the impulse of the force with which the mass dm of the products of 
combustion acts on the rocket vehicle is equal to that same quantity 
with sign reversed. Suppose, for instance, the exhaust velocity uo 


is in the direction of decreasing z. Then uo is negative, up = — | uo |. 
For the impulse of the force acting on the rocket we have 
dl, = F,dt = — udm = |uo|dm (6.13-2) 
The quantity 
P dI 
I = -jz =| vo] (6.13-3) 


is the impulse per unit mass, the so-called unit impulse. This quan- 
tity is equal to the exhaust velocity of gases from a rocket at rest. 

Let us check the dimensions in formula (6.13-3). The force F has 
the dimensions of g-cm/sec? (dyne), the impulse J is the product of 
force by time, and so its dimensions are g-cm/sec. The dimensions 


of a are g. cm/sec. g = cm/sec, which are the dimensions of velocity. 


For powder gases, Ug = 2 X 105 = 2 km/sec, for liquid fuel uy = 
= 3 km/sec. In the mks system of units, the unit impulse is expres- 
sedin kgf-sec/kg, where kgf denotes the kilogram force and kg denotes 
the kilogram mass. A force of 1 kgf is equal to the force expressed in 
dynes divided by 1000 g, where g is the acceleration of gravity. 


A mass of 1 kg is equal to the mass expressed in grams divided by 1000. 
Therefore I’ expressed in kgf-sec/kg is numerically equal to “OOF = 


= 2. Assuming, roughly, that g æ 1000 cm/sec?, we get 


£ 
200 kgf-sec/kg for powder gases and 300 kgf-sec/kg for liquid fuel. 
The force acting on a rocket is, by formula (6.13-2), 


d 
P, = uol Se 


It is proportional to the quantity of gases exhausted in unit time. 

Now let us examine the derivation of the formula for the velocity 
of the rocket vehicle. If the rocket is itself in motion with a velocity u, 
then the exhaust velocity of the gases differs from wp and is equal to 
u + Up =U — |Uo| (recall that when the vehicle is at rest, the ex- 
haust velocity of gases is equal to — | uọ |). It is obvious that such 
quantities as the difference between the velocity of powder prior to 
combustion and the velocity of the exhausted powder gases and as 
the force with which the powder gases act on the rocket are indepen- 
dent of whether the rocket vehicle is in motion or at rest. 


* The designation dI is due to the fact that we consider a small mass dm. 
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Let us denote the initial mass of the rocket together with the pow- 
der by Mo, the mass of exhausted powder gases by m. The quantity m 
is a function of the time, m = m (t). The designation m is in accord 
with the fact that the small exhausted mass was denoted by dm, 


and the quantity of powder gases exhausted in unit time was denoted 


by = . The mass of a rocket with powder is at time ¢ equal to 


d 
M=M(t) = My—™m (t) (6.13-4) 
The equation of motion (Newton’s second law) is 


du dm 
M a er Nae, 


This equation can be written thus: 
Mdu =|uo|dm 
or, using (6.13-4), 


(M,—m) + =| w| (6.13-5) 


The possibility of cancelling out dt has the physical meaning that 
(in the absence of other forces acting on the rocket) the velocity of 
the rocket depends only on the amount of exhausted powder gases 
(for a fixed value of uo). By the time a given amount m of powder 
gases is exhausted through the nozzle, the rocket has acquired a defi- 
nite velocity u, irrespective of the time during which the given 
amount of powder gases was released. 

It is easy to solve equation (6.13-5). At start, u = 0 for m = 0. 
We thus have 


m p n 
u= | uol \ Mom — | uo | In (My—m) ó 
0 
M 
=| up| [—In (Mo—m) + 1n Mo] =| uo | In z7 = | up [In 3 
Thus 
Mo 
u= | uo | In -F (6.13-6) 


This formula was first derived by K. Tsiolkovsky and bears his name. 

If we are interested in the terminal velocity u;,, at burnout, then 
in formula (6.13-6) we put M ter (terminal mass of the rocket after 
all the fuel has burnt out) in place of M: Mier = Mo — Miot, 
where Mio is the total mass of the propellant. We get 


ter = | uo | In Ge (6.13-7) 


This formula can also be used to solve’the converse problem: what: 
initial mass of the rocket vehicle must be*taken so that to a given 
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terminal mass M,,, is imparted a definite velocity Uter: 


Mo pau Uter. 
In Mter a | Uo | 
whence 
“ter 
Mo = M tere | 0! (6.13-8) 


For a body to be able to orbit the earth as a satellite, it is neces- 
sary that its centrifugal force balance the gravitational force of the 
earth. The corresponding velocity, u4, is called the orbital velocity 
(or first cosmic velocity). To determine it we obtain 


Mier $ = Mierg (6.13-9) 


where R is the radius of the orbit. It is approximately equal to the 
radius of the earth and so for the gravitational force in the right- 
hand member of (6.13-9) we take the force of gravity at the earth’s 
surface. From (6.13-9) we find 


u, = V gR x V gro x 8 km/sec 


For a satellite at a distance r from the earth’s centre that is appre- 
ciably different from ro, one must bear in mind that the acceleration 
of gravity (equal to g at the surface of the earth) varies with alti- 
tude. Indeed, by Newton’s law of gravitation, a body distant r from 


the centre of the earth is attracted to the earth with a force F = ant ; 


where m is the mass of the body and M is the mass of the earth. On 
the other hand, by Newton’s second law, F = ma, where a is the 


acceleration of gravity at a distance r from the centre of the earth. 
Comparing these two expressions for F, we find a = 2a r= ro 


2 
then a = g, and so g = SM whence G = F. We finally get a = 
p r . In this case the equality of the centrifugal force and the 
force of gravity yields 


2 r2 
Mier —= M terg -r 
whence the orbital velocity of the satellite is 
/ gre 
a ae 
The greater the distance r, the smaller the velocity u required for 
a satellite to stay in orbit. However this does not at all mean that 


it is easier to launch a vehicle into orbit with a very great r than 
into one with r close to rọ: the point is that in launching a rocket 
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vehicle into an orbit with large r more energy is required to overcome 
the force of gravity over the trajectory from the earth’s surface to 
the orbit. ° 

Now let us consider the next (in order of difficulty of execution) 
problem. For a body to be able to leave the sphere of terrestrial gra- 
vitation, it is necessary that its initial kinetic energy be greater 
than the difference between the potential energy of the launched 
body and the body at the earth’s surface. We found this quantity 
in Sec. 6.2 [formula (6.2-5)]. Here it is assumed that the propellant 
is used up and the requisite velocity is acquired rapidly over a por- 
tion of the flight path that is small compared with the earth’s radius, 
so that we can ignore the change in potential energy on this portion 
of the flight path. This means that the reactive force is very great 
during the time of combustion of the fuel, and we can also disregard 
the action of gravity during this time. It has been demonstrated that 
it is more advantageous to burn the fuel quickly (less fuel will be 
required) than to stretch out the process of combustion over a time 
necessary to cover a distance of the order of the earth’s radius.* 

The initial velocity needed for a body to be able to leave the 
sphere of the earth’s gravitational pull is called the earth escape 
velocity (also, second cosmic velocity), us. Let us find it. From for- 
mula (6.2-5) the initial energy required to reach a distance r from 
the centre of the earth by a body originally on the ground (rọ) is 


r . 
Ky = mg 2 (r — ro). In our case, r is much greater than ro and so 
r 


r — ro r, which yields Ky = mgr. Equating to this quantity the 
kinetic energy of the rocket, 


M ter = Mtergro 
we get 
u, = V 2gry ~ 11.2 km/sec 


Finally, the initial velocity that a body must have in order to be 
able to leave the gravitational field of the sun, that is, to be able to 
leave the solar system, is called the solar escape velocity (or third 
cosmic velocity), u3. Let us find it using the fact that the velocity vı 
of the earth’s revolution about the sun is known to be v, = 30 km/sec. 

By Newton's law of gravitation, the force of attraction of a mass m 


M ~m 
to the sun is F = — k — , where Mo is the mass of the sun,** r is 


* Only over sections of the flight path where the air density is extremely 
high (and hence air resistance too) is it disadvantageous to develop high veloci- 
ties. The thickness of the atmosphere is small in comparison to the radius of 
the earth (see Chapter 7) and we will disregard it. 

** Astronomers use the symbol © to denote the sun. Numerically, M G= 
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the distance from the centre of, the sun to the body, and k is a con- 
stant coefficient. The potential energy of a body carried to a distan- 
ce r from the centre of the sun is equal to 


7 on kM 5 


r 
Here, the value of- pen energy at infinity is taken to be zero 
(see Sec. 6.2). y Kago 
The magnitude of potential energy of a body at the radius of the 
earth’s orbit can easily be expressed in terms of the velocity of the 
earth in its orbit. In orbit, the earth’s attraction to the sun is balan- 
ced by the centrifugal force, 


(6.13-10) 


2 MnM 
Mt =k — 
ri ri 


where v, is the earth’s speed in revolution about the sun, and r; is 
the radius of the earth’s orbit, 150 000 000 km = 1.5 x 10! cm. 
From this we get - 


kMo= vir, 
and the formula (6.13-10) takes the form 
u (74) = —vim 


For a body at a distance r, from the sun to leave the solar field of 
gravitation it is necessary that, at this distance, the sum of the kine- 
tic and potential energies of the body be nonnegative. This leads to 
the condition 


v2 v2 
M ter =~ + (ri) = M ter => — M tervi >0 


Here, v, is the sought-for velocity of escape from the solar system, 
vı is the known orbital velocity of the earth. 

We have already encountered a similar situation when we consi- 
dered the motion of a body in the gravitational field of the earth: 
the velocity of escape from the terrestrial field of gravitation is asso- 
ciated with a kinetic energy twice that corresponding to the veloci- 
ty needed for maintaining a vehicle in earth orbit. 

From the last relation we find the minimum required velocity to be 


va = vı V2 & 42 km/sec 


To summarize, then: in order to escape from the solar system, a body 
at earth orbit must have an initial velocity (relative to the sun) of 
42 km/sec. It then turns out that a body with a velocity exceeding 
42 km/sec will leave the solar system, irrespective of the direction of 
the velocity: along a radius from the sun [Z] or along a tangent to 
the orbit of the earth [2], [3] or even towards the sun [4] (but at 
a certain angle so as not tofall into the sun). The only thing the 
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direction of the initial velocity charges is the shape of the flight path 
(Fig. 154). The numbers in brackets correspond to the numbers of 
the flight paths in Fig. 154. ° 

It is clear that the most advantageous trajectory for launching 
a rocket vehicle from the earth is [2]. The earth itself is moving at 
30 km/sec and so to obtain a velocity of 42 km/sec in the same direc- 
tion the rocket needs to attain a velocity v, = 12 km/sec. The rocket 
has to have a velocity of 12 km/sec when it leaves the earth’s field 
of gravitation, which is to say when it has receded from the earth 
to a distance large compared to the radius of the earth but 
small compared to the radius 
of the earth’s orbit. 

For this purpose, what must 
the initial velocity be at the 
earth’s surface? It is precisely 
Ug, the solar escape velocity 
(or the third cosmic velocity). 
We determine it from the re- 
lation 


© u Va? 
Mte 5 = M tergro + M ter > 
(6.13-11) 


Here, the first term on the 
right is the energy needed to 
overcome the earth’s gravity, 
the second term is the energy 
that must remain afterwards so that the rocket has (after adding in 
the orbital velocity of the earth) velocity və which is necessary 
for escape from the solar system. Formula (6.13-11) yields 


earth [1] 


[4] 
Fig. 154 


Ui = 2gro H V, =u p, 
whence 
uz = V u? +v; = V 11.2? + 12? ~ 16.4 km/sec 


Note that the earth escape velocity (second cosmic velocity) does 
not suffice for approaching the sun or landing on Mercury or Venus. 
Indeed, at this velocity the rocket tears away from the earth and 
will continue in that orbit with a velocity that of the earth, which 
is 30 km/sec. 

Although the potential energy diminishes as the rocket approaches 
the sun, it cannot come close to the sun because of the centrifugal 
force of its orbital motion. In order to penetrate into the depths of 
the solar system, we have to reduce the speed of the rocket relative 
to the sun, but this is just as hard to do as to increase the speed. For 
instance, to hit the sun, the rocket must be brought to a stop, which 
means it must have a speed of 30 km/sec relative to the earth (after 
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leaving the field of gravitation). What this means is an initial velo- 
city at the earth’s surface of 


u, = V 30? + 11.22 = 32 km/sec 


It is harder to fall into the sun than to get away from it! Better 
variants can be obtained by utilizing the change in rocket speed cau- 
sed by the influence of other planets, but we will not go into that 
problem here. 


Let us find the magnitudes i T 2 j ie veloci- 
er 
ties uy, Us, Ug are attained. For gunpowder | uo | = 2 km/sec. Using 
formula (6.13-8) we get for u, =8 km/sec, a = e* = 54; for 
eri 
u, = 11.2 km/sec, at = e- = 270; for u, = 16.4 km/sec, 
terg 
ed = ę? — 3641. In the case of liquid fuel, ay = 3 km/sec. 
terg 
M 
Anal j ield: =— = 14. = = 
nalogous computations yield Meer, J, Whe: == 42, Her, ~ 


is 


= 245. From the foregoing we see that the magnitude of + 


strongly dependent on the exhaust velocity (wo) of the gases. Te ‘get 
an idea of the difficulty of the problem of launching a rocket, one 
should bear in mind that M ie, includes the weight of the fuel tanks, 
etc. 

Let us find the efficiency of a rocket as a whole. We define this 
quantity as the ratio of the kinetic energy of the rocket at burnout, 


M ter au to the chemical energy of the burnt fuel mQ = (Mo — 
OMO Q. The efficiency is 


= M ter}, 

= 2Q(Mo— Mier) 
Substituting into (6.13-12) the expression for Uter from (6.13-7) and 
expressing uw} from (6.13-1), we finally obtain 

Meter Mo g 
1 Mo — Mier (In 370, 

The efficiency turns out to be the product of the “internal efficiency” œ 
(which characterizes the completeness of burning of the fuel and the 
conversion of thermal energy into the kinetic energy of gases) and 
the second factor, which depends solely on the choice of the ratio 
between the mass m of fuel and the mass M ter of the payload. Denote 


~ =z. Then M, = Mier +m = Miter (1 + z) and the effici- 


(6.13-12) 


__ Mter Mter + m o> s 3 f: 2 
n=a = (In ier) Aa [ln (4 | 2)] 


CH. 6 MECHANICS 329 


At first glance it might appear that due to the fraction 1 the ef- 


ficiency is very great for small z. In reality, for small z we have 
ln (1 + z) =z and so 


1 2 
Naz? = QZ 


The efficiency is proportional to z and hence is small for small z. 
For small z the rocket moves. slowly and almost all the energy is 
carried away by the gases. For very great z, the efficiency again 
falls because of diminished payload mass.* Since the terminal velo- 
city of the rocket is also dependent solely on z, we can say that the 
efficiency of the vehicle is determined by the requisite velocity. At 
small velocities, the efficiency of the rocket vehicle is small and so 
it is disadvantageous to employ jet propulsion in automobiles and 
other cases of relatively slow motion. At high velocities, the energy 
efficiency of the rocket again diminishes, but the use of the rocket 
is nevertheless justified since we do not possess any other means of 
accelerating bodies to high velocities. 


Exercises 


1. Find the value of z which yields maximal efficiency n. Find the magni- 
tude of this maximum. 

2. Find the radius of the orbit of an artificial satellite with an orbital period 
of 24 hours. A vehicle launched into such an orbit in the plane of the equator 
will remain hanging over one spot on the earth’s surface. 


6.14 THE PATH OF A PROJECTILE 


Let us consider the problem of the flight path of a projectile 
(shell) fired from a gun with initial velocity v9. We take the point 
of ejection of the shell from the barrel of the gun for the origin and 
sent the y-axis vertically upwards. For the sake of simplicity, we 
disregard air resistance because this would introduce considerable 
complications. 

By Newton’s second law, 


We applied this law earlier only for rectilinear motion. But in the 
flight-path problem the direction of v varies with time (the velocity 
is always directed along a tangent to the path of the shell). For this 
reason we will do as follows. We will decompose the force F into 
components along the z-axis and along the y-axis, Fx and F}, respec- 
tively. We do the same with respect to the velocity v. 


* For large z, the quantity [ln (4 + z)]? grows more slowly than z. Indeed, 
denoting y = ln (1 + z), we get z = eY — 1 and the function eY grows faster 
than any power of y (see Chapter 3). 


330 HIGHER MATHEMATICS FOR BEGINNERS 


Any motion in the zy-plane may be regarded as the result of com- 
bining two motions: one occurring along the z-axis under the action 
of the force F „with velocity v, and the other along the y-axis under 
the action of the force F, with velocity v,. Applying Newton’s second 
law to each of these motions separately, we get 


dy 

jp xs 
iia (6.14-1) 
dt Y 


We have obtained two equations, (6.14-1), but in each of them the 
force and the velocity are directed along a single straight line (the 
x-axis in the first equation and the y-axis in the second). 

Denote by ọ the angle which the barrel of the gun makes with the 
horizontal; call ọ the angle of departure. Since we are considering the 
most elementary case in which the shell in flight is acted upon solely 
by the force o gravity (directed earthwards), it follows that F, = 0, 


Fy, = — mg. And so the equations of (6.14-1) have the form 
a =O 
i (6.14-2) 
ate 


Substitute the initial conditions for the functions v, (t) and v,(t). 
At the time of emergence of the shell from the barrel, ¢ = 0, 


V x (0) = Vo COS ®, 

v, (0) = vo sin @ 
The first of the equations of (6.14-2) yields Wwe = 0, whence it fol- 
lows that v, is constant and so 


v, (tf) = v, (0) = vo cos @ (6.14-3) 
The second equation in (6.14-2) yields w —g, whence, integrating 
from 0 to t, we get 
vy (t) — Vy 0) = — gt 
or 
Vy (t) = — gt + Vo Sin ọ (6.14-4) 


To determine the displacements of z and y along the coordinate 
axes, we take advantage of the obvious relations 


dz ij 
dt — YX) 


“at 
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Using the formulas (6.14-3) and (6.14-4), we get from (6.14-5) 


dr 

ET Vo COS Ọ, ° 

i (6.14-6) 
= — gt + v sin @ 


At the initial instant of time, the shell was at the origin and so 
for t=O0O02=0, y =0 (6.14-7) 


Integrating (6.14-6) from O to ¢ and using the initial conditions of 
(6.14-7), we find 
(6.14-8) 


é t2 
y = Vot sin p—5- 


z = Vt COS Ọ, ! 
These formulas enable us to determine the position of the shell at 
any instant of time t. 

Taking various values of ¢, we can find the position of the shell, 
from formulas (6.14-8), at different times and we can plot a graph of 
the path of the shell. Thus, equations (6.14-8) yield a curve in the 
xy-plane. Representation of a curve by means of two equations like 


z = fı (t) 

y = fa (2) 
is called parametric representation of the curve. The number ¢ is 
called the parameter. 


From equations (6.14-8) we can easily get rid of ¢ and obtain an 
equation of the path in the ordinary form, as a function y of z. 


Indeed, the first equation in (6.14-8) yields t Eor. then from 
the second equation of (6.14-8) we get 
y= <x tan pT (6.14-9) 


From (6.14-9) we see that y is a second-degree polynomial in z, the 
graph of which is a parabola. Consequently, disregarding air resis- 
tance, the path of a shell is in the shape of a parabola. Fig. 155 
depicts the path of (6.14-9) for the case vo = 80 m/sec,* pọ = 45°. 

From (6.14-9) it is evident that for one and the same Uo, the shape 
of the trajectory depends on the angle of departure ọ. We will find 
the maximum altitude of ascent of the shell and the range of fire 
for given ọ and vo. To determine the maximum altitude, we set up 


* For a small initial velocity, the air resistance is indeed small. But if we 
take an initial velocity vp = 800 m/sec, then a 305-mm calibre (diameter) 
shell at an angle of departure ọ = 55° will meet air resistance that cuts the 
range of fire from 61 to 22.2 km. 
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the equation A = 0 to get 


tan ọp— t — z = =0 
v2 cos? @ 
whence 
7 Hsin pcos p _ v2 sin 2p 


g 2g 


For this value of z, the height y is a maximum (it is physically clear 


200 J00 400 500 600 I 


Fig. 155 


that this is precisely the maximum; but, incidentally, this can be 


2 
verified from =) . Substituting the x found into (6.14-9), we get 
vg sin? ọ 
max = 2g 


To determine the range of the shell, it suffices to determine the value 
of x for which y = Q (see Fig. 155): 


ay. oe ene 
x tan @ ©" SF cost @ 0 


Discarding the solution z = 0 which does not interest us, we find 


a vat (6.14-10) 
The range of fire depends on the initial velocity and on the angle of 
departure. 

For what angle of departure (initial velocity vg unchanged) is the 
range of fire the greatest? Evidently when sin 29 = 1, that is for 
@ = 45°. 

Let us determine the time during which the shell rises upwards. 


All we need to do is solve the equation ¥ = 0 because at time ¢ 


when y attains its maximum value, the shell will cease to rise and 
will begin to fall. The condition oy =Q yields vg sin g — gt = 0, 


CH. 6 MECHANICS 333 


whence 


t= SEP (614-41) 


The total flight time t;.; can be found from the fact that the flight 
stopped when z= zmax. Using (6.14-8) and (6.14-10), we find 


me 
Vottot COS P = “nee 
whence 
bic one (6.14-12) 


Comparing (6.14-12) and (6.14-11), we see that the total flight time 
ttot iS twice the time of ascent. The ascent time of a shell is equal to 
the descent time. 

Note, in conclusion, that the actual flight paths of shells are not 
exact parabolas and the distortion is due to air resistance. The range 
of fire, altitude of ascent of the shell, flight time and the like depend 
on the weight of the shell, its shape and the air density. 


Exercises 


1. A shell leaves the gun with a velocity of 80 m/sec. Determine the range 
of fire and the maximal height reached by the shell if the angle of departure 
p = 30°, 45°, 60°. 

2. Determine the maximum altitude at which a shell with initial velocity 
vo = 80 m/sec can hit a target located 500 metres from the gun. 


6. 15 THE MASS, CENTRE OF GRAVITY AND MOMENT 
OF INERTIA OF A ROD 


We consider a narrow rod. The z-axis will lie along the rod. Denote 
by pọ the mass per unit length of rod. Thus, on a portion dz between z 
and z + dz there will be a mass 


dm = p dz 


The rod may be made of a material whose density depends on z, or 
it can have a cross section that is variable in length (that is, depen- 
dent on x). Therefore p is a function of the z-coordinate. The quanti- 
ty p is a product of the volume density d (g/cm?) and the cross section 
of the rod S (cm?): 


p (g/cm) = Sd 


The quantity p should be called the density per unit length. How- 
ever, Since the real density d (volume density) does not enter into 
the subsequent computations, we will call p, for short, the density. 
We consider the thickness of the rod to be small and depict it merely 
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as a Straight line, a line segment of the z-axis. The mass of the rod is 
clearly 


m= f p (x) dx (6.15-1) 


where a and b are the coordinates of the ends of the rod. 

Let the rod be fixed on the z-axis, which is horizontal, the y-axis 
being directed vertically upwards. The force of gravity acts on the 
rod (as indicated in Fig. 156 by the arrow) tending to pull the rod 
downwards. 

Imagine that the z-axis is a weight lever. Indicated schematically 
in the drawing is a prism supporting the z-axis at the origin. The 


Fig. 156 


x-axis can thus rotate about this axis perpendicular to the plane 
of the drawing. Let us find the weight p on the left at a distance R 
that is needed to balance the rod on the right. 

By the laws of a lever, the element of mass dm distant x to the 
right of the axis is balanced by element of mass du to the left if 
the masses are inversely proportional to the distances, that is, if 


du z 
dm R 
or 
R du = zdm (6.15-2) 


The element of mass dm is equal (as we learned above) to p dz. To 

balance the entire rod we need a mass p that satisfies the equation 
b 

Ru = \ xp (x) dx (6.15-3) 


This equation is the result of integrating the left and right mem- 
bers of (6.15-2). To the right of the axis, different elements of mass 
dm are located at different distances z from the support. That is why 
the quantity x appears under the integral sign. To the left of the 
axis, all elements of mass dy (which balance the distinct elements 
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dm of the rod) are collected together at the same distance R from the 
support. R is a constant and so 


| Rap =R] du = Ru 


It will be seen, from a comparison of (6.15-3) and (6.15-1), that 
the integral upon which depends the mass p balancing the rod differs 
from the integral that expresses the mass of the rod. 

The question now is: if we concentrate the total mass of the rod 
at one point, then at what distance zc must this point be from the 


Fig. 157 


support (from the origin, that is) in order to balance the same mass p 
at distance R that is balanced by the rod (Fig. 157). We find 


b 
Ru = zem = | xo dz (6.15-4) 
whence . 
b 
b | zp dz 
Lc a \ rp dz = (6.15-5) 
a f pdr 


The quantity xz, is the coordinate of the centre of gravity or, as it 
is also called, the centre of mass of the rod. It is very important that 
the point zç is indeed a definite point of the rod: if we displace the 
rod as a whole along the z-axis, say, to the right a distance l 
(Fig. 158), then zo too will increase by this same quantity J, so that 
the point with coordinate z = zç is always (for a given rod) at a ve- 
ry definite distance from the endpoints of the rod. We will prove 
this. 

Let us consider a rod displaced a distance l to the right from the 
original position (Fig. 158, bottom). The quantities referring to the 
new (displaced) position will be denoted by the same letters as those 
referring to the original position, but labelled with the subscript 1. 
Then 


agj=at+lb=b-+ 1, 0, (x) = 9 (x —D) 
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Note particularly the minus sign in the last formula. Indeed, from 
Fig. 158 it is evident that to each value of x in the new position of 
the rod (bottom figure) there corresponds the same value of density 


LLL 
Le 


TA 


! WLLL 
7 ae T 


=4đ-+l Le, b=b+l 
Fig. 158 


as to the value x — l in the original position of the rod (top figure). 
By formula (6.15-5) 


bs 
\ xp (x) dz \ XP, (x) dz 
a, Pe (6.15-6) 
| p (2) da | pı (2) dz 
a a4 


Make the change of variables z = x — l or x = z + l in the inte- 
grals in the formula for zg. Whence dz = dz, then p; (x) = p(x— l) = 
= p (2). For x =a, = a + l we get z = a; for zx = b, = b + l we 
get z = b. And so 

bi 


\ pı (x) dx = Í 0 (z)dz=m 


ai 


This means that the mass of the rod is independent of the position 
of the rod. 
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Let us examine me integral in the numerator: 
bi 


-b 
\ xp, ().dz = (2 +1) p (2) dz = \ zp (z)dz+ 1 Í p (2) dz 
Giese that from the formula a 15-4) 

b 

\ zp (z) dz = Í xp (x) dx = xem 


and so 
bi 


\ LP, (x) dz = rem + lm 


ai 
Now we find, using (6.15-6), that 
This result was obvious from the start, but the foregoing formal 
transformations are good exercises in changing variables in a definite 
integral. 
The most convenient thing is to choose the system -of coordinates 
with origin at the centre of gravity of the rod (Fig. 159). The quanti- 


ILILILILIL LLL LLL LLA 
LL RULLU LUULLA LL LLA 
Qo 0 bp 
Fig. 159 


ties in this coordinate system will be denoted by a zero subscript. 
It is clear that 
bo 


| po (z) da =m 

ao 
The coordinate of the centre of gravity zc, is zero in this system 
and so 

bo 

\ Zp (x) dx =0 (6.15-7) 


ao 
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We will show that for any position of the rod its potential energy 
in the field of gravity is equal to the potential energy of its entire 
mass concentrated at the centre of gravity of the rod. We consider 
the position of the rod as indicated in Fig. 160. The potential energy 
of an element of rod with mass dm is equal to gz dm, where z is the 
altitude and g is the acceleration of gravity. The potential energy u 


Fig. 160 Fig. 164 


of the whole rod is found by integrating. For the variable of integra- 
tion we choose a length reckoned along the rod from its centre of gra- 
vity. Then the density at the point xz is denoted by po (x). We express 
the height z in terms of z. As is evident from Fig. 160, z (x) = Zo + 
+ zx cos a, where Zç is the height of the centre of gravity of the rod. 


We get 


bo bo 
u= \ £20 (x) dx = g \ (zc + 2 COS &) po (£) dx 
ag ag bo i 
= gZc \ Po (x) dx + g cosa \ LO (x) dx = gzcom 
ao ao 


since the second integral is equal to zero by formula (6.15-7). Thus, 
the potential energy depends only on the mass of the rod and the 
height of its centre of gravity. 

Now let us investigate the so-called moment of inertia. This con- 
cept comes up in a consideration of the rotational motion of a rod. 
Let a rod be in rotation about an axis perpendicular to the plane of 
the drawing and passing through the origin. Then each point of the 
rod will describe a circle of radius equal to the abscissa of the given 
point z in the initial (horizontal) position of the rod (Fig. 161). 
Denote by œ the angular velocity of rotation expressed in radians 
per second. This means that during time dt the z-axis rotates through 
he angle dọ =w dt. The arc length traversed by an arbitrarily 
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chosen point with abscissa x is equal to 
dl = xdg = zo dt 
hence the linear velocity of every point of the circle is 
v (2) = =oz 
Let us find the kinetic energy of rotation of the whole rod. An 


element of mass dm distant x from the origin (in the interval dz 
from zx to x + dz) has kinetic energy 


2 272 272 
Z- dm = —— dm =~ p (2) dz 


Hence the kinetic energy of the whole rod is 

, 2 

E =Z f x?p (x) dx 
The integral in this formula is called the moment of inertia of 

the rod about the axis passing through the origin and is symboli- 
zed by J, 

b 

f= ( xp (x) dx 


a 


Thus 
Iw? 
2 


The kinetic energy of rotation is expressed in terms of the moment 
of inertia and the angular velocity in exactly the same way that the 
kinetic energy of simple translation is expressed in terms of mass 
and linear velocity, 


E = 


mv? 
E = 2 


We now take up the evaluation of J. For a rod whose centre of 
gravity lies at the origin, the moment of inertia assumes the value I): 


bo 
h= E (x) dx (6.15-8) 


ao 


Observe that Io is positive since the integrand in (6.15-8) is positive. 
Let us determine the moment of inertia of a rod for the case where 
the centre of gravity is distant l rightwards from the origin, so that 
zc, = 1. In this case | 
b 
a=aj+l,b=b+1, p(zxz)=po(z— l), I= \ xp (x) dx 


a 
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Set z = z — l, then z =z + l, dx = dz. When z varies from 
a to b, z varies from dy to bọ. Therefore 


bo bo bo 
I= | (+0? po (z) dz=1? | po (2) dz+ 21 È zpo (2) dz 


ao ao ao 
bo 


oe \ z?po (z)dz (6.15-9) 


a 
bo i 


Note that \ Oo (z) dz = m and the second integral on the right of 
(6.15-9) is zero by formula (6.15-7), finally, the third integral is Z, by 
(6.15-8). Thus, formula (6.15-9) becomes 

I= m? + I, (6.15-10) 
The quantity ml? is clearly the moment of inertia of a point mass 


distant l from the axis of rotation (from the origin). Thus, the moment 
of inertia of a rod with respect to rotation about an arbitrary axis 


Fig. 162 


perpendicular to the rod is equal to the sum of the moment of iner- 
tia of the rod with respect to rotation about the centre of gravity 
and the moment of inertia of a mass equal to the rod mass at a dis- 
tance from the axis equal to the distance of the centre of gravity of 
‘the rod from the axis. 

We can picture a rod hinged at the centre of gravity. Then rotati- 
on of the axis need not be accompanied by rotation of the rod and 
we can visualize a motion with successive stages as indicated in 
Fig. 162. The kinetic energy of such motion is equal to EL’ = 1/2 mv%,, 
where vc, is the velocity of the centre of gravity of the rod. But 


@2 


Vc, =ol so that EF’ = y ml’. 


The motion we considered earlier (Fig. 161) differs from that of 
Fig. 162 in that in the former case the rod itself was in rotation with 
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angular velocity œ about its centre of gravity. For this reason, the 
kinetic energy of rotation in Fig. 161 turns out to be equal to the 
sum of the energy of rotation of the type in Fig. 162 and of the energy 


2 
of rotation about the centre of gravity that is equal to J > 


It is evident from the derivation of the formula that suchasimple 
addition of energies in the combination of two motions only results 
when we consider the motion of the centre of gravity; only then do 
we find the integral (6.15-7) to be equal to zero. 


Exercises 


1. Find the moment of inertia about the centre of gravity of a rod of length 
l with a uniform distribution of mass. 

2. A rod is made up of two pieces: one piece of length J, has constant density 
Pı, the other one of length l has a constant but different density p2. Find the 
position of the centre of gravity of the rod. 

3. Find the position of the centre of gravity and the magnitude of the moment 
of inertia relative to the centre of gravity for a rod in the form of a thin triangle 
of length L. Express them in terms of the length L and the mass m of the rod. 

Hint. If the z-axis is along the median and the origin is chosen at 
the vertex of the triangle, then p (x) = az, where a is a constant. 


6.16 THE OSCILLATIONS OF A SUSPENDED ROD 


Consider a rod suspended at the point A (Fig. 163). Let the centre 
of gravity be below the point of suspension, the distance between the 
point of suspension and the centre of gravity 
being l. Such a rod is called a pendulum. Let us 
determine the period of oscillation. 

If the pendulum is deflected from its position 
of equilibrium through a small angle ọ, then its 
potential energy is 


u = — mgl cos © 


We expand cos@ in a series and, due to the 
smallness of @, confine ourselves to the first 


2 
two terms: cos ọ = 1 — = . Therefore 


u = —mgl (1—5) = —mgl+mgl $- 


Thus, the increase in potential energy upon defle- 
ction of a pendulum through an angle ọ from the Fig. 163 


2 
equilibrium position (ọ = 0) is Au = mgl i À 
The kinetic energy of rotation of the rod about the axis is 
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By formula (6.15-10), J = ml? + I and so 
_t 2 dp \* 
where o is the moment of inertia of the pendulum about the centre 
of gravity. 


Suppose that the rod performs harmonic oscillations, that is, 
p =a coswt. By the law of conservation of energy, Aumax = 


= Emax. Since ee = — a wsin wt, it follows that 


Emax = (ml? + Ip) a?0?, Aumas = mgl £- 


whence 
mgl <= 5 (ml? + Ip) a0? 


which yields 


and the period of oscillation is 
| nal 
@ 


In particular if the entire mass of the rod is concentrated at its centre 
of gravity, then J) = 0. In this case we obtain the ordinary formu- 
las for frequency and period of oscillation of a so-called simple pen- 


dulum: 
a z 
o=Y $, 7=2n/ + 


From the formulas obtained it follows that the larger I) is, the lower 
the frequency and hence the larger the period of oscillation. 

If Io 0, then there is a definite position of the point of suspen- 
sion for which the frequency is a maximum. Since the position of 
the point of suspension is characterized by l, then to find the position 


we desire let us solve the equation 2o = 0. This yields 


mg (ml? + Io) — mgl-2ml = 0 


_ 
mas = 
mL2 


For a rod of length L with uniform distribution of mass I) = ETI 


whence we find 


(see Exercises of Sec. 6.15); therefore lmax = a x 0.3 L. 


Vo 
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Exercise 


1. A pendulum is in the form of a triangular lamina (tin or cardboard) 
(see Fig. 164). Determine the period of oscillation if the pendulum is suspended 


— 


Fig. 164 


(a) from the acute end 4, (b) from the middle of the base B. In both cases, 
indicate how the point of suspension is to be displaced so as to obtain a mini- 
mum period of oscillation. 


Chapter 7 


The Thermal Motion of Molecules 
and the Distribution of Air Density 


in the Atmosphere 


7.1 THE CONDITION FOR EQUILIBRIUM IN THE ATMOSPHERE 


Let us consider the question of the law of distribution of air den- 
sity in the atmosphere in altitude. It is common knowledge that at 
high altitudes the air is less dense and the air pressure is lower than 


Fig. 165 


at sea level. The reason for the dependence of 
pressure upon altitude is obvious: let us mental- 
Jy select a cylindrical volume (altitude Ah, ba- 
se area S, volume SAh). The air in this volume 


(mean density 9, mass m = pAAS) is attracted 
to the earth, i.e., experiences the force of gravity 
directed downwards and equal to mg =pAhSg. 
However, this volume does not fall and is ina 
state of rest for the reason that at altitude h it 
is acted upon from below by a pressure p (h) 
which exceeds the. pressure from above at alti- 
tude h + Ah, which pressure is equal to p (h + 
+ Ah) (Fig. 165). The pressure on the lower base of 
the cylinder is Sp (h); this pressure balances the 
sum of the pressure on the upper base and the 
force of gravity: 


Sp (h) = Sp (h + Ah) + pAhSg (7.1-1) 
Formula (7.1-1) can be written as 

p (h) — p (h + Ah) = pAhg (7.4-2) 

We will assume that Ah is very small. Then there 


is no need to speak of the mean density p since the altitudes h and 


h + Ah are almost the same and 0 is hardly at all different. 
from ọ (h). Therefore, (7.1-2) assumes the form 


d 
= — go (7.1-3) 


We have obtained a differential equation for the function p (k). This 
equation involves the air density ọp. 
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The quantities p and p are connected by the law of Boyle-Mariotte. 
We will assume that the temperature of the atmosphere is the same 
at all altitudes. Actually, the air temperature depends on the heat 
flux from the sun and the removal of heat due mainly to heat radia- 
tion by the air into outer space or, to be more exact, by the water 
vapour and carbon dioxide in the air. A small portion of the solar 
radiation is absorbed by the upper rarified layers of the air. A large 
portion of the energy of solar radiation reaches the earth’s surface 
and is absorbed by the ground, which in turn heats the air. This 
explains the actually rather complicated distribution of temperature 
in the atmosphere: at ground level the temperature is known to 
fluctuate roughly between —40° and +40 °C depending on the geogra- 
phical location and time of year; at an altitude of about 15 km the 
temperature is minimal (about —80 °C) and is approximately the 
same both summer and winter round the globe. At considerable 
altitudes the air tempcrature increases reaching +60 °C to +75 °C 
at altitudes between 50 and 60 km. 

Recent measurements by means of artificial earth satellites show 
that at altitudes of 300 to 1000 km the air density is slight but still 
is greater than was earlier thought. As we will see later on, high air 
density indicates a very high temperature of the air in these upper stra- 
ta. What is more, asubstantial portion of the molecules of oxygen and 
nitrogen break up at these altitudes into atoms, ions and electrons. 

If there were no influx of heat from without or anyremoval of heat, 
that is, if we were to consider a heat-insulated column of air, then the 
temperature throughout the column would eventually even out. 
Below we will consider precisely this kind of idealized case of total 
equilibrium, both thermal and mechanical. Thermal equilibrium 
means that the temperature is everywhere the same and so there are 
no fluxes of heat (if the temperature differed at distinct points in the 
air column, the hotter points would move to the cooler ones, with 
a resultant flow of heat). Mechanical equilibrium consists in the 
resultant of all forces acting on any volume of air chosen in the atmo- 
sphere being equal to zero. Here we have to consider the force of gra- 
vity of the air in the volume and the pressure on the entire surface 
bounding the given volume. 

For the pressure distribution that satisfies equation (7.1-3), the 
atmosphere can be in a state of rest. 

Since we consider altitudes h small by comparison with the earth’s 
radius, g (the acceleration of gravity) can be regarded as constant. 


7.2 THE RELATIONSHIP BETWEEN DENSITY AND PRESSURE 


By the law of Boyle-Mariotte the product of the pressure and volu- 
me of a gas is constant for a given mass mọ of the gas and for a given 


temperature: 
pv=a 
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where a is a constant. Denoting the gas density by p, we get my = 
=vo. Hence, v = m,/p and since p = a/v, it follows that 


p = bp (7.2-1) 


where we put b = a/mọo. Thus the gas pressure is directly proportio- 
nal to the density. 

It is easy to find the constant of proportionality for air at room 
temperature. We know that the air pressure at sea level, po, is rough- 
ly equal to 1 kgf/cm? = 10° dynes/cm?. The air density pọ at pres- 
sure po is equal* approximately to 1.3 x 10-3 g/cm?. Substituting 
Po and po into formula (7.2-1), we get po = bpo whence 


108 
1.3 x 10-3 


Observe that b has the dimensions of the square of the velocity. 
Actually, this quantity is closely connected with the velocity of 
molecules and of sound: the square of the speed of sound is equal to 
1.4 b (we will not derive this relation). 

Later on we will need not only the numerical value of b for air at 
room temperature but also the general expression of the constant b 
for any gas and any temperature. To this end, we take advantage of 
the Clapeyron law, 


b= = 7.7 x 10° 


pV=RT (7.2-2) 


where V is the volume occupied by one gram-molecule** of gas, T is 
the absolute temperature (reckoned from absolute zero —273 °C***), 
R is the so-called universal gas constant. We know that at 0 °C 
(equal to 273° on the absolute scale) and at atmospheric pressure, 
i.e., when pọ = 10° dynes/cm?, one gram-molecule of gas occupies 
a volume equal to 22.4 litres, or 2.24 X 10* cm? (Avogadro’s law) ,**** 
whence 10° x 2.24 x 10* = R-273. We then have 


dyne-cm? erg = = 
oe (fd cba eee iol. See 1 1 
R=8.3 x 10 pleccmtodae 8.3 x 10 deg-mole °F &S mole deg 


We denote the molecular weight of the gas by M. For hydrogen 
H., M = 2, for helium He, M = 4, for nitrogen N,, M = 28, for 
air the mean value is M = 29.4. By definition, V contains M grams 


* This quantity can easily be found experimentally by weighing. A herme- 
tically sealed vessel of known volume is weighed with and without air (a vacuum 
pump is used to evacuate the vessel). 

** One gram-molecule of a gas is called, for short, one mole. 

**+ Ordinarily, temperatures on the absolute scale are measured in degrees 
Kelvin, °K, after the English scientist |Lord Kelvin: 20 °C = 293 °K (read: 
“20 degrees Celsius is equal to 293 degrees Kelvin”). 

**+* Here, we ignore small differences between 1 atmosphere and 1 kgf/cm? 
and between 1 kgf and 10° dynes. 
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of gas. Hence, the density p is connected with V by the relation 


M M 
p=- or V oor 
Substituting this expression for V into (7.2-2), we get 
RT 
Comparing (7.2-3) and (7.2-1), we find 
RT 
b = M (7 .2-4) 


Finally, let us express the pressure in terms of the number of 
molecules n contained in a unit volume of gas. We know that one 
gram-molecule of any substance contains 6 x 1078 molecules. This 
quantity is called the Avogadro number and is denoted by A. Thus, 
a mass of one molecule 

M 4 


m= -I 6x 1023 


M (7.2-5) 


If one gram-molecule occupies a volume V, then the number n of 


molecules in unit volume is n = 4 . The gas density pọ = nm. Clape- 


yron’s law (7.2-2) yields 
RT 


where k is the Boltzmann constant: 
R 8.3-107 Z 
k=- = Fao = 1-38-10 16 erg/deg 


The quantity R refers to a conventionally chosen amount of sub- 
stance, one gram-molecule, and so the dimensions of R involve the 
mole. The quantity k refers to one molecule, and so k has the dimen- 
sions of erg/deg. The quantity kT has the dimensions of energy (erg). 
In Sec. 7.4 it will be shown that in the atmosphere the quantity kT 
is equal to the mean potential energy of one molecule in the field 
of gravity at temperature 7. The mean kinetic energy of translatio- 


nal motion of one molecule is $ kT. 


7.3 DENSITY DISTRIBUTION 


From formula (7.2-1), we find p = . Putting this into the diffe- 


rential equation for air density (7.1-3), we get 


dp g 
an $6 P 
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-Enh 
The solution of this equation is p= Ce © , where C is determined 
from the initial condition. Let p = po for h = 0, then 


g 
p=pe ©" (7.3-1) 
Dividing (7.3-1) by b we get 
g 
P (1.3-2) 


where pọ is the air density at h = 0 (sea level). From formula (7.3-4) 
it is evident that at altitude H = z above sea level the air pressure 
diminishes by a factor of e. 

We obtain a formula relating H and kT: H =— . Using (7.2-4) 


and (7.2-5), we find H = ae , whence 
mg 


Ha (7.3-3) 


Let us compute H using the formula H = Z: 


7.7.1408 cm?/sec? 
403 cm/sec? 


Using H, we can write formulas (7.3-1) and (7.3-2) as 
h h 


p=pe #, p=pe # 
If the altitude increases in arithmetic progression, the pressure 
and density fall in geometric progression: 


H= =7.7-10° cm=7.7 km 


if h = 0, then p= Po, p = Po; 
if k = H, then p =Æ = 0.368p0, p = 0.368p5; 


if h = 2H, then p = = 0.135 po, p =0.135 po; 
if h = 3H, then p = 4 = 0.05 po, p = 0.05p0. 


Knowing the dependence of density on altitude, we can express 
the total mass of air m, in a column with base area 1 cm? in terms 
of pọ and H. Indeed, 


oo 


o0 h 
Ma = \ p dh = oe E dh 

) ) 
Make the change of variable z =- ; then dz = os dh, 


Ma = Poll \ e~* dz = — pH e~ ia = PH 
0 
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Using the relation m, = pọ H we can compute H once again (by way 
of a check). Since the atmospheric pressure is 1 kgf/cm?, the mass 
of air in a column with base area 1 cm? is precisely equal to 1 kg. 
Thus, ma = 1 kg/cm? = 1000 g/cm”. Knowing pọ = 1.3 x 107% g/cm’ 
we then get : 

Mq 10 

H =- = T3495 =! - 7-100 cm 

in accord with the earlier computation. 

We will find the mean altitude at which the air is located, that 
is, the altitude of the centre of gravity of a vertical cylindrical co- 
lumn of air. So as not to introduce extra quantities, we consider a co- 
lumn of air with base 1 cm’, although it is clear that the altitude of 
the centre of gravity is independent of the base of the cylinder. At 
a height h between h and h + dh is a mass dm = pdh. The mean 
altitude is equal to 


{ham { hp (h) dh 
p= 2 EN any 


Ma 


| p (h) dh 
0 


Let us find the integral in the numerator. Using formula (7.3-3), 
we get 


co fe ¢) 


| h(n) dh= | hove 
0 0 


h co 
H dh = pH? \ ze” dz = poH? 
0 


[| ze-*dz=1, see formula (4.3-8), Chapter 4 | . Finally we have 
ò 


=H (7.3-4) 


Thus, the altitude H at which the density and the pressure of the 
air diminish e-fold is at the same time the mean altitude at which 
the air is located. 

A similar result was obtained earlier when we considered radio- 


active decay (Sec. 5.3). If the probability of decay is equal tow = i 


g = ON, n = no, e~t, then during time T = + the amount of 
radioactive substance decreases by a factor of e, and the mean life- 
time of a radioactive atom is equal to the same quantity: t = Tt = i 


Remember that the simple dependence of density and pressure 
on altitude, (7.3-3), refers to the case of a constant temperature. 
Actually, the distribution of density and pressure departs somewhat 
from formula (7.3-3) and depends on the time of year and other fac- 
tors. 
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Exercises 


1. Find the air pressure in a mine at the following depths: 1 km, 3 km, 10 km. 
2. Find the dependences of air pressure on altitude for air temperature 
equal to —40 °C and +40 °C. 


3. Suppose the air temperature varies with altitude by the law a = —qaTo, 


where To is the air temperature at ground level and a is a constant coefficient. 
Find the air pressure as a function of altitude. 

4. We know that under the conditions of Problem 3 the quantity a œ 
~ 0.07 x 10-5 cm~. Using the result of Problem 3, determine the air pressure 
in a mine at depths of 1 km, 3 km, 10 km. The temperature at ground level 
is taken to be zero. Compare the results with those of Problem 1. 


7.4 THE MOLECULAR KINETIC THEORY OF DENSITY 
DISTRIBUTION 


In the preceding sections we found the distribution of air density 
in altitude under the action of gravity in a state of equilibrium. We 
regarded the air as a continuous medium with a given dependence of 
pressure on density. 

Now let us take that result and approach it from a different angle, 
namely, the viewpoint of molecular theory. We will consider the 
separate molecules and their motion. The idea that matter consists 
of individual atoms was first expressed in ancient Greece. However, 
the motion of the molecules and its connection with heat was first 
examined by the great Russian scholar M. V. Lomonosov, who is 
thus the founder of the molecular kinetic theory. 

The gaseous state differs from the liquid and solid states in that 
in a gas the molecules may be regarded as independent and nonin- 
teracting. The motion of molecules in a gas is that of free flight by 
inertia. From time to time the molecules collide. Under ordinary 
conditions, such collisions occur with extreme frequency and the 
path lengths which molecules traverse between collisions are extre- 
mely small. 

At atmospheric pressure and a temperature of 0 °C, 22.4 litres of 
gas comprise 1 gram-molecule or 6 Xx 1078 molecules; 1 cm? of gas 

; — 6x103 19 
contains n = Foie 2.7 X 10! molecules. 

For our crude purposes we will regard molecules as spheres of radi- 
us about 2 x 10-8 cm.* Then for a collision between two molecules 
to take place it is necessary that the trajectory of the centre of one 
molecule hit a target of radius 4 x 10-8 cm about the centre of the 
other molecule. The area of such a target is g=ar?x5 xX 
x 10-15 cm?. This means that over a path length of 1 cm a given 
molecule will collide with all molecules whose centres lie in a cylin- 
der with base area 5 x 10-15 cm? and altitude 1 cm. The volume of 


* In reality, diatomic molecules, say of oxygen or nitrogen, are more like 
pairs of merged spheres, something reminiscent of peanuts (two nuts to a shell). 
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such a cylinder is equal too cm’, and the number of molecules in it is 
no, where n is the number of molecules in 1 cm?. 

Thus, a molecule experiences no collisions over a path length of 
1 cm. Therefore, the mean distance of free flight between collisions is 


l= =0.7-10-5 cm 
no 


This quantity is known as the free path length. 

Because of collisions, a molecule moves in a polygonal line, but 
the volume of a cylinder formed from polygonal lines does not differ 
from the volume of a right cylinder and so our computations remain 
valid. 

Actually, one has also to consider the motion of those molecules 
that are hit in collisions. It can be proved that this circumstance 
changes but slightly the free path length of a molecule reducing it 
by a factor of only 1.09. 

Molecules have velocities of the order of 300 to 500 m/sec. Hence 
the free path time (which is the mean time between collisions) is of 
the order of 

__ 0.5-10-5 
~ 4.104 
At first glance, the quantities 1 ~ 10-5 cm and t ~ 10-1 sec are 


extremely small. But they have to be compared with the size of a mo- 
lecule whose radius is r ~ 2 x 10-8 cm and with the duration of 


sz 1071? sec 


the collision itself, which is less than — 10-18 sec. If we do that 


it will be apparent that the molecules of a gas collide very rarely. 
At atmospheric pressure, the molecules of the air spend 99.9% of 
the time in free flight and only 0.1% of the time in a state of col- 
lision. 

Molecular collisions in a gas do not affect the pressure of the gas 
and do not influence the law of distribution of density of the gas in 
the atmosphere. Confirmation of this fact lies in the laws of Boyle- 
Mariotte and Clapeyron. In Sec. 7.2 these laws are written as p = 
= nkT. 

The gas pressure depends on the number of molecules in unit 
volume, but the radius r of the molecules and their cross section o 
do not enter into the formula. This means that the quantities r 
and o cannot enter into the formula for the density distribution in 
altitude. 

Let us rewrite the formula for density distribution (7.3-2) and 


express b in terms of molecular quantities. Since b = ee = ~ = 
=Z , it follows that 
E-L sanee 
p=pe © =p *T (7.4-1) 
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Divide both sides of (7.4-1) by m, where m denotes the mass of one 
molecule. Note that £ = nis the number of molecules in unit volu- 


me at height h and £2 = no is the number of molecules in unit volu- 
me at sea level. The formula (7.4-1) assumes the form 


- TEL (7.4-2) 


n=ne ÈT 


The quantity mgh is the potential energy of a molecule of mass m 
located at altitude h if for zero we take the potential energy of a mo- 
lecule at sea level. The potential energy u (0) of a molecule at sea 
level can be chosen arbitrarily (see Sec. 6.2). Thep 


(k) = u (0) + mgh 
mgh = u (h) — u (0) 


Formula (7.4-2) may be written as 
at u(h)— u(0) 
n(h)=n(0)e Br 


This is the law of distribution in altitude of the number of molecules. 
We can write it like this: 


whence 


au) 
n(h)=Be *T 


where B is a constant defined from the value of density at sea level 
{h = 0), 
(h = 0) a 

n(O)=Be #? 


A remarkable fact is that the density of molecules at a certain 
altitude is only dependent on the potential energy of the molecules 
at the given site: the mass m of a molecule, the acceleration g of 
gravity and the altitude k entered into the formula (7.4-2) in exactly 
the same combination (mgh) as they entered into the expression for 
the potential energy u. 

Let us find the mean value of the potential energy of a molecule: 
u = mgh = mgh = mgd (see formula (7.3-4)]. Using formula (7.3-3), 
we get 


u = mgH = mg ao kT 


Thus, the mean potential energy of a single molecule is kT. 

We have established that the distribution of air molecules in the 
atmosphere depends on the temperature and on the potential energy 
of the molecules. But for a given mean potential energy equal to AT, 
we get a definite distribution of molecules in potential energy. Part 
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of the molecules—those below altitude H—have a potential energy 
less than k7. Let us find the ratio of the number of such molecules 
to the total number of molecules. This ratio is 


H H` _ _mgh 

{ ndh no { e FT dh 
0 0 

o0 o mgh 

í ndh nof e PT dh 
0 0 


A mgh mgh mgH 
ee kT -EJH KT -—=— kT 
e kT dh=———e "0 =— (1—e ue ) =q (t—e?) 
J mg 0 mg mg 
mgh gh 
fe iT dh — AE RT |2 AE 
mg 0 mg 
Therefore 
t T 
; ndh i (4 —e-2) 
m —4—el xy 

= iT = 1—e1 x 0.63 

f ndh mg 

0 


To summarize, then, 63% of all the molecules have a potential energy 
less than the mean energy, and 37% have a potential energy exceeding 
the mean value. It is now easy to calculate that 14% of all molecules 
have a potential energy exceeding 2k7, 5% of all molecules, exceed- 
ing 3k7, and so on. Generally speaking, the portion of molecules 


u 
whose potential energy is greater than a given value u is equal toe PT, 


7.5 THE BROWNIAN MOVEMENT AND KINETIC-ENERGY 
DISTRIBUTION OF MOLECULES 


Over a hundred years ago, an English botanist Robert Brown 
observed the random movement of microscopic particles suspended 
in a fluid medium. Einstein advanced the idea that this movement 
of particles is due to their thermal agitation. From this the conclusion 
was drawn that, for one thing, the particles would not all lie on the 
bottom of a vessel but would þe distributed in height by the same 
law as the distribution of molecules. 


If a suspended particle has the shape of a sphere of diameter d = 


3 
= 5 x 10 cm, then its volume is TE ~ 6.5 x 10-1 cm, and 


with density p = 1 g/cm? the mass of a particle is equal to 6.5 x 
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x 10-44 g. At room temperature, T = 17 °C = 290 °K, such partic- 
les are distributed in height [by formula (7.4-2)] in accordance with 


the law 
6.5-10-14.981 


n= nye 290+ 1.38- 10-16 

„or N= n e—!-6x1032, Thus, the number of particles per unit volume 
P eee 1 

decreases by a factor e when the altitude is increased by Texto cm = 


= 0.62 x 10-3 cm. 

By observing the distribution, in altitude, of particles of known 
size and density, it is possible to obtain the Boltzmann constant k. 
On the other hand, the Clapeyron law yields a magnitude of R = kA, 
after which we can find the Avogadro number. This work was carried 
out by Einstein and Perrin in 1903-1907 and served as a crucial expe- 
rimental corroboration of the entire atomic-molecular theory and 
played a tremendous part in the development of physics. 

There is a constant transformation of energy taking place when 
molecules move under the force of gravity: if a molecule is moving 


ts al 


Q— 
7 Co. ior 
Fig. 166 Fig. 167 Fig. 168 


downwards at a given time, then potential energy is being converted 
into kinetic energy; but if a molecule is in motion upwards, then 
kinetic energy is being converted into potential energy. When a gas 
is in a State of equilibrium, that is, the pressure of the gas is balanced 
by gravity, then the gas molecules are actually moving at random 
with high speeds. However, if we picture to ourselves a horizontal 
plane in the gas, then the number of molecules passing through it 
in unit time upwards is equal to the number of molecules passing 
through the plane in the downward direction, so that, on the avera- 
ge, the gas is at rest. In the equilibrium state, the transition of kine- 
tic energy into potential energy and the transition of potential energy 
into kinetic energy balance since the number of molecules moving 
up equal the number moving down. 

It is to be noted that in random motion the individual (identical) 
molecules have different velocities, i.e., different kinetic energies. 
This is true because if two balls having identical speeds collide at 
an angle, the velocities of the balls after the collision may differ. 
Let us examine Figs. 166 to 168. Illustrated is a collision after which 
one of the balls (on the left) is brought to a halt, while the other 
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one, moving upwards, shoots off with double energy (Fig. 166, prior 
to collision, Fig. 167, collision, Fig. 168, after collision). Note the 
positions of the balls at the instant of collision; if the second one 
were, at collision, located below the first one, then it would stop 
and give up all its energy to the first ball. 

Since in molecular motion there is a mutual conversion of kinetic 
and potential energy, it is natural to suppose that the distribution 
of the molecules as to kinetic energy is similar to that with respect 
to potential energy. 

We give without proof the results of computations carried out 
at the end of last century by Maxwell and Boltzmann. The number 
of molecules having velocity components 


along the z-axis between v, and v, + dv,, 
along the y-axis between v, and v, + dvy, 
along the z-axis between v, and v: + dv, 


is equal to 


m(ogt rf +02) 

dn =— e T du, dv, dv; (7.5-1) 
(== 2 
a) 


where nọ is the total number of molecules and m is the mass of one 
molecule. Observe that vi + vi, + vz = v?, where v is the velocity 


of a molecule. Therefore, (7.5-4) has, in the exponent, the quantity 


2 
>: kT, which is the ratio of kinetic to potential energy. The mean 


kinetic energy calculated on the basis of (7.5-1) turned out equal 
to = kT. For the number of molecules n whose kinetic energy exce- 


eds the given value Æ we have a rather unwieldy relationship. True, 
this complicated relationship can approximately be described by 


the simple formula 
E 


n = Noe RT 


(7.5-2) 


The law (7.5-2) yields an incorrect value for the mean kinetic 
energy of the molecules: 


emm g 


Tomna. = | e "TAE =kT 
0 


No E 


instead of Š kT. This law gives perceptible departures from the true 


value if E is of the order of kT. However, when E ® kT, the diver- 
gence between the exact and the approximate law is not essential. 
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It will be noted that for the same temperature, molecules with 
different masses have the same mean kinetic energies and have the 
same distribution as to magnitude of kinetic energy, since the mean 
velocity of a molecule is proportional to B where m is the mass 

m 
of a molecule. 

Considering the collisions of molecules against the walls of the 
containing vessel, we can find the gas pressure to be 


2, ss 
P = -5 NLnin 


Putting Erin = 5 kT, we get Clapeyron’s law 
p==nokT 


Mutual collisions of molecules give rise not only to an exchange 
-of kinetic energy between the molecules, but also to a conversion 
of the kinetic energy of motion of the molecules into the energy of 
rotation of a molecule and into the energy of vibrations of the atoms 
of the molecule, which is to say, into the internal energy of the mole- 
cule. The converse process is also possible: in a collision, part of the 
internal energy of molecules is transformed into kinetic energy. It is 
therefore natural that the distribution of molecules as to their inter- 
nal energy W also obeys the law of proportionality to the quantity 
W 


e *T, The fact that the number of particles having a given energy 
is an exponential function of the magnitude of the energy is an all- 
embracing universal law of nature. 


7.6 RATES OF CHEMICAL REACTIONS 


Of what use is the law of distribution of molecules as to kinetic 
energy? Such important characteristics of a gas as the pressure it 
exerts on the walls of the containing vessel, its heat capacity, the 
total reserve of energy in the volume of the gas are defined by mean 
quantities, which is to say they are defined by the bulk of the mole- 
cules whose energy is close to the mean value. For example, why 
do we have to know that a minute portion (of the order of 0.00001 %) 
of the molecules have kinetic energy exceeding 17 kT? We don’t for 
the simple reason that these separate molecules with very large 
energies have practically no perceptible effect on the pressure and 
the general supply of energy of the gas. 

However, the picture changes drastically if we consider chemical 
reactions. It turns out that precisely these rare molecules with high 
energy completely determine the course of chemical reactions. The 
mystery of chemical reactions stems from the fact that molecules 
entering into a reaction collide every 10-!° sec whereas a reaction 
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frequently requires several minutes (sometimes hours). Which means 
that only an extremely small portion of all collisions result in a che- 
mical reaction. 

The idea was advanced that moleculés have a certain very small 
“sensitive spot” that must be touched in order for a reaction to occur. 
This is reminiscent of the Greek hero Achilles who was vulnerable 
only in the heel. 

A proper explanation was finally given at the end of the 19th 
century by the Swedish scientist Svanté Arrhenius. It is this: reactions 
are initiated only by collisions of molecules whose energy exceeds 
a definite value, the so-called activation energy, E4. 

For instance, when molecules of hydrogen and iodine collide, they 
form two molecules of hydrogen iodide HI, the energy of the colliding 
molecules must exceed 3 x 10-1? erg. Compare this with the 
fact that at 0°C the magnitude of kT = 1.38 x 107% x 273 ~ 
=~ 3.8 x 10-14 erg.This means that at room temperature only a minute 
fraction of the molecules possess the needed energy: @ = e~”, where 


v = 3 x 10-/3.8 x 10-1 ~ 80, whence we get a = T: 


We get the reaction time by multiplying the time between colli- 
sions (it is of the order of 10-1 sec) by the mean number of collisions, 
among which there will be one collision involving the required ener- 


gy. This mean number of collisions is of the order of = = 10°, 


We obtain the reaction time at 0 °C of the order of 10% sec ~ 3 x 
x 10?’ years. This result accords with the fact that at 0 °C the reacti- 
on H, + I, = 2HI is practically unobservable. 

From the reasoning given above it follows that, depending on the 
temperature, the reaction time is expressed by the formula 


Ea 
t=te tT 


where t is the time between two collisions, FE, is the activation 
energy. This formula gives a true picture of the dependence of the 
rate of chemical reactions on the temperature. A characteristic 
feature of this formula is the extremely sharp decrease in reaction 
time and increase in reaction rate for slight variations in tempera- 
ture. 

However, it frequently happens that chemical reactions are much 
more involved because they may proceed via diverse intermediate 
stages. The Soviet scientist, Academician N. N. Semenov has made 
a thorough investigation of complex (chain) chemical reactions 
and has elucidated the laws governing the course of such reactions 
and the general causes that lead to such complicated reaction sche- 
mes. 
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By way of an illustration, let us examine the reaction 
H, + Cl, = 2HCl 


This reaction does not proceed via collisions of molecules of hydrogen 
and a molecule of chlorine, but by the scheme 


H, + Cl, = H, + Cl + Cl; Cl+H, = HCI + H; 
H + Cl, = HCI + CI 


As a result the actually observed reaction rate involves complicated 
relationships. However, for each separate reaction, say, for 


Cl + H, = HCl + H (in the reaction H, + Cl, = 2HCl) 


the Arrhenius law holds true, and the reaction rate is proportional 
Ea 

to e FT , the activation energy E, having different values for each 

reaction. 


7.7 EVAPORATION. THE EMISSION CURRENT OF A CATHODE 


The idea of Svanté Arrhenius concerning the role of a small num- 
ber of molecules whose energy greatly exceeds the mean value of 
energy is helpful in analyzing not only chemical reactions but also 
a series of other phenomena including the evaporation of a liquid. 

Evaporation requires the expenditure of a considerable amount 
of energy. For example, the evaporation of 1 gram of water at 100 °C 
requires the consumption of about 540 calories.* Per molecule, this 


18 x 540 x 4.18107 -13 = 
——$x 1023 xIx 10 erg at T= 
= 0 °C = 273 °K, kT = 3.8 x 10-14; therefore £ zæ 20. Only those 


molecules can tear away from the surface of the liquid and evaporate 
whose energy exceeds the evaporation heat Q. The portion of such 


comes out to** Q = 


ze 
molecules is equal to e PT. Therefore the rate of evaporation is also 


eee 
proportional toe *T. For computational convenience it is common 
practice to multiply the numerator and the denominator of the expres- 


sion Ka by the Avogadro number A: 


The quantity QA is the evaporation heat of 6 x 10? molecules, 
which is to say the evaporation heat of one gram-molecule. The 


* The evaporation heat is but slightly dependent on temperature; for 
water, Q = 540 cal/g at 100 °C and 600 cal/g at 0 °C. We henceforth disregard 
this relation. 

** Water has a molecular weight of 18, the Avogadro number is 6 x 107, 
1 cal = 4.18 x 10° ergs. 
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quantity kA = R is the (universal) gas constant. In thermal units 
(small calories per gram-mole) 


_ 8.3.10? 4 ° cal 
"2.18.10? ~ “deg-mole 
The evaporation heat of one mole of water is equal to 
Qm = 18-540 ~ 10, 000 cal/mole 


Thus, the rate of the evaporation of water is proportional to 


40, 000 _ 5000 
Bo OE ee T 


Let us consider the saturated vapour above a water surface. If 
the vapour is saturated, the number of molecules of water evaporating 
per unit time is equal to the number of molecules in the vapour and 
adhering to the surface of the water (condensing) in unit time. The 


rate of evaporation is é 
m 


Ce RT 


where C is a constant proportional to the area of the water surface. 
The rate of condensation is proportional to the pressure of water 
vapour and is also proportional to the area of the surface. Hence, 
in the case of saturated vapour, when the rates of evaporation and 


condensation are equal, r 
m 


Dp=Ce RT 


where D and C are quantities proportional to the area of the surface 
and only slightly dependent on the temperature and totally inde- 
pendent of the pressure, whence 


m 


p=Fe kT 


where the constant F does not depend on the surface area of the water. 
Thus a relationship is established between the pressure of saturated 
vapour and evaporation heat. 

Let us consider yet another process similar to evaporation, that 
of the emission of electrons from a heated surface. This process 
occurs on the cathode of an electron tube. A cold cathode in vacuo 
does not emit electrons.* But at high temperature the cathode does 
emit electrons. Then if the anode (also called plate) has a sufficiently 
high positive potential, it will attract the electrons and each electron 
torn out of the surface of the cathode will fall onto the anode. The 
electric current flowing in a circuit through an electron tube is equal 


* Here we do not consider the case of a very strong electric field (10° V/cm 
and more) capable of tearing electrons even out of a cold cathode. Neither do we 
discuss the ejection of electrons from a cathode by the action of light or bombard- 
ment of a cat hode by electrons, ions or other particles. 
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to the product of the number of electrons released by the cathode 
in unit time into the magnitude of the charge of a single electron. 

Experiment shows that in these conditions the following relation- 
ship exists between current, j, and temperature: 


sie 
j=ge * 

Q differs for different cathodes. For instance, for a cathode made 
of pure tungsten, L = 59 000 °C, for a barium oxide cathode, a = 
= 30 000 °C and, hence, such a cathode can operate at lower tempe- 
ratures. Using the dependence of j on 7, we can determine £. 


Here, the quantity Q which enters the latter formula coincides with 
the energy necessary for tearing an electron out of the cathode (this 
electron-ejection energy can also be determined in other ways). 
An electron tube offers a marvelous method for measuring the 
distribution of electrons leaving the surface of a cathode in accordan- 
ce with their speeds at a given temperature. When the cathode is 
heated, we will impress a small negative potential ọ on the anode. 
With this potential, the anode will repulse the electrons ejected by 
the cathode. For this reason, a large portion of the electrons will 
not reach the anode and will fall back onto the cathode. However, 
there will be some electrons which will reach the anode over the 
repulsive force. For this to occur, the kinetic energy of the electron 
ejected from the cathode must exceed the difference in potential 
energy of the anode and cathode, i.e., the quantity eg. The portion 
eS 
of such electrons is equal to e*? . Thus for a negative potential ọ 
—eqQ 
of the anode, the current is equal to j = joe T , where jo is the cur- 
rent for a positive potential. In this experiment, it is necessary that 
the distance between the cathode and anode be small so that the num- 
ber of electrons between them should not be great and the mutual 
repulsion of electrons should not affect the result of the experiment. 
The Soviet scientist, Academician A. F. Ioffe proposed using this 
phenomenon for the direct conversion of thermal energy into electric 
energy. If electrons go from the cathode to a negatively charged 
anode, such a system is a source of voltage: the current in an external 
circuit between the negatively charged anode and the positive cathode 
is in a direction such that it performs work. This method of obtaining 
electric current is remarkable in that there are no moving parts and 
the circuit is fundamentally simple. In this respect, it resembles the 
generation of electric power by means of thermoelectric cells, which 
was also proposed by Academician loffe. This new method is pre- 
sently under careful study in many countries with the aim of practi- 
cal utilization. 


Chapter 8 


Electric Cirtuits 


and Oscillatory Phenomena 
in Them 


8.1 BASIC CONCEPTS AND UNITS OF MEASUREMENT 


In this chapter we consider phenomena that occur in electric cir- 
cuits. The principal elements of an electric circuit are resistance, 
capacitance, inductance, and sources of current (voltage). 

As in the other parts of this book devoted to the application of 
mathematics to physical problems, our exposition is not designed 
to take the place of a standard physics textbook but rather to supple- 
ment, develop and refine some of the knowledge contained in any 
such school text. We will therefore confine ourselves to a brief review 
of the definitions of resistance, capacitance and so forth and to their 
units, on the understanding that the reader is sufficiently acquainted 
with the basic notions. 

The quantity of electricity is determined as the difference between 
the positive charge and the negative charge. We denote it by q. 
We use the mksa electromagnetic system of units (also called the 
Giorgi system of units). Here the unit for the quantity of electricity 
is the coulomb (abbreviated: C). The elementary charge—the charge 
on the proton—is equal to ep = 1.6 x 10-)® C, the charge on the 
electron is e, = —1.6 x 107 C. 

The current is defined as the quantity of electricity flowing in unit 
time through a cross section of a conductor. We will denote current 
by j. The unit of current in the mksa system is that current in which 
1 coulomb passes through a cross section of a conductor in one second. 
This unit bears the name ampere (A): 


ampere = coulomb/second 


For the direction of current we take the direction in which positive 
charges would have to move in order to produce a given current. 
Actually, in metallic conductors positive charges are stationary, 
and the current flows due to the motion of electrons. As a rule, 
a positively charged body is one which has lost part of its electrons 
(only in rare cases is a positive charge the result of a body acquiring 
positive charges). A negatively charged body is one which has acquir- 
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ed a surplus of electrons. The direction of current is opposite to that 
in which the electrons move in a conductor. 

The electric potential of a given point is the potential energy which 
a positive charge of 1 C possesses when placed at the given point. 
The electric potential of the ground (earth) is taken to be zero. Hence, 
the point of a circuit connected to the ground by a metal conductor 
(we say it is grounded, or earthed) has potential zero. In the practical 
system of units, the unit of potential is the volt. The potential of 
a point is equal to 1 volt (1 V) if a charge of 1 coulomb placed at 


Fig. 169 


this point has a potential energy of 1 joule. A joule is equal to 10’ ergs. 
The potential energy u of a charge q placed at a point where the poten- 
tial is equal to ọ is 


u (joule) = q (coulomb) -@ (volt) (8.1-1) 


We have to imagine here that q is small, because if a large charge 
(say 1 C) is placed at the given point, then the potential @ itself 
will change. For this reason, it is better to say that the potential 
is the coefficient of q in (8.1-1). 

The work A performed by a field in transferring a charge from 
a point where the potential is equal to @, to a point where the poten- 
tial is @, is 

A = UW — Us = q (P1 — Fo) 


Just as in mechanics only the difference of potential energies 
enters into all physical results, so in electricity, the formulas always 
involve a difference of potential. There will be no change in the 
potential difference if to all potentials at all points we add an identi- 
cal summand. It is therefore possible to choose the potential of any 
point in a circuit or a piece of equipment in arbitrary fashion, say, 
set it equal to zero. However, after this has been done, the potentials 
of all other points become quite definite quantities. It is precisely 
for this reason that we can take the ground potential as zero. 

Let us consider a capacitor (Fig. 169) consisting of two parallel 
plates. One of the plates (the left one) can be connected to some 
source of voltage. The quantity of electricity on the left-hand plate 
is directly proportional to the potential difference of the plates of 
the capacitor, @¢: 


q = CẸce 
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the difference of potential being defined as the potential of the left 
plate minus the potential of the right plate. Since in Fig. 169 the 
right plate is grounded, it follows that ¢ in this case is equal to 
the potential of the left plate. 

The coefficient of proportionality C is called the capacitance of 
the capacitor. The unit of capacitance is the farad (F). It is the capa- 
citance of a capacitor in which the potential difference of the plates 
is 1 volt for a charge of 1 coulomb. 10-6 F is called a microfarad, 
10-9 F, a nanofarad, 10-” F, a picofarad. 

An equal quantity of electricity (but opposite in sign) accumulates 
(builds up) on the right-hand plate of the capacitor. Denoting one 
plate of the capacitor by A and the other by B, we get 


qa = Cc, Ip = —Ua = —COe 


An electric charge is a conserved quantity. Electric charges of the 
same sign never appear or disappear in any processes whatsoever.* 
A change in the charge on plate A of the capacitor is due to the fact 


: B I 


A 


Fig. 170 


that a portion of the charge left the plate and moved to some other 
site, say point D along the conductor AD (Fig. 170). 

If a current j is flowing from D to A (from left to right), then in 
time dt a quantity of electricity j dt will flow through the cross secti- 
on of the conductor; therefore 


dqa =jdt or Haj 
t 
Let us now find out what a current flowing in a conductor depends 
on. By Ohm’s law the current is proportional to the difference of 
potential across the terminals of the conductor, the current flowing 
from higher to lower potential. Thus 


j = k (@p — Ya) (8.1-2) 


The quantity k is positive and is called the conductance. 

We denote the quantity @p — Pa by Ppr. This is the potential 
difference across the resistance R. The value of @p is defined (like 
that of ọọ) as the left-hand potential minus the right-hand potential. 


* The total electric charge of a system remains unchanged when two partic- 
les of equal and opposite charge appear or disappear. 
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i 1 : 
The reciprocal, als called the resistance of a conductor and is 


denoted by R. The unit of resistance is the ohm, which is the resistan- 
ce of a conductor through which a current of 1 ampere is flowing 
when a potential difference of 1 volt is impressed across its terminals. 
Ohm’s law (7.1-2) may be written thus: 


=e or Ọr= Rj (8.1-3) 


As a source of voltage in a circuit we can take a voltaic cell. There 
is a definite potential difference across the terminals of the cell. 
We can assume, roughly, that the potential difference is independent 
of the current flowing through the cell. In particular, in a cell the 
current can flow from a low potential to a higher potential. Through 
a resistance, the current always flows from a high potential to a lower 
potential, like water in a tube connecting two vessels flows from 
high level to low level. 

The cell is like a pump that can take in water in a low-level vessel 
and pump it up to a high-level vessel, that is to say, make the water 


T ies a 


Fig. 174 


move uphill. To operate the pump we need some kind of external 
source of energy. The same applies to the cell. When the current 
flows from low to high potential, chemical reactions take place in 
the cell. The energy of these chemical reactions in the cell is trans- 
formed into electric energy. 

The potential difference which the cell yields is termed the electro- 
motive force (also called the electromotance) which we abbreviate 
to emf. 

The potential difference across the cell taken as left-hand potential 
minus right-hand potential (Fig. 171) is equal to minus electromotive 
force of the cell: 

P1 — P2 = —E 
In reality, the emf is slightly dependent on the current flowing 
through the cell. When the current is flowing (from left to right in 
Fig. 171) in the direction from low potential to high potential (which 
is the normal operating conditions of the cell when it is generating 
electric energy), the emf E diminishes with increasing current flow. 
Approximately, we can take it that the emf is constant, but more 


exactly ; 
E = a — bj (8.1-4) 
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We will call a cell whose emf is independent of the current j an ideal 
cell. 

Let us consider a series connection ofan ideal cell with an emf 
equal to a and a resistance b (Fig. 171). Then 


Pe=Pi—- Fa = —4, Po= Po— 93 = Yj 
and therefore 


P1— Ps = (P1— P2) + (P2— P3) = —a + bj = —(a—bj)= —E 
The quantity b in formula (8.1-4) is for this reason called the internal 
resistance of the cell: the real cell that we are dealing with that has 
an emf which satisfies formula (8.1-4) yields the same dependence 
of E on j as the series connection of an ideal cell and a resistance b. 
The name for a remains the same: the emf of a real cell, bearing in 
mind that E = a when j = 0, and the emf drop for j =Æ 0 is characte- 
tized by b.* 

In the sequel, when considering electric circuits involving current 
sources, for example a cell and various resistances, we can imagine 
that we are dealing with an ideal cell with constant emf independent 
of the current, and the internal resistance b may be combined with 
the external resistance R. Thus, a real cell with internal resistance b 
connected in series with a resistance R is equivalent to an ideal cell 
connected in series with a resistance R, = (R + b). 

It is worth once again paying special attention to the difference 
between resistance and source of voltage. If in a circuit there is 
a potential difference across a resistance, such that 9, > q, 
(Fig. 172), then, by our definition @p = 9; — 9, < 0, which is 
to say that @p is negative. Hence, by formula (8.1-3), the current 
is negative as well. Which means that the current flows from right 
to left, from 2 to 7. Now suppose that there is a potential difference 
of the same sign across the terminals of the voltage source, and the 
dependence of E on j is given by the formula (8.1-4) (Fig. 171). Here, 
let @3 >, but P3 — pı <a. Then bj = 9, — P; +a = a — 
— (P3 — pı) > 0, that is, j œ> 0. Therefore the current flows from 
left to right despite the fact that the potential @, on the left is less 
than the potential 3 on the right. Thus, the voltage source is capable 
of overcoming the potential difference and yielding a positive current 
(from left to right) for a negative difference of potential [(@: — P3) < 
< 0], provided that this negative potential difference does not 
exceed in absolute value the emf of the source. Yet for a negative 
potential difference, the resistance always yields a negative current. 

In the particular case (Fig. 173) of a cell having internal resistan- 
ce b and, in series, external resistance R, the current is determined 
by the formula j = jee 

R+b 

* Since the current is zero for an open circuit, the emf may be defined as the 

potential difference of a disconnected cell. 
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Now let us consider inductance. The phenomenon of inductance 
is connected with the magnetic field that is produced in the space 
surrounding a conductor carrying a current. This magnetic field 
is particularly great if the conductor has the form of a coil with 
a large number of turns. The field is further increased if the coil is 
wound on an iron core. 

The magnetic field in turn gives rise to electric phenomena. As 
we know, given a varying magnetic field, each turn (even every porti- 
on of a turn) of the coil becomes a source of voltage, something like 


J= 


—{—— 
/ [ek Z 
Fig. 172 Fig. 173 


a voltaic cell. In a coil in which the turns are wound so that the 
current traverses the core of the coil in the same direction throughout 
the length of the coil, all these voltage sources are connected in 
series so that the overall voltage builds up (the voltages are additive 
in a series connection). 

On the whole, a coil is equivalent to a voltage source with a poten- 
tial difference proportional to the rate of change of the magnetic 


1 nvm _Z 


Fig. 174 


field. But the magnetic field in a coil is proportional to the current 
flowing in the coil.* For this reason, the rate of change of the magne- 
tic field is proportional to the rate of change of current flow, that is, 


to the derivative z. Referring to Fig. 174, we finally get 


di 
(r= Pp — p = L— (8.1-5) 


Here the positive direction of the current is taken to be from Z to 2 
inside the coil, and the quantity ỌẸz is the potential difference across 


* We will not discuss the case of two coils wound on one core, which is a 
transformer connecting two electric circuits carrying different currents. 

** Neither do we consider cases of a more complicated dependence of the 
magnetic field on the current when an iron core is inserted in a coil and the 
current is so great that the iron is saturated. 
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the coil. It is defined as the potential @, on the left minus the poten- 
tial ọ, on the right. When considering in detail the direction of the 
magnetic field and the emf induced by its variation, it may be proved 
that the coefficient L in this formula (the so-called inductance) is 
always positive. 


From formula (8.1-5) it follows that if a < 0, then 9,— 9, < 0, 


that is, pa > q,. Thus, if the current is positive (flows from J to 2) 
and decreases in magnitude, then the coil plays the role of a cell 
sustaining a positive current in the circuit, despite the fact that 


om, < 0. But if the current is positive and increasing, then a > 0, 


and so g,; > Q. In this case, the coil plays the part of an additional 
resistance, since the potential difference across the coil is positive 
for a positive current [compare with (8.1-3)]. 

A coil differs essentially from a voltage source and from a resist- 
ance in that the quantity 9, depends ga on the current intensity j but 


on the rate of change of the current, 


The coefficient L in the equation ae the name “coil inductance” 
(also self-inductance). 

The unit of inductance is the henry (H). If the inductance of a coil 
is equal to 1 henry, this means that when the current is changing 
at the rate of 1 A/sec, a potential difference of 1 volt is induced in 
the coil. We obtain the dimensions of inductance from formula 
(8.1-5): 
volt second 

ampere 


henry = 


For short, one often says “inductance L” instead of “a coil with 
inductance equal to L”. We also say “capacitance C” instead of “a ca- 
pacitor whose capacitance is equal to C”. In the same way, we speak 
of an emf £ instead of spelling it all out to “voltaic cell” or “voltage 
source”. 

From the foregoing it is clear that inductance influences the cur- 
rent in a circuit just like an inert mass (flywheel) affects velocity: 
inductance impedes any change in the current, and a mass (by New- 
ton’s second law) tends to impede any change in velocity. This 
similarity will be discussed in more detail in Sec. 8.4. 

From the standpoint of subsequent computations, capacitance, 
resistance, emf (electromotance) and inductance have one thing 
in common, they all require two terminals for connection in a circuit 
(unlike, say, a transformer, which requires four leads, or an electron 
tube, which has three leads: anode, cathode, and control grid). 
Devices with circuit connections involving two leads are called two- 
terminal networks. If there are four leads, they are two-terminal 
pair networks (or four-pole networks). Each circuit element—capaci- 
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tance, resistance, electromotance and inductance—is characterized 
at any given time by a specific current passing through it and a defi- 
nite potential difference at input 
and output. 

We can imagine a closed box 
(labelled “Box” in Fig. 175) with 
two leads A and B. The interi- 
or of the box can contain any- 
thing: R, E, L, C. Connect an 
ammeter A and a voltmeter V. 
With the circuit connections as 

Fig. 175 shown in Fig. 175 (the “-+-” and 

“—” signs correspond to the la- 

bels at the terminals of the ammeter and voltmeter), the ammeter 

indicates the current j passing in the direction from A to B. The 
voltmeter indicates the potential difference: 


Box = Pa — PB 


The relationship between @,,, and j depends on what is inside 
the box: 


in the case of a resistance, R, Qpox = Rj, (8.1-6) 
in the case of an electromotance (emf), EŠ, @gox=—Ey, (8.1-7) 
in the case of an inductance, L, Qgox=L ae (8.1-8) 


t 
in the case of a capacitance, C**, @pox = (Mzox)o +4 | jdt (8.1-9) 
to 


(or TBs -5 j) (8.1-9a) 


There are of course cases in which more complicated relationships 
are involved. For example, a rectifier (a vacuum-tube diode or semi- 
conductor diode) does not fit any of the foregoing formulas. However, 
in a large number of important problems we can confine ourselves 
to considering the circuit elements for which formulas (8.1-6) to 
(8.1-9) are valid to a high degree of accuracy. These are the circuits 
that we will investigate (with the exception of Sec. 8.16, where we 
give special consideration to the properties of a circuit with a device 


* The internal resistance of the emf is disregarded. 


** ga = CO Box! Ha = j, whence SPB oe 2, j, If at the initial time 


t 
e, 
t = to, Prox = (Prozo, then Prox = (Proso + z | jdt. 


q 


to 
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which exhibits a complicated relationship between current and 
potential difference). 

Let us study the circuit shown in Fig. 176. We will first write 
down the voltage drops on the separate elements of the circuit: 


Pc = PAo PB, PL= PA, PB,» l 
Pr = PAR PBp PE= PA_— PBE 


Also observe that PBo = PAgr Bp = PAL? PB, = Pag: For this 


(3.1-10) 


Bp At B, Ag | Be 


L 


Fig. 176 


reason, adding all the equations (8.1-10) termwise, we get 
Pec t Ort Pit Pze=—@Q o—PBy 


If the circuit in Fig. 176 is closed, then Pa, = PB In this case, 


consequently, 
Pe + Prt r+ Gz =9 (8.1-11) 


This general equation, together with the expressions (8.1-6) to (8.1-9), 
fully describes all the processes that occur in the circuit. Below we 
will use this equation to examine a variety of circuits beginning 
with the very simplest which consists of only two elements. 


8.2 DISCHARGE OF A CAPACITOR THROUGH A RESISTOR 


Let us examine the process occurring in a circuit with capacitance 
C and resistance R (Fig. 177). We denote by ọ the potential of point 
A (the opposite plate of the capacitor AB 
will be grounded). To begin with, let C 
¢ = Po. The corresponding quantity 
of electricity on plate A is q4 = Co. 

Can we speak of a current flowing 
through a capacitor? A capacitor 
consists of two plates separated by 
an insulator (say, air) so that in re- Fig. 177 
ality an electron cannot go through 
the capacitor, say, from A to B. 

However, if a positive charge is impressed on plate A, then plate B 
will have a negative charge, and a positive charge will flow out of 
plate B along the wire (the current also goes from left to right). Two 
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ammeters A, and AÁ., one of which measures current in the wire 
connected to plate A, the other in the wire connected to plate B, 
will have identical readings. What precisely it is that flows (positive 
charges or electrons) through different portions of the electric circuit 
does not interest us, just as we are not interested in whether the same 
electrons pass through A, that have passed through A, or not. For 
this reason we will henceforth only speak of the current passing 
through the capacitor and will have in mind the current flowing 
in the conductors connected to the plates of the capacitor. We can 
speak of current flowing in an electric circuit through a capacitance 
in the same way that we speak of current flowing through a resistance 
or an inductance. The difference lies in the different type of relation- 
ship between current and potential difference as expressed by the 
formulas (8.1-9) and (8.1-9a). 
When we close the switch P (Fig. 177), a current 


. 1 
] = -R Pr 


will flow through the resistance R. By formula (8.1-11), p + op = 
= 0, whence pg = —ọ and so 


; 4 
j=—-7Fe (8.2-1) 


Since current flowing from left to right is taken to be positive, it 
follows, as may be seen from formula (8.2-1), that for ọ œ> Q the 
current is negative, it flows from right to left and the capacitor 


becomes discharged.* Recalling that j = (current flowing through 
a capacitor) and q = Cq, we find 


d 
j=07 (8.2-2) 
Comparing (8.2-1) and (8.2-2), we find 
d 4 
ae" (8.2-3) 


We solved an equation like this in connection with the problem 
of radioactive decay. If ¢ = o when ¢ = Q, then 
t 


gy (¢) = Poe RC 


t 
j@=—yre F 


(8.2-4) 


whence 


* Observe‘that in all circuits having the form of a rectangle (Fig. 176 and 
subsequent figures), we speak of the direction of current in the upper side of the 
rectangle; the current flow in the bottom side that closes the circuit will clearly 
be in the opposite direction. 
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It can be seen from formula (8.2-3) that the quantity RC has the 
dimensions of time. Let us verify this: 


volt volt-second . _ coulomb 
[R] = ohm = ampere coulomb ’ [C] = volt 
whence 
volt.second coulomb 
[RC] = coulomb = volt = second 


During time t = RC the charge q on the capacitor and also the cur- 
rent j diminish by a factor of e. | 
The discharging process in a capacitor can easily be “observed 


experimentally. Buy a capacitor with capacitance C = 20 micro- 
| 


| E, /— ç 
- 
Fig. 178 


farads = 20 x 10-6 F and a resistor R = 20 megohms = 20 x 
x 10° ohms. For an RC circuit of this type we get RC = 400 sec, 
which is a very convenient time for observational purposes. 

The quantity RC is called the time constant of a circuit consisting 
of a capacitance and a resistance (recall that in the case of radioacti- 
ve decay the mean lifetime was an analogous quantity). 

We will consider the problem of charging a capacitor through 
a resistance. The circuit diagram is shown in Fig. 178. If switch P 
is closed, then, by (8.1-11), pe + Gg + ẹ = 0, where ọ is the po- 


tential of the nongrounded plate of the capacitor. Since Qg = — Ep, 
Op = Rj, it follows that —E) + Rj + ọ = 0. The current flowing 
through the capacitor is j = 4 = C= and so 
—Ey+ RCP 4 9=0 
or yo 
2?  — r (p—Ey) , (8.2-5) 


To find out how @ varies with time, it will be convenient to make 
the change of variable z = ọ — Eo; then dz = dọ. Equation (8.2-5) 
can be rewritten 

dz Z 
dat RC 


24* 
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Its solution is 
t 
z—=2e RC (8.2-6) 
where Zo is the value of z at the initial time. 
Let us find the solution for the case where at the initial time the 
capacitor is not charged: » = O for ¢ = 0. Then z = —E£,). From 
i 


(8.2-6) we get z = — Eye RC, 
t l 
jerkie A kheb e e) (8.2-7) 


The graph of @ as a function of ¢ is given in Fig. 179. The curve 
corresponds to the formula (8.2-7), the dashed horizontal line re- 
presents the value @ = Ey to which the solution approaches in the 


ORE 
Fig. 179 


RC IRC 


course of time. The quantity z has the geometric meaning of vertical 
distance from the curve to the dashed line. This distance diminishes 
exponentially with time. 

During a time equal to RC, the charge on the capacitor reaches 
63% of its final value; during time 2RC, 86%, and during time 3RC, 
95% of the final value. 

From formulas (8.2-4) and (8.2-7) it is evident that charging and 
discharging the capacitor is the faster, the smaller the resistance R. 


Exercises 


1. Referring to Fig. 177, C = 10-8 F, R = 10’ ohms, R = 108 ohms, R = 
= 10° ohms. For each of these cases, determine the time lapse during which 
a current flowing through the capacitor at the initial time tọ falls off by 10%; 
decreases by a factor of 2. 

2. Consider the process of equalizing the potential across a resistance R 
in series with two capacitors C, and C2, one of which at time ¢ = 0 is charged 
to a potential difference pç, (0) = a, while the other is not charged at all, that 
is, Pc, (0) = 0 (Fig. 180). 

3. Determine the variation in the time constant of the circuit depicted 
in Fig. 177 if all linear dimensions of the circuit diagram are increased n-fold 
(for the case of a plane capacitor). 

Remark 1. The condition of the problem is to be understood in this way: 
the dimensions of the capacitor and the resistance are increased but the mate- 
rials of which they are made are not changed. 
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Remark 2. The formula for the capacitance of a plane capacitor is C = 
= eS/4nd, where S is the area of a plate of the capacitor, d is the distance bet- 
ween the plates, and e is a constant dependent on the material between the 

e 


C, a C> 


"|| 


Fig. 180 


plates (the dielectric constant). The magnitude of a wire resistor is found from 
the formula R = p J where / is the length, © is the cross-sectional area, and p 
is a constant that depends on the kind of wire used. 


8.3 OSCILLATIONS IN A CAPACITANCE CIRCUIT WITH 
SPARK GAP 


A typical circuit diagram involving a capacitor is shown in 
Fig. 181. The circuit includes a voltage source with emf E and resis- 
tance R (the role of R may be played by the internal resistance of 
the voltage source). Underneath is a spark gap. For a potential 


Eo 


ett 


Fig. 184 


difference less than a definite value @,, the spark gap is an insulator. 
At ọ = Q; a spark jumps the gap, the air between the wires heats up 
and becomes a good conductor. We denote the total resistance of 
the leads and the incandescent air by r. The quantity r is small and 
remains small as long as current flows maintaining a high temperatu- 
re of the air. For a definite small value of current j> the air cools 
and the spark gap again becomes an insulator. This current value is 
associated with the potential difference @. = jer. Here 9, > Qo: 
a higher voltage is needed to initiate a spark than to keep it burning. 

Fig. 182 shows the dependence of @ on ¢ for such a circuit. The 
capacitor is charged over the section OA, there is no current flowing 
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through the spark gap. In this case the formula (8.2-6) is valid: 


t 9 
p=E(1—e FC) (8.3: 1) 


The potential difference at point A at time ¢ = t4 reaches the value 
Pı, the spark gap begins to conduct current and the capacitor dis- 
charges. Since for this case R ® r, the current from the voltage 
source can be ignored as compared to the current passing through 
the spark gap. Therefore, for ọ we get the equation 


and ọ = q, for t = t4, whence we get 
_ (tty) 
p=pe "e (8.3-2) 


At time t = tpg (at point B), p = @, and the spark gap again becomes 
an insulator. The charging process is initiated (section BC). 

Let us isolate the time tg — tą during which the capacitor is 
discharging. To do this, we take advantage of the fact that 9 = 2 
at t = tg. Putting ọ = go, t = tz 
in (8.3-2), we get 


P= Qpe "C 


whence 


2 


Fig. 182 Over BC (charging) the relation 

(8.3-1) displaced in time by the 

amount t holds true (in Fig. 182, t is depicted by the line segment 
A,B). For this reason 


t-t 
g=E (,_ 47 RC ) 
Putting t = tg here, we get 


ty-t 
p= E l4—e Fe) 
Similarly, setting t = tg, we find 
ya E 
g=E (1—e7 e) 
From the last two formulas we have 
to-tg 


E— q2 “RC E— Qz 
——-— e or tc—tr=RC ln 
E— Qı j 2 E— 91 
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The complete period (a charge-discharge cycle) is 
E— 2 P1 
T =tc—t,=(tc—t typ—t,)= RE Iln —— +rC In — 
c—ta = (tc B) + (tg — ta) E—9q, F pz 


Ordinarily, the resistance R in the circuit of the voltage source 
is many times greater than that of the spark gap, and for this reason 
the charging time is much longer than the time of discharge. On the 
other hand, the discharge current is many times greater than the 
charging current, greater than the maximum current obtainable 


from the voltage source (with an internal resistance of R, the voltage 


source does not produce a current exceeding z) . The circuit shown 
1 


in Fig. 184 transforms a long-term small current generated by the 
voltage source into a strong current, which however is of short dura- 
tion (it is customary to speak of “short pul- 
ses” of current). 

This circuit operates like a system in which 
a tiny flow of water fills a vessel (Fig. 183). 
The vessel is fixed so that when a sufficient 
amount of water has accumulated, it turns over 
pouring out the water. The vessel then rights 
itself and the process begins anew. In the figu- 
re, the vessel is fixed on a horizontal axis OO’ 
below the midpoint. At the bottom of the 
vessel is attached a weight so that the centre 
of gravity of the empty vessel lies below the 
axis. But when the vessel fills up with water, 
the centre of gravity of the full vessel lies 
above the axis and the vessel tips over. 

Let us return to the circuit diagrams in Figs. 
177 and 178. In these circuits, which consist of Pig. 183 
capacitances, resistances and _ electromotan- 
ces, the potentials even out in the course of time. Indeed, in Fig. 177, 
ọ = 0 and in Fig. 178, ọ = Ey [see formulas (8.2-4) and (8.2-7)]. 
The situation is quite different in the case of spark-gap circuits. 
Here we have undamped oscillations of magnitude @ (true, they are 
very different from those that we studied earlier). These oscillations 
are connected with certain specific properties of the spark gap, in 
particular with the fact that until a definite potential is reached (the 
so-called breakdown potential @,), no current flows through the spark 
gap. 

Thick books have been written about the properties of discharge 
through air in a spark gap. All we have given here is a smattering 
of information—only enough to understand the operation of the 
circuit shown in Fig. 181. This information does not even suffice 
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to answer the simple question: What will happen if we connect the 
spark gap to a voltage source without a capacitor? 

Indeed, if no current flows, the voltage on the spark gap will be Eo. 
Since Eo > @, breakdown should occur. But if this occurred, the 
resistance of the spark gap would become small, equal to r. Then 
a potential difference equal to Eo- aon would appear across the spark 
gap and the current would be j = are If R is great, the current j 
is small, less than j», the potential difference across the spark gap 
is small, less than ọọ». But then the air will not heat up and the re- 
sistance of the spark gap will not become the small quantity r, 
which means the potential difference will be great and equal to Æ. 
We have a contradiction. 

Actually, under these conditions we have an electric discharge 
of a different type, the so-called glow discharge (small current with- 
out heating of the air), instead of the spark with incandescent air. 


8.4 THE ENERGY OF A CAPACITOR 


A charged capacitor has a definite supply of energy, which can be 
given up very quickly if the capacitor is discharged through a small 
resistance. 

Let us find the supply of energy of a capacitor of capacitance C, 
one plate of which is grounded and the other has potential ọọ. Then 
the quantity of electricity qo = COo. 

It would appear at first glance that the energy is equal to the pro- 
duct qo. In reality, this expression is not exact, though it is correct 
as to order of magnitude; it differs from the true value by a factor 
of 2. Let us consider the charging process of the capacitor. When 
its potential is ọ and the charge is q, the addition of a small quantity 
of electricity dq increases the energy by 


dW = ọ dq (8.4-1) 
The essential thing is that during charging the potential ọ itself 
changes since @ = + q. Substituting this value of @ into (8.4-1), 
we get 

dW =- qdq (8.4-2) 


Integrating (8.4-2) from q =O (uncharged capacitor) to q = qo» 
we get 


1 1 a 
W (90) =e \ qg dg => =F Poh = = CN (8.4-3) 


0 
Thus an exact evaluation yields the coefficient 


bo] = 
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Now let us examine the charging process of a capacitor from a 
voltage source through a resistance (see Sec. 8.2, the circuit in 
Fig. 178). The voltage source has a constant emf, Eo. Therefore, 
when a quantity dq of electricity flows, the voltage source does work 
Eo dq (this work is performed at the expense of the chemical energy 
of the voltage source, which diminishes). Hence, the total work 
done by the voltage source is equal to Ego, where qo is the total 
amount of electricity that has flowed. When the capacitor is being 
charged, the process stops when ọ = Eo. In this process, the voltage 
source will have performed work 


Ego => EC Eg = CE% 


What supply of energy will the capacitor possess? This can readily 
be computed from formula (8.4-3): 


1 
W =-> CE? 


Where has half the work performed by the source gone? We will 
show that it went to heat up the resistance R. Recall that if a quanti- 
ty dq of electricity flows through a resistance, the energy released 
will be 

dA = Qrp dq (8.4-4) 


where @,p is the potential difference across the resistance. Using the 
fact that dq = j dt, j = = , we can transform (8.4-4) to the familiar 
form 

dA =] de— PR dt 


2 
The quantity ?R = (Pn) is the quantity of energy released on the 


resistance in unit time, which is to say, it is the thermal capacity. 
The function j (¢) in the case of the charging of a capacitor through 
a resistance was found in Sec. 8.2 to be 
t 
. Eo = RPE 
jj=ze Fe 


dA = at dt 


The energy released in time ¢ is 
— Es (o Re 
whence 


2t 2t 
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We know that as the time interval ¢ increases without bound the 
potential @ approaches the value z without bound. Then, as may 


be seen from (8.4-5), A approaches + CE without bound. Therefore 
the total energy released on the e is 


A=+-CE? (8.4-6) 


Thus, calculations confirm the fact that in the charging process of 
a capacitor, half the energy is lost on the resistance. The efficiency 
of charging is only 50%. Note that if we make a direct connection 
from the voltage source to the capacitor, nothing will change, the 
efficiency remains at 50%, the role of the resistance R being taken by 
the internal resistance of the voltage source, which will then heat 
up. From formula (8.4-6) it is evident that the energy lost uselessly 
on the resistance in charging the capacitor is independent of the 
magnitude of the resistance R and hence does not depend on how fast 
the charging takes place. 

Since R did not appear in (8.4-6), this formula may be obtained 
without introducing R into the intermediate transformations. 
Indeed, for the circuit of Fig. 178, Qe + Og + Pc = 0, whence 


Pr = —Pr — Pe = Eo — 4. Therefore dA = (Eo — 4) dq. In- 


C 
tegrating this expression from q = 0 to q = qo = EC, we get 
1 


This last derivation holds true also for the case where the resistance 
R varies with time. The previous derivation held true only for 
R = const since only in this case could the formulas of Sec. 8.2 
be applied. 

In order to reduce losses in charging a capacitor we should have 
done as follows: first take a voltage source with small emf E; and 
charge the capacitor to the potential Æ, then disconnect the first 
voltage source and connect a second source with greater emf E». 
Having charged the capacitor to potential Æ», disconnect the second 
source and connect a third with emf E}, and so on. The gain is clearly 
seen in the graph: lay off the charge q of the capacitor on the axis of 
abscissas, the potential @ on the axis of ordinates. They are connected 


by the relation ọ = $q, which represents a straight line (Fig. 184). 


The energy of a capacitor is equal to the area of the triangle OAB. 
The work done by the voltage source is equal to the area of the rec- 
tangle OABD. The energy lost on the resistance is equal to the area 
of the triangle ODB. If the capacitor is charged in stages, the sum 
of the works of all voltage sources is equal to the shaded area in 
Fig. 185. We leave it to the reader to find the efficiency for the case 
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where the charging process is divided into n stages: 
eae ae ew = 
Ey F f,=—-, E= m En=9 


In the foregoing case, one plate of the capacitor was grounded, 
i.e., its potential was ọ, = 0. Here, the energy of the capacitor 


Fig. 184 


depends on the potential of the other plate, g2., W = S Coż. If 
neither plate is grounded, the energy of the capacitor depends on the 


ye A S Sf 


E > 
Ve 


Fig. 185 


difference of potential across the plates, Qc: 
4 


Indeed, we know that the charge q on each plate of the capacitor 
depends on the potential difference, the charges on the plates being 


equal in? magnitude but opposite in sign: 


da=Coc, l8 = —COc = —qa, dqa = —dqpg 
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When computing the variation of energy in the charging process, 
one has to take into account the variation of charge on both plates. 
Let the potential of plate A be q,, the potential of plate B, qo, 
Pı — P2 = Pc. Then 


dW = 9; dqa + P2 dB = G1 dqa — G2 dqa = 
= (Pı — P2) dqa = Pc dqa 
Since Qc = = it follows that 


C 
dW =- qa daa (8.4-7) 
Integrating (8.4-7) from 0 to q4, we get 
q7 1 
W= = 7 Et 


Knowing the expression for the energy of a charged capacitor as 
a function of the capacitance, we can find the mechanical forces 
acting between the plates of the capacitor. Imagine the plates to be 
connected mechanically with some kind of lever and suppose the 
capacitance C depends on the position of the lever. If the position 
of the lever is characterized by the value of the z-coordinate, then 
the capacitance is C (x). At a definite position zọ of the lever the 
capacitance of the capacitor is C (zo) = Co. If in this position the 
capacitor is charged to the potential o, then the charge on the plates 
qdo = Coo and the energy of the capacitor is 

_ Cope _— qb 
aa aig 
Let us disconnect the capacitor from the voltage source and move 
the lever. The charge will then remain constant (the potential varies 
inversely as the capacitance), the energy will vary: 
qô 
W (2) =a 

The electric energy of a charged capacitor is similar to the elastic 
energy of a spring. W (x) increases if an external force applied to the 
level does work. Then the external force overcomes the forces with 
which the plates of the capacitor act on the lever. Contrariwise, 
if W (x) decreases, the lever is displaced and does work in opposition 
to the external applied forces. We may conclude that the force with 
which the plates act on the lever is equal to 


Pean d ( g \ 4 dC (z) p(x) dC (z) 
~ dr dr Cal anor dr 2 ` dz 
(8.4-8) 


The force is directed towards increasing capacitance. Thus, if the 
capacitor consists, say, of two equal parallel plates, the capacitance 
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is inversely proportional to the distance between the plates. This 
means the capacitance increases when the plates are brought closer 
together. Quite true, because when a capacitor is charged the charges 
on the plates are of opposite sign and so the plates attract with more 
force if they are close together. 

Formula (8.4-8) enables us to find the force in more complicated 
situations, as, for example, in the case of a variable capacitor in 
which one plate can move in and out between two fixed plates. 


It is important to note that we took the derivative sa for a given 


constant charge g. However, it is not permissible, when seeking the 


force by the formula F = ao to take the derivative of W = 


dx 
2 
= a , assuming ọ constant and having regard solely for the 
fact that C depends on x. We would then obtain an incorrect sign 
for the force. Indeed, if the capacitor is disconnected from the volta- 


ge source, then @ is not constant, ọ = F , C = C (x). If the capaci- 


tor is connected to a voltage source, then ọ remains constant as the 
capacitance varies. But then the charge q varies, which means that 
a current is flowing through the voltage source, that is, that the 
voltage source is doing work equal to @ dq (as C increases). Hence, 
when applying the law of conservation of energy for constant @ and 
variable capacitance, one has to take into consideration not only 
the variation in energy of the capacitor and the work of the force 
but also the work done by the voltage source. 


8.9 INDUCTANCE CIRCUIT 


Let us consider a circuit consisting of resistance R and inductance 
L (Fig. 186). By formula (8.1-11) 


r+ Gr = 0 (8.5-1) 


Since @g = Rj and ọ = L a , using (8.5-1), we find 
dj 
Rj+L—-=0 


Thus, the current in the circuit of Fig. 186 satisfies the equation 


dj R . 
= cas Pa | (8.5-2) 


The solution of this equation is 
R 
L 


j=j E ora 
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Thus, the current in the circuit of Fig. 186 falls off exponentially. 
The current diminishes e times during a time 


L 
E E 


e e e L e se 
Let us verify the dimensions of FR: L is measured in henrys, that 
. .  volt-second ; . volt 
1S, 1N ampere? R in ohms, or 1n ampere 


vot Scone : W = second, so that actually ta has 
ampere ampere R 


. Therefore the dimen- 


; L 
sions of p are 


the dimensions of time. We will call % the buildup time. In the 


(eens L 
Fig. 186 Fig. 187 


circuit diagram shown in Fig. 186, in which there is no voltage 
source, the current tends to zero with time. How to set up an 
initial current of jọ will be discussed later on. 

For the present, let us consider a circuit consisting of a source 
having emf equal to Fy, a resistance R and an inductance L (Fig. 187). 
From the condition 

Ge + Pr t+ Gr = 0 


recalling that op, = —Eo, we find 
—E,+Rj+L2=0 (8.5-4) 
We rewrite this equation as 
dj R/E 
at LD (+ =] 


This equation is similar to the equation (8.2-5) (see Sec. 8.2) and 
is solved by the very same procedure. We get 


Rt 


j (t) = Žo AcE (8.5-5) 


where the value A is determined from the initial condition. Suppose 
the switch is closed at ¢ = 0. Then j (0) = 0 because there was no 
current flowing in the circuit when the switch was open. Given this 
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Eo 


condition, we find A = — > and (8.5-5) assumes the form 
Rt 
s E (8.5-6) 


In the course of time the current approaches the value 


; Eo 
j (00) ==> (8.5-7) 


This current value is independent of the inductance L and is simply 
obtained from Ohm’s law in a circuit with emf Ey and resistance R. 
However, this current value is not established at once, but gradually, 


I $ 2 a3! o 2k 3! 


Fig. 188 Fig. 189 


and the time required to establish the current depends on the induc- 
tance L. In time aa the current is equal to 0.63 j (oo), in time 2 = 


the current is equal to 0.86 j (co), in time 3 Z the current is 0.95 


j (co), and so forth (Fig. 188). 
According to the basic equation (8.5-4), the sum of the differences 


of potential on the resistance Rj and on the inductance L 4 is equal 


to the emf £,. It is interesting to follow each term separately. They 
are shown in Fig. 189. At the initial time, j = 0, Rj = 0, Ey = 


=L an We say the voltage is absorbed entirely by the inductance. 


: dj 
As time passes the current approaches a constant value, T tends 


to zero, and the voltage is absorbed by the resistance. 

It is interesting to compare the solutions which formula (8.5-6) 
yields for the same F, and for different R and L. Let R, be small, 
R, great, L, small, L, great. For different combinations of R and L 
we get four curves of current as functions of time (see Fig. 190). 
The final current j (co) depends on R alone, it is the same for R4, Li 
and for R,, Lə; j (oo) is also the same for the pairs of curves Ro, Ly 
and Rə», Lə. The initial rate of buildup of current depends only on 
the inductance L and does not depend on the resistance. 
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Arguing from dimensions, it is clear that the established current 
is proportional to the initial rate of current buildup and the time of 
buildup. For our definition of buildup time, the formula is correct 


ENE: 190 
without ay additional coeficients. Indeed, the initial rate of eo hee 
buildup — a il e is equal to £ T etae buildup time T = 2 whénce 
the established current is 
dj L E E 
j (co) = LL aa a a 


Now comes the question we posed at the beginning of our discussi- 
on of setting up the initial current jọ in the circuit in Fig. 186. We 


Fig. 194 


can take the circuit diagram of Fig. 191. We start by closing switchA 
and leaving switch B open. Then a current will flow and soon attain 


the value rn in accerdance with formula (8.5-7). We choose Eo 


so that AIR = jo. We wait for the steady state, when the current 
i 


is equal to jọ with A closed and B open, to be established. Then in 
this state we close B and open A. The result is the circuit shown in 
Fig. 186. At the initial instant of time (when closing B), a current jo 
flows. The potential at point Z, prior to closing the switch, is g, = 0, 
since in the steady state, when jo is constant, the voltage drop on L 
is zero. Prior. to closing the switch, the potential at point 2 is equal 
to ¢ə = Rjo. When switch B is closed, the point 2 becomes grounded 
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and so the potential of point 2 is g. = 0. There is then a correspond- 
ing readjustment of potentials at all other points of the circuit. In 
particular, the potential at point Z is pow g, = — RÌ. 


8.6 BREAKING AN INDUCTANCE CIRCUIT 


Above we considered the process of establishing a current in the 
circuit of Fig. 187, which consisted of a voltage source, a resistance 
R, an inductance L and a switch. Fig. 188 shows the curve of current 
buildup when the switch E closed at time ¢ = 0. In time, the current 


reaches the value jp = =. What will happen now if we suddenly 
open switch B? If the aaa ceases to flow in a very short time 1, 


then the derivative of the current: with respect to time ow X 
py Uri) = — 2 , which: is to say, that the derivative will 
be very great in absolute value if t is very small. And at-point A 
there will appear a very large (in absolute value) negative potential: 


a = Dw sapo fo . The potential difference across the resistance 


R (it is equal to Rj) and the emf of the source change but slightly 
when the switch is opened. For this reason, the great potential diffe- 
rence that appears on the inductance L when the switch is opened 
falls entirely on the switch; by this we mean that the potential diffe- 
rence across the open contacts of the switch becomes very great, 


of the order of L 2 and can exceed many times over the emf of the 


current source, Eo. If the potential difference is great, the air gap 
between the open contacts will break down and a spark will jump 
across. 

The problem of current change in a circuit when a switch is opened 
proves to be very complicated; this is due to the involved nature of 
the laws of electric discharge in air between plates. Indeed, prior 
to breakdown, when @~ < @p», there was no current; but when break- 
down occurs, the resistance of the spark falls drastically, a big cur- 
rent flows at a potential difference considerably less than q,. Here 
we only note the basic fact: large potential differences arise in induc- 
tance circuits in circuit breaking. When such a circuit is closed 
the potential difference does not exceed Ey (the emf of the source) 
anywhere. 

The two circuits shown in Figs. 192 and 193 give a quantitative 
idea of the phenomenon of sudden brief increases in potential diffe- 
rence. These circuits differ from that of Fig. 187 in that current can 
also flow in the inductance L when the switch B is open, so that cir- 
cuit breaking occurs without any spark. However, if the resistance R 
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is much greater than the resistance r, a large potential difference 
appears across the inductance at break. 

As an example, let us consider the circuit shown in Fig. 192. We 
assume R Sr. If the switch is closed, then at an arbitrary time the 


L 


Fig. 192 


current in the left portion of the circuit (r, E) is equal to the sum 
of the currents in the parallel connection RL: 


jr = Jr = Jr ++ Ju 
It is then always true that 9; = ax. Let the switch be closed at time 
t = 0. At this instant all the current will go through the resistance 


Fig. 193 
; E E $ 
R so that j,, = jr, = E by Ohm’s law. Then Pm = Eo “CR? 
dj p Ey R 
Pr, = Eo L and consequently Lr a e = LIFIR _ After 


a sufficient time lapse after making the circuit, a constant current 
will flow. In the steady state, the entire current will go through 
the inductance. Indeed, if the current j does not vary with time, 


then a — 0, therefore z = 0, and so Pr = 0, whence jp = 0. 


In the steady state, Qro = Eo, jro = JLo = ~ whence it is 


easy to obtain the order of the time t, during which the current 


is established: | 
djL 


JE =] Lo ~ dt lt=0 Ti 
or 
Eo ~ Eo R T 
ro Lr+R'’ 
whence 
L(R+r) L 
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Now let us examine breaking the circuit after a time lapse of 
t > qı after the circuit is closed, that is to say, after a constant cur- 


rent jo = =2 has been set up in the circuit. When the circuit is 


broken, jp = jg = 0 and in le 0, whence jp = —jz. This 
means that the entire current passing through L must pass through R 
in the reverse direction. As before, of course, Ọz = pe Therefore, 
Pr = Rig = —Rj, or Pr = —Rjz. Since gy = Lot 
that 


ee , it follows 


We have equation (8.5-2), which is quite natural since the right-hand 
part of the diagram in Fig. 192 (after the circuit is broken) does not 
differ from the circuit diagram in Fig. 186. 

The current diminishes by a factor of e during time Tt, = 5 ; 
Here, ta < 1 since R Sr. At the time of break, the current has 
the value jro = =. After the break has taken place, but prior 


to the current falling off perceptibly, i.e., for break time t< Tp, 
we get 


. R 
Pr = PL = —Rjipo = Bye 


Thus, at break we can obtain a potential difference that is many 
times greater than the emf of the voltage source. This principle is 
extensively employed in engineering, in particular in the ignition 
systems of internal combustion engines. Observe that this large 
potential difference occurs over an extremely small time interval. 

The foregoing is a rough consideration of the problem without the 
use of derivatives and higher mathematics. An exact consideration 
of the problem of closing a switch in the circuit of Fig. 192 yields 
the following. Proceeding from the relations 


Pe t Pr HPL =0, jS=jr tjr Or = PL 
we get the differential equation 


E L rR _EoR | 
THRILLS GAL 
At the initial time, ¢ = 0, the current flowing through the inductance 
is zero: j, = 0 at ż = 0. Therefore 
Eo rR t 
j= 2 Ae HOE") — Fo eT) 


The current in the circuit is 


t 
e e ry E = -_eoo 
j=jrtir=(t—e be oak oe t 
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In Fig. 194, the approximate solution is shown by the broken line, 
the exact solution, by the smooth curve. 

We advise the reader to examine the process of variation of current 
and potential difference at make and break in the circuit of Fig. 193. 
It is useful to solve the problem twice: once by setting up the diffe- 
rential equation and seeking its solution in the form of the exponen- 
tial function, and the second 
time, in approximate fashion, like 
we did for the circuit depicted 
in Fig. 192. 


8.7 THE ENERGY OF 
INDUCTANCE 


We have seen that in a circuit 

consisting only of an inductance 

Fig. 194 L and a resistance R, current con- 

tinues to flow after the voltage 

source has been disconnected. The current gradually falls off in time. 

In the process, a heat Rj? is released on the resistance in unit time. 

What is the source of the electric energy that is converted into 

heat in the resistance? It is given up by the inductance, which has 
a certain supply of energy. 

Let us find that supply of energy by considering the elementary 
circuit diagram shown in Fig. 186 and let us compute the entire 
heat energy released on R. Suppose at the initial time, t = 0, this 
circuit has a current jọ. The current will then decay in time in accor- 
dance with the law 


Rt 


j@)=joe © (8.5-3) 


The quantity of energy being released on the resistance A in unit 
time, that is, the rate of energy release, is the instantaneous thermal 
capacity h. Using (8.5-3), we find 
2Rt 
h=Rj?=Rjte © (8.7-1) 


Knowing h, it is easy to find the total amount of heat released from 
time ¢ = 0 to infinity (to complete decay of the current). To do this, 
it suffices to integrate (8.7-1) from ¢ = 0 to ¢ = oo. This yields 


00 2Rt ®©  2Rt ; 

Q=( Rje Fat =Rj} | e E dt=Rj}A-= (8.7-2 
T Jo£ =o Jo. <a lo oR ~ 5 (5.7-2) 
0 a 

This heat is equal to the supply of energy of the inductance through 


which the current jọ flows. This supply of energy does not depend 
on the magnitude of the resistance R. An inductance L with current 
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jo has a definite supply of energy which, ultimately, is transformed 
completely into heat, irrespective of the magnitude of the resistan- 
ce R. R only affects the rate of transformation of energy into heat 
but not the total amount of energy. 

Formula (8.7-2) can also be obtained by considering the process 
of current buildup in an inductance. Indeed, the power of the current 
(that is, work per unit time) is equal to gj. This work is done by exter- 
nal sources of current and goes to increase the inductance energy W: 


b= = oj (8.7-3) 
Using the fact that ọ = L a we get, from (8.7-3), 
dWws.dj 1 , d(j2) 
ee or ae (8.7-4) 


We will assume that W =0, at t = 0, j = 0, and W = W,, at 
t = to, j = jo. Then, integrating (8.7-4) between the limits t = 0 
and ¢ = to, we get 


ae 


To be specific, imagine the circuit in Fig. 187 (ọ = @,) and carry 
through the detailed computations for buildup of the energy of 
inductance. In a steady-state regime, when the current has reached 
a constant value jo, g, = 0, the energy of inductance does not vary, 
but the source of emf needed to maintain the constant current jo 
must continue to generate energy, which is released as heat on the 
resistance R. 

The energy W of inductance is proportional to the square of the 
current, which is to say, it is proportional to the square of the rate 
of motion of the electrons. Therefore, externally, W resembles kine- 
tic energy. But is W the kinetic energy of the electrons? Let us com- 
pare the order of magnitude of W and electron energy. Using a copper 
wire of length 100 m = 10t cm and diameter 0.35 mm (cross section, 
10-3 cm?), we can wind a coil having inductance 0.02 henry. A current 
of 1 A flowing in this coil will release W = 0.02 x 1? x 0.5 = 107? 
joule = 10° ergs. We will now find the kinetic energy of the electrons. 
We will assume that for each atom of copper there is one electron 
carrying current (“conduction electron”). The atomic weight of copper 
is about 63, so 63 g of copper contain 6 x 107% conduction electrons, 
or roughly 10?" electrons per gram. Copper has a density of about 
8 g/cm? and so 1 cm? contains about n = 8 x 10”? conduction 
electrons. Imagine a piece of copper wire of length v dt and cross- 
sectional area S to the left of cross section O (Fig. 195). If the electron 
velocity* is v cm/sec, then through S cm? there will flow Snv dt 


* We have in view the mean velocity of their motion in the direction of 
current flow and not the velocity of random thermal motion. 
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electrons in time dt. In time dt the electrons at cross section A will 
move to cross section O, which means that during this time all the 
electrons in the volume between O and A will pass through O. That 
is, they will pass through the volume of a cylinder of altitude v dt 
and base S. 

Denote by e the charge in coulombs on one electron, e = —1.6 x 
x 10-18 C. The amount of electricity which these Snv dt electrons 


t i 
Ae vuit -l 


Fig. 195 


transfer in time dt is equal to the current in amperes multiplied by 


the time dt. Therefore, Snve dt = j dt, whence j = Snve or v = + ; 
Substituting j = 4 A, S = 10-3 cm?, n = 8 x 1077, e = —1.6 x 
x 1071? C, we find 

V : == 0.08 cm/sec 


~ 4073-8- 1022-4. 6-10-19 


Now we have to find the kinetic energy of the electrons. The electron 
mass m = 9 x 10-78 g. The total number of electrons moving in 
the wire is 

1 
cm3 


104 cm-1073 cm?-8- 102? 


The kinetic energy is 


=~ 1074 


T= BY 9.1078. 10%. 2°" 3.10 erg 


Thus, the kinetic energy of the electrons constitutes a minute fraction 
of the inductance energy, although it depends on the current via 
the same law (it is proportional to j°) as the inductance energy. The 
physical energy of inductance is the energy of the magnetic field 
which appears in the coil when current flows through it. 

Let us point out some similarities and differences between capaci- 
tance and inductance. Both capacitance and inductance can serve 
as reservoirs of energy. Inductance and capacitance can both be 
used to accumulate electric energy from a weak primary source of 
current and then release it quickly at the required place and time. 

A capacitor can be charged with a small current j, during a long 
time ¢,; then rapidly discharging it through a small resistance during 
a short time t», we can obtain a large current j ~ i , and the 
potential difference across the capacitor does not exceed the emf 
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of the primary source. A capacitor enables us to increase the current 
but not the voltage. 

We can send a large current through an inductance under a small 
voltage (small emf) Ey of the primary source. The only requirement 
here is that the ‘resistance’ of the inductance (called inductive reac- 
tance) and of the primary current source be sufficiently small. Then 
it takes a comparatively long time t for a large current to build up 
in the inductance. When an inductance is shunted by a high resistan- 
ce, we can obtain a large potential difference @ for a short time Z,, 


here ọ Z Eo 3 . Inductance enables us to increase the voltage but 
4 


not the current. 

The essential practical difference between a capacitance and an 
inductance is that a capacitor disconnected from a current source 
can retain its supply of energy for a very long time—hours and even 
days. The discharge time of a capacitor is equal to RC, where C is 
the capacitance and R is the so-called leakage resistance. Using good 
insulators, we can obtain enormous values of R, i.e., long discharge 
times. An inductance in the form of a coil and short-circuited (mini- 
mal resistance, more precisely, reactance) retains its energy (if 
current is flowing) for only a fraction of a second. 


The decay time of the current is of the order of = , but even with 


the best conductors (copper, silver), it is impossible to make = 


greater than a few seconds for an ordinary laboratory-type coil. 
It will be noted that if we increase the number of turns in the coil 
for a given volume by using thinner wire, L will increase, but so 
will R, their ratio, however, to within order of magnitude, does not 
change. Therefore, under laboratory conditions, inductance is con- 
veniently used for increasing voltage but not for long-term storage 
of energy. 

Circuits involving capacitance and inductance can be used to 
accumulate energy from a flashlight battery, which, with an internal 
resistance of several ohms, yields a few volts so that the maximum 
power output is of the order of 1 to 2 watts. Using circuits of this 
kind we are able to obtain powers up to hundreds of kilowatts. But 
a power output of this kind lasts for a time interval of the order 
of 10-° sec. 

It has been noted that the electric energy in an inductance is quick- 
ly converted into heat due to its resistance. This assertion holds 
true for coils of the ordinary laboratory kind and at ordinary (nor- 
mal) temperatures. In two extreme cases however this does not hold 
true. 

1. At very low temperatures of the order of —260 °C on down to 
absolute zero (—273 °C), many metals (for instance, lead, mercury, 
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but not copper) pass into the so-called superconducting state. Their 
specific resistance (resistivity) becomes exactly equal to zero. 

The Dutch scientist Kamerlingh Onnes, who discovered this 
phenomenon in 1911, observed a constant current in a ring circuit 
of superconducting material that lasted many days without any 
decrease in intensity. The presence of current in such a ring circuit. 
is detected via the magnetic field of the current. 

The practical application of superconductors is limited not only 
by the difficulty of generating low temperatures. A strong magnetic 
field converts a superconductor to the normal state (with finite resis- 
tance). That is why large currents cannot be transmitted through 
a superconductor.* 

2. The relationship between inductance and resistance and the 
conditions of current decay vary drastically when all the dimensions 
of the coil are increased, particularly when passing to astronomical 
phenomena. ** 

Picture two geometrically similar coils, one of which is n times 
the other in size, the number of turns in both coils being the same. 
In the large coil, the diameter of the coil is n times greater, but so 
also is the height of the coil and the diameter of the wire. Suppose 
the coils are made of the same material. Quantities relating to the 
small coil will be labelled with the subscript 1, those referring to the 
large coil will have the subscript 2. Let us compute the relation bet- 
ween the resistances of the coils: 

R, =p i ? Re = Po. 
where p is the resistivity of the coil material, l is the length of the 
wire, and S the cross-sectional area. 

Geometrically, it is clear that 


lo = nly, Ío = n’ Si 
and, hence, that 


The resistance is inversely proportional to n, that is, to the dimen- 
sions. 

It can be proved that the inductance of the large coil is exactly n 
times the inductance of the small coil, 


Lo = nL, 


* In 1964 an alloy was discovered of the rare element niobium and tin 
in which a current up to 100 000 A/cm? and a magnetic field up to 250 000 gauss 
are not yet able to destroy superconductivity. l 

** Compare with Problem 3 of Sec. 8.2: for a capacitance with a resistance 
discharge time does not change when all dimensions are altered. 
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which means that increasing the linear dimensions of the coil n 
times increases the inductance n times too. The decay time of the 


current, t, is of the order of a; consequently 


Lı _ Ly o 4 2 
Ri’ uzp R Fr 


Thus the decay time of the current is proportional to the square 
of the dimensions. If the earth consisted of copper, the decay time 
of a current flowing in it would be of the order of 1015 to 1018 sec, or 
10° years. 

The conductivity of ionized gases is of the same order as the con- 
ductivity of copper. For this reason, the decay time of a current in 
astronomical phenomena is enormous. This means that resistance 
and Ohm’s law do not play any role whatsoever in these phenomena. 
Recall Fig. 190: the current on the initial portion of the curve depends 
on L alone but not on R; in astronomy we are always on the “initial 
portion”. 

Terrestrial magnetism is a magnetic field of currents flowing in the 
viscous molten mass of the central core of the earth. The slow motions 
of this molten mass in the magnetic field sustain the currents, just 
as the motion of the armature in a dynamo in a magnetic field sustains 
the current in the armature winding and in the winding of the electro- 
magnet. 


y= 


8.8 THE OSCILLATORY CIRCUIT 


Let us consider a circuit consisting of a capacitance C and an in- 
ductance L (Fig. 196). Let point B of the circuit be grounded. By 
formula (8.1-11), @¢ + 9, = 0. Here 
oO, = p Ma 4. The voltage 


drop on the capacitance, >, will be 
denoted simply ọ. Then 


4 
pL- = (8.8-1) 
dj dq Fig. 196 
Note that pa S i 
Since an g: a , it follows that, using the relation (8.8-1), we find 
d2 
p+ Le = 
or 
d? 1 
m? (8.8-2) 


We considered a similar equation in Chapter 6 in the study of 
mechanical vibrations. It was established there that the functions 
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ọọ =A sin wt and g = B cos œt are solutions of (8.8-2) for arbitrary 
A and B and a suitably chosen w. Let us verify this, say, for ue = 
= A sin wt and in passing we will define œ. Substitute ọ and “4 


Th 
into (8.8-2) to get 


—ALCo? sin ot = —A sin ot 

or, cancelling out —A sin wt, 

LCw? = 1 
whence 

= Te (8.8-3) 
Consequently, for a solution of equation (8.8-2) we have functions 
that describe oscillations with a circular frequency JE . The oscilla- 
tion period is 

T =—=2nV LC (8.8-4) 


Let us check the ER N of (8.8-4): the dimensions of capaci- 


l Í © e e 
tance are [C] = farad = Om 7 a , the dimensions 
volt i volt 
of inductance are [L] = henry = NEEN ee o that 
ampere/second ampere 


V LC does indeed have the dimensions of time (second). 

Let us examine in detail the solution of equation (8.8-2). The 
solutions ọ = A sin wt and ọ = B cos œt are actually indistin- 
guishable since the sine curve is obtained from the cosine curve by 
a shift along the t-axis, and so we consider one of the solutions, say, 


ọ = B cos at 


The amplitude B may be arbitrary. For a given ọ (¢) we find the 
dependence of current on time: 


j-c = — C Bo sin wt 
Let us find the energy of capacitance and the energy of inductance: 
2 2 2R22 
W c = 2a = cos? wt, W= =f = ee sin? wt 
Substituting the expression (8.8-3) for œ we get 
W= = sin? wt 


The total energy is independent of time, as was to be expected. 
Indeed, 

W W CB2 

P=We-+r aes B” (cos? ot + sin? wt) = = 
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To summarize, the motion of charges in a capacitance-inductance 
circuit is similar to the motion of a mass attached to a spring. The 
energy of a charged capacitor may be likened to the elastic energy 
of a spring, which is a maximum when the mass is in the extreme 
position of maximum separation from the equilibrium position. 
The energy of inductance may be likened to the kinetic energy of 
a moving mass. When the charge on a capacitance is equal to zero, 
the current reaches its maximum (in absolute value); at this instant 
the capacitance energy is zero and the inductance energy is equal 
to the total energy (cos? wi = 0, sin? wt = 1). This is exactly what 
happens in the oscillations of a mass on a spring: when the mass 
passes through the position of equilibrium, the potential energy is 
zero and the kinetic energy is equal to the total energy of the oscilla- 
tions. 

Let us use the term general problem for the problem of finding 
the potential in a circuit provided that at the initial time ¢ = 0, 
j = Jo, P = Qo. Neither the solution ọ = A sin œt nor the solution 
© = B cos wit enables us to solve the general problem. To solve the 
general problem we form the sum 


ọ =A sin wt + B cos wt (8.8-5) 


It is easy to verify that this sum is the solution of equation (8.8-2). 
Here 


. dọ 
J at 


Setting ¢ = 0 in (8.8-5) and (8.8-6), we get 
p 0) = B = qo, j 0) = CAo = jo 
whence we find the solution with given Ọọ and jo: 


= CAw cos ot —CB o sin ot (8.8-6) 


p = Ze sin wt + po cos wt, 


j= jo cos ot —Cq.® sin wt (8.8-7) 


We leave it to the reader to verify that for such oscillations the total 
energy is constant and is equal to the initial energy 


di += Lig 


The expression (8.8-7) for @ may written as 
© = Pm COS (wt + a) (8.8-8) 
with amplitude gm. When cos (ot + a) = + +1, the entire energy 


C 
is the capacitance energy, that is, a Since the total = is 


C C Lj? . 
conserved, we find a = C9 + = , whence Ọm= V @ T C L 7, 
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From the expression (8. 8-8), we find j = —C omo sin ne +a) + 
+ Como sin (wt + ay) = jm sin (wt + a), where a,=—=xn+a, 


jm = CQmo. The law of conservation of energy yields 
Coo, Lit _ Lin 
z ta Sa 

whence 


jm = Vi oe a Po 
The values of ọm and jm can of course be obtained without resorting 
to energy reasoning, simply by using the formulas of trigonometry. 
The circuit diagram for generating oscillations is shown in Fig. 197. 
Here we have the voltage source Eo. If we close A and leave B open, 
then after a lapse of time t > RC after closing the circuit the capaci- 
tance will be charged to potential Eo. Open A and at time t = 0 


B L 


Fig. 197 


close B. Then oscillations in an LC circuit will set in with g = Ẹọ = 
= Ey, j = 0 at time t = 0. Note that with these oscillations, the 
potential difference across the electrodes of the open switch A will 
vary periodically from 0 to 2£E>. 

There is another way of setting up oscillations in the circuit of 
Fig. 197. First close both Pwi enes A and B. Then the current flowing 


in the circuit will be jọ = 7 . At t= 0 open A. Then in an LC 
circuit, oscillations will set i and at the initial time ọọ = 0, jo = 
— #2. For these oscillations, the maximum amplitude of the poten- 


R 
tial will reach 
; L 1 L 
m= oV o=EoRV 7 
It will be recalled that in a circuit without capacitance, when we 
break the circuit containing inductance L, the potential difference 
developed on the switch is the larger, the greater the resistance 
of the air gap between the electrodes of the switch. When such a 
a circuit (with no capacitance) is broken, there is always a discharge 
in the air gap between the contacts of the switch. In the case of 
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capacitance, the maximum potential difference between the contacts 
of switch A does not exceed a definite value (Ey) + @,,). If this value 
is less than what is required to ignite the discharge in the air gap of 
the switch, there will be no discharge. We say that the capacitance C 
extinguishes the discharge when an inductance circuit is broken. 


Note that the quantity y= may be greater than unity. Then by 


opening the switch B a quarter-period after opening A, we obtain 
a potential on capacitance C that is higher than the potential Ey 
of the current source. 


Exercises 
1. Determine a in formula (8.8-8). 


2. Consider the variation of potential with time in the circuit shown in 
Fig. 198. Determine the greatest value of pọ and the time required to attain it. 


i] L 4 at 


Fig. 198 
Assume that switch A is closed at time ¢ = 0. 
3. In the preceding problem, find the energy of capacitance and the energy 
released by the current source when ọ is a maximum. 


8.9 DAMPED OSCILLATIONS 


Let us consider a circuit with a resistance R in series with an induc- 
tance (Fig. 199). We assume R to be small. If R is not taken into 


Ç L 


Fig. 199 
consideration at all, then we get the circuit diagram of Fig. 196, 
which was studied in Sec. 8.8. If at t = 0, p = Qo and j = 0, then 
by (8.8-7), we have 


P = Po cos wt, j = jm sin (wt + 2) (8.9-1) 
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where we put 


; 1 
Jm >= Coo, W = VEC (8.9-2) 
The total energy is then P = 2i or, using (8.9-2), we can also write 
p= (8.9-3) 


When a resistance is present, electric energy is converted into 
thermal energy. The thermal capacity h is equal to 


h = R}? = Rjm sin’ (ot + x) = Rin sin? ot = Bin (1—cos 2wt) (8.9-4) 


In the case of electric oscillations, the thermal capacity does not 
remain constant; over each period (cycle), twice reaches a maximum 
and twice becomes zero (the sign of course does not change). Let us 
find the mean value of h over one period. From formula (8.9-4) we 
= r2 ei 
find h = Sim (4 — cos 2wt). Recalling that the mean value of the 
cosine over one period is zero, we get 
z _ Rim 
A 


Heat release on resistance R can only occur as the result of a reducti- 
on in the electric energy P. Therefore 

dP 

{= —h (8.9-5) 


We assumed that R was small and so h is small. The oscillation 
energy falls off slowly and an appreciable change in energy becomes 
noticeable only after several cycles. Considering time intervals that 


are large compared with the oscillation period T, we replace h by k 
in the right member of (8.9-5): 
dP = Rj2, 

T = h= (8.9-6) 


Since the energy P varies slowly, from (8.9-3) we see that jm too is 
a slowly varying quantity. Expressing jm from (8.9-3), we get 


; 2P 
Jm = y= (8.9-7) 
Using (8.9-7), from (8.9-6) we get 


P OR 
dt L 


The solution of this equation is 


P 


~ 


ee 
P= Poe L 
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where Po is the value of P at t = 0. Therefore, according to (8.9-7), 


2a Rt 
; 2P9 2L 
m= y “ee * 


Then 
3P; -3E 
j= Ve e *” sin (wt +2) (8.9-8) 
Recalling that ọọ = Po cos wi and Po = LN we get 
ME 1. /2Py = 
P=F, csot=Tz>V Fe cos wt (8.9-9) 


Formulas (8.9-8) and (8.9-9) show that if a small resistance is present 
the electric oscillations damp out via the exponential law. 

The solution given above was obtained by means of an approxima- 
te calculation. Note that in this approximate solution the relation 


j=Hc =v is not satisfied, although it holds the more exactly the smal- 


ler R is. Now let us try to solve the problem exactly. For the circuit 
shown in Fig. 199 we have the relation 9 + Ọr + 9, = 0, whence 


Í dj 
and j = C . Substituting the expression for j and ct into (8.9-10), 
we find 
ap | dp 


We will seek the solution of equation (8.9-11) in the form obtained 
in the approximate consideration, i.e., 


© = Ae-™ cos wt (8.9-12) 


where A, w, A are constants that must be determined. We put the ex- 
pressions for @ and its derivatives into equation (8.9-11) and cancel 
the common factor Ae—™ out of all terms to get 


LCi cos wt + 2LCho sin wt — LCa? cos wt 
= —cos wt + RCA cos wt + RCo sin ot 
For this equation to be valid for arbitrary ż, it is necessary that the 
coefficients of cos wt and sin wit be equal separately on the right and 


on the left: 
LCi — LCw? = RCA — 1, (8.9-13) 


2LChw = RCo (8.9-14) 
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The condition (8.9-14) yields 4 = an Then, from (8.9-13) we get 


] / å R2 


The constant A was not determined from equation (8.9-11). The 
magnitude of this constant is determined from the initial condition: 
at t = 0, ọ = Qo. Finally, knowing ọ (t), we can easily find j = 


= C ae We then have 


j = —CAe-' (w sin wt + A cos at) (8.9-16) 
Comparing the exact solution with the approximate solution, 
we note the following: (4) in the approximate consideration of the 
problem we correctly determined the number A, which describes 
the rate of decay of the oscillations. However, the approximate solu- 
tion does not yield the dependence of frequency w on the magnitude 
of the resistance R; (2) the formula for current is somewhat different 
from the one that was obtained in approximate fashion. 
In exactly the same way we can show that the equation (8.9-11) 
has yet another solution: 


o = Be-™ sin wt (8.9-17) 
where w and A are the same. The corresponding current is 
= CBe-™ (w cos wt — Asin wt) (8.9-18) 


The sum of the solutions (8.9-12) and (8.9-17) is also a solution 
of equation (8.9-11). It is only with the aid of this sum that we can 
solve the general problem: to find the solution of equation (8.9-11) 
with the initial condition 9 = @o, j = jo at t = 0. Indeed, for the 
coefficients A and B we then get the equations gp = A, jo = 
= CAA — CBa, whence 

B= ChQo— jo 


A = Qo, Co 


Beene ises 


Fig. 200 


2. The same question if at t= 0, p= 0, j = 1. 
3. Using the approximate method, find the rate of decay A of oscillations 
in the circuit shown in Fig. 200 on the assumption that R is very great. 
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8.10 THE CASE OF A LARGE RESISTANCE 


The case considered here of a large resistance is mainly of mathe- 
matical interest and is not connected withethe sequel. It may therefo- 
re be skipped in a first reading. 


The solution of equation (8.9-11) obtained in the preceding section 
is valid only for R that are not too large. Indeed, from (8.9-15) it is 
seen that if R > 2 V zi then œ is meaningless since the radicand is 


negative. In that case, (8.9-11) has a different kind of solution. We 
will seek the solution in the form ọ = Ae®! (and, accordingly, j = 
= —ACfe-8t), Substituting into (8.9-11) the expressions for ọ and 
its derivatives and cancelling Ae—* out of all terms, we get 


LCR? = —1 + RCR 
This is a quadratic equation in f. Solving it, we find 
R R? 1 


The radicand in (8.10-1) differs in sign from the radicand in (8.9-15) 
for œw. Hence, in those cases where it is impossible to find œ we can 
find B. Formula (8.10-1) yields two distinct values of B, and so we can 
set up two solutions to equation (8.9-41): 


q = Ae-Pit and p= Be-fat 


Their sum is also a solution: 


qp = Ae Pil + Be~ Bat (8.10-2) 
Accordingly 


j = —ACB,e-81t— BCBoe-Bet (8.10-3) 


If j = jo, at t = 0, ẹ = Go, then, assuming ¢ = 0 in (8.10-2) and 
(8.10-3), we get 


A+ B=, —ACB, — BCR: = jo 
We can find A and B from this system of equations. 


Let us consider in more detail the —— for P. Let RS 2 o ; 


Then (oe s IC OL o e ea can be expanded by the bi- 
nomial he. a confine ourselves to two terms: -E x 
1 4L R 4 
<V i= me = BDA (ta ar =; ~ pg: Therefore, B, = 
= í _R ae P A R e = R . 
=r +r RE LCL RT R is great, þ:= 


R R 1 1 oa 
= 37 o t+ he RC These values B, and Bp, are familiar from 
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Secs. 8.4 to 8.5. Indeed, $; corresponds to current decay by the 
R 
lawe Z : which means this is an RL circuit (see Sec. 8.5). The second 
t 


root Bə corresponds to current decay by the lawe FRC, which means 
this is an RC circuit (see Sec. 8.2) 
Of mathematical interest is the particular case where the radicand 


in (8.10-1) is exactly zero: 
BGs Ne, 
4L2 LC 


so that both roots B, and B, coincide. We obtain only one solution 
to equation (8.9-11). But in order to solve the problem with initial 
conditions @ = @ and j = jo at t = 0, we need two solutions. 

How can we find the second solution? Suppose that B, == Ba but 
B, — PB. is a small quantity. Then we have two solutions: e—®1" and 
e—Bet, Their difference is also a solution. We write this solution as 


e~ Bit — e— Bat — e—Bat [e(B2—B1) t__ 4] 


Since ə — f; is small, it follows that (in the Taylor series only two 
terms can be retained) e‘62—B1)!t ~ 1 + (Ba — Bi) ż, whence 


e—B1t___e—Bat — e—Bett (Ba — B,) 


This last expression suggests that in case Bp = B, = P the second 
solution should be taken in the form ọ = Bte—?'. Substituting this @ 


into equation (8.9-11) and noting that B = x , we see that the equa- 


tion is indeed satisfied. Thus, when B, = B> = P we must take ọ in 
the form 
py = Ae—ft + Bte—B! 
This @ (and the corresponding j) permits solving the problem with 
arbitrary initial ọọ and jo. 
Exercises 

1. Find ọ (t) when t = 0, Gp = 1, jo = O for L = 1, C = 1, R = 2, 6, 10. 

2. Find ọ (t) for L = 1, C= 1, R = 2, 4 provided that at t = 0, @ = 1, 
jo = 1. 

8.11 ALTERNATING CURRENT 

In contrast to the circuit diagrams considered up to now, we will 
examine circuits in which the voltage source has an emf that varies 
periodically with time with a definite given frequency w. These 
problems are very important in radio-circuit work. The frequency 
of alternating current exerts quite a different effect on the passage 
of current through an inductance and a capacitance. The higher the 
frequency, the faster the current varies and the “harder” it is for the 
current to pass through an inductance and the greater the potential 
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difference that a current of a given intensity can set up. Contrariwise, 
the potential difference on the plates of a capacitor is the smaller, the 
greater the frequency. When the frequency is increased, the period 
diminishes and consequently the time interval decreases during which 
the current flowing in one direction can charge up the capacitor. 
Therefore, as the frequency increases, the charge on the capacitor 
decreases and so also the potential difference on the plates of the capa- 
citor. 

We have already pointed out (Sec. 8.8) that the movement of char- 
ges in an LC circuit (inductance and capacitance) may be likened 
to the oscillations of a body suspended from a spring: whereas in 
the case of a vibrating body the distance of the body from the origin 
and also its velocity vary periodically with time, in a circuit the po- 
tential and current vary periodically. 

The frequency with which a body vibrates under the action of the 
elastic force of the spring (in the absence of any other forces) is called 
the natural frequency. Similarly, the frequency of oscillation of 
potential in an LC circuit is termed the natural frequency of the cir- 
cuit. 

Developing this analogy further, we can assume that if the circuit 
is connected to an alternating current network (which means the po- 
tential impressed on the circuit will vary periodically), then we will 
have what is called resonance. What resonance means is that the 
amplitude of oscillation is a maximum when the frequency w of 
the current is equal to the natural frequency wo of the circuit. The 
amplitude increases sharply when (œ — wo) approaches zero. Reso- 
nance actually does take place and we will consider it in Sec. 8.13. 

For every two-terminal network (see page 368, Fig. 175) connected 
to an alternating-current circuit, there is a definite relationship 
between the potential difference and the current. Let us find this rela- 
tion first for the simplest case of separate elements R, L, C and then 
(in Secs. 8.13 and 8.14) for more complicated circuits. 

We will consider alternating current of a definite frequency o; 
as before, the frequency w is connected with the period by the relation 


_2n 

=F 
Thus, for example, in the USSR the standard current is 50 cycles 
per second: T == sec, œw = 27n -50 = 314 —_ 

We refer to the circuit diagram in Fig. 201, which contains an am- 
meter A that indicates current flow j, a voltmeter V measuring the 
voltage (difference of potential). Suppose that the ammeter and 
voltmeter are so inertialess (high-speed) that they permit measuring 
the instantaneous value of current at each instant and, hence, their 
readings are measured at periods equal to the period of the current. 
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This experiment. is usually accomplished with the aid of an oscillo- 
graph (a so-called loop oscillograph with two loops) or with the 
help of a cathode-ray oscillograph with two beams. The positive 
direction of current is shown by the arrow. The voltmeter V measures 
~ p = Pa — p. By closing one 
or another of the switches, we 
can investigate the current 
flowing through the resistan- 
ce, inductance or capaci- 
tance. 
Suppose the current is va- 
rying with time in accordance 
with the law 


j = jo cos (wt + @) 
(8.11-1) 


If this current flows through 


Fig. 201 


resistance R, then, by Ohm’s law, 
Pr = Rj = Rjo cos (wt + @) (8.11-2) 
For the sake of generality, let us write this equation as 
Pr (t) = p; cos (wt + a), where gq, = Rjo, a = a; 
Let the current (8.11-1) flow through inductance L. Then 
pr=L = — Loj sin (wt + a) s 
Set 
PL = G2 Cos (wt + ae) (8.11-3) 
Then > = Lwjo, @2 = a+ . Indeed, we know that cos (B+) _ 
= —sin f for arbitrary 6 and so 
cos (ot+a+5) = — sin (wt + a) 


Thus, in the case of alternating current the relationship between 
the amplitude of the current j and the amplitude of the voltage g, 
in the inductance is the same as in a resistance equal to R, = Lo. 
If L is expressed in henrys and w in reciprocal seconds, then R, will 
be expressed in ohms. 

Inductance differs from resistance in that the curve of the voltage 
is displaced a quarter-period from the current curve (Fig. 202). This 
is quite evident from the formula 


— sin (wi +a) = cos (ot+a+ 7) =cos| o(t + 35) +a | 


Let the function cos (wt + a), to which the current is proportional, 
reach a definite value at time t: 


cos (wi; + a) =a 
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The function cos (wt +a—+ +): to which the voltage on the induc- 
tance is proportional, reaches the same value a at a different time tz 
so that 

cos (otz +a-+ +) = a = cos (wi; + @) 


w T 
Bo TATT) 
which means the voltage leads the current by one quarter of a period. 

Quite naturally, we can add any integral number of periods to tı 


and write h=u—-—~tT=4+4T or b= t+Lr. The 


Therefore, ot, + > = wt,, whence t= t, — 


Fig. 202 


formula indicates the smallest (in absolute value) time shift that car- 
ries the current curve into the voltage curve. 


Let us consider the case of capacitance. Here, j = cË and so* 


Qc = ES z \idt=z | jocos (ot +a) dt = 22 sin es (8.11-4) 


Writing Qc aS Yc = 3 cos (wt + 3), we get 
E I 
P3 = To Jo hg Oe 
Thus, in an alternating-current circuit the relationship between 
amplitude of current and amplitude of voltage is the same on a capa- 


citance as on a resistance equal to R; = to Ex pressing capacitance 


in farads and frequency in reciprocal seconds, we obtain R; in ohms. 

In a capacitance, the voltage curve is shifted forwards with respect 
to the current curve by a quarter-period (Fig. 203). Thus the curve 
of voltage @c in the capacitance is shifted in the opposite direction 
to the curve of voltage ọz in the inductance. 


* The constant of integration is equal to gg. For alternating current it is 
always true that go = 0. 
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For a given identical current, @, and Ọc are of opposite sign. If 
the curves of ọz and @¢ are brought to coincidence, we will see that 
the current flowing through the capacitance and the current flowing 
through the inductance have opposite signs. Indeed, all formulas 


Fig. 203 


expressing @ as a function of j can readily be inverted to express j 
as a function of ọ. We write them side by side: 


j = jo cos (wt + a) P = Po cos (wi + a) 
Pr = Rj cos (wi + a) jr => cos (ot -+ æ) 
è l N 
Pr = Lojo cos {| wt + a + > - __ Po _ 
L 0 ( x} jL = Th cos(ot+a >} 
= — Loj sin (ot + a) = 72 sin (ot + a) 
a S i J īm 
Pc = Go J0 008 (o +a—7) jc = PoCo cos (ot+a +5) 
== jo sin (wt + a) = — Cw sin (wt + a) 


The opposite phase shift and the opposite signs in the formulas 
referring to inductance and capacitance are of crucial importance 
when considering L and C connected in one circuit (LC circuits). 

In alternating-current experiments, one frequently makes use 
of a single-beam cathode-ray oscillograph. A voltage proportional 
to the current is impressed on the pair of deflection plates (deflection 
along the x-axis) and a voltage proportional to @ is applied to the 
other pair of deflection plates (deflection along the y-axis). The 
beam moves along a line whose equation has the form z = aj, y = 
= bq; the coefficients a and b depend on the sensitivity of the 
oscillograph. Since j and @ are periodic functions of time, the beam 
sweeps out the same curve on the screen all the time. At 50 cycles per 
second, the human eye cannot detect any motion of the ray and sees 
a solid luminous curve. 

If the potential difference from the resistance, @p, is impressed 
on the vertical-deflection plates of the oscillograph, then the ray des- : 
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cribes a straight line. True enough, for 
x = aj = aj, cos (wt n a), y = bOr = bRjo cos (wt + a) 


Eliminating ¢, we find y = z. If to these plates we apply the poten- 
tial difference from the E anee: c, then the result is an ellipse: 


x = aj, cos (wi +a), y =b7— josin (wt +a), 


xz \2 2 . z 
(F) + (575) = cos? (wt + a) + sin? (wt +a) = 1 
Also, an ellipse results from @, (inductance). If we connect @p + ỌL 
Or rp + Qc, the axes of symmetry of the ellipse no longer coincide 
with the z- and y-axes. Thus, the shape of an oscillogram tells us 
what the circuit is made up of (C, L or R), what the “innards of 
the box” consist of (see page 368, Fig. 175). 


8.12 MEAN QUANTITIES, POWER AND PHASE SHIFT 


In the preceding section, the current and voltage were regarded 
as functions of time. However, in many cases it suffices to know the 
mean values of these quantities. 

As an elementary case, let us consider a heating device with resis- 
tance R. We know that in a direct-current circuit the power (that is, 
the quantity of energy released per unit of time) is equal toh = gj = 
= Rj? = g?/R. In an alternating-current circuit the instantaneous 


power is 
hw®=eMiM=RUOP = le OP/R 


h (t) = Rj; cos? (gt +- a) (8.12-1) 


Over one period, h (t) becomes zero twice and reaches a maximum 
{equal to Rj?) twice. When considering electric heaters we are usually 
interested in the amount of heat generated during time ¢ which is ma- 
ny times greater than the period T of alternatingcurrent. We therefo- 
re find the mean value of the power for a large time interval ¢. By 
virtue of (8.12-1), 


h = Rj? cos? (wt +a) = Rj? cos? (ot +a) = Rj2/2  (8.12-2) 
This equation is approximate, being the more exact the greater ¢ is. 


The mean value of an alternating current j is ordinarily defined 
as the intensity of a direct current that generates an equivalent 
power on a resistance R: 


Therefore 


Rj? = i (8.12-3) 
From (8.12-3) we find 
Jo = =~ 0. Tio (8.12-4) 


j= 
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In the same way, the mean value of the voltage, ọọ, is determined 
from the condition 
ae ae ge qå 


f= (8.12-5) 


whence ọ= 


1 
Vi Po 
Instruments that measure alternating current (ammeters and volt- 
meters) are calibrated so that they give the mean value of current 
and voltage: j, @. 

From formulas (8.12-4) and (8.12-5) it follows that the maximal 
values of current and voltage attained in an alternating-current cir- 
cuit exceed the mean values by a factor of V 2. For example, in a cir- 
cuit with mean voltage 220 volts the maximum instantaneous voltage 
reaches +010 volts. 

From the relations (8.12-2), (8.12-4), (8.12-5) and the formula 
Po = Rj, it follows that @ = Rj and h= q-j so that Ohm’s law and 
the relationship between power, current and voltage on a resistance 
hold true for mean values. 

When we considered alternating current flowing through a capaci- 
tance and an inductance, we saw that the current and voltage vary 
along curves that are shifted with respect to one another, although 
the frequency is the same. Let us consider the power in the general 
case of an arbitrary phase shift. 

Let j = jo cos (wt + B), p = Qo cos (wt + B + a). Then 

h (t) = joPo cos (wt + P) cos (wt + P + a) 
Taking advantage of a familiar trigonometric formula, we have 
cos (wt + B + a) = cos (wt + p) cos a — sin (wt + p) sina 
Substituting, we get 
cos (wt + f) cos (wt + B + a) = cos a cos? (wt + P) 
—sin & cos (wt + P) sin (wt + B) 


Since Gis = 1/2 and 
cos (ot FB) sin (OF +B) = + Sin Zor 2B) = 
it follows that 
h = Joo COS a: : 5 = jP cosa 


Thus the mean value of power in the general case, when there is a 
phase shift a, is proportional to cos a. In the particular case of a 
resistance, « = 0, cosa = 1, and we return to formula (8.12-2). 

In the case of a capacitance, a = — 2/2, cosa = 0, in the case, 
of an inductance, a = + 2/2, cos a = 0. Hence, in both cases the 
mean power is equal to zero. This result is quite understandable, 
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physically speaking. In a capacitance and an inductance, electric 
energy is not transformed into heat, it is merely stored up. In an 
alternating-current circuit, a capacitance during one portion of 
a period takes electric energy from the circuit and stores it, only to 
release it back into the circuit during the other portion of the period. 
The same goes for inductance in an alternating-current circuit. 

An ordinary transformer without any load is actually a pure indu- 
ctance (if we ignore the slight losses in the wires). A current flows 
through the transformer with amplitude j = ọ/L œ. However, as 

a already stated, no power is taken from the circuit due to the fact 
that the phase a = x/2 and cosa = Q. It is an interesting fact that. 
electric meters are designed to measure just the quantity jọ cos a. 

' For this reason, a nonloaded transformer will hardly add anything 
to your electric bill, it will only increase the total current flowing 
in the wires. 

If a large number of inductances (transformers, unloaded electric 
motors, and the like) are connected in parallel, the total current can 
become rather large, and then the losses in the electric wiring wil! 
be rather noticeable. This effect is an important factor relative to 
the electric networks of a whole city. 


8.13 AN ALTERNATING-CURRENT OSCILLATORY CIRCUIT. 
SERIES RESONANCE 


Let us now consider an alternating-current circuit comprising 
resistance, inductance, and capacitance connected in series (Fig. 204). 


Fig. 204 


It is obvious that in this system the current flowing through R, L 
and C is the same. We write it in the form 


j = jo cos (wt + @) (8.13-1) 
The potential difference in the series is ọ = 9; — 9, = Ọr + Gt + 
+ Qe: 
Recalling the formulas (8.11-2) to (8.11-4), we get 
p = Rj cos (wt + a) — Lojo sin (wt + a) 
iQ e i . 1 i 
+ 7% sin (wt +a) = Rjgcos (ot +a) + jol Ge—Lo | sin (wi + a) 
(8.13-2) 
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We see from this formula that the potential difference on the induc- 
tance and on the capacitance have different signs, and so the coeffi- 
cient of sin (wf + a) is the difference of two terms. We write @ as 


p = b cos (wt + a + P) (8.13-3) 


Then b is the amplitude of the potential difference, which is to say, 
the maximum value of potential difference (voltage). To find b, we 
rewrite (8.13-3) as follows: 


~ = bcos B cos (wt + a) — b sin ĝ sin (wt + a) 
Comparing this expression with (8.13-2), we find 


bcosB=Rijo, bsin B= jo (Lo—z-) (8.13-4) 


Squaring (8.13-4) and adding, we obtain 
; ; 1 \2 
b= Rj? + 72 ( Lo—zz) 
whence 
b= jo R+ (Loty (104)? (8.13-5) 


From formula (8.13-5) it is seen that for a given amplitude of the 
current jo the amplitude of voltage b is minimal when 


4 
Lo = To Cw 
ne re aeee oe aes 
1 \2 
V r+ (10-77) 
ven amplitude of voltage the amplitude of current is a maximum if 
condition (8.13-6) is fulfilled. This condition may be written thus: 


(8.13-6) 


Writing (8.13-5) as jo = , we see that for a gi- 


o = . But this is nothing other than the natural frequency of 


LC 
an LC circuit. Therefore, the condition (8.13-6) is the condition of 
resonance, the condition of coincidence of the natural frequency of 
the circuit and the impressed frequency of the alternating current. 
Observe that at resonance the circuit voltage is equal to 


p = Rjo cos (wt + a) (8.13-7) 
Using (8.13-1) we find that at resonance 
ọ = Rj (8.13-8) 


Let us now pass to mean values. We determine the mean values of 
current and potential difference in accord with formulas (8.12-4) and 
{8.12-5). From the formula Ọz = Lojo sin (wt + @) we obtain 


PL = Loj = —¢@ (8.13-9) 
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Similarly, from the formula ve= Ge jo sin (wt + @) we get 


a 4 - 
c= Goi = TER (8.13-10) 


Formulas (8.13-7) to (8.13-10) are valid only in the case of resonance, 
that is, when œ = VIF Putting this value of into (8.13-9) and 


(8.13-10), we get O 
PL= Pc =R V +9 


For this reason, when we have resonance, the voltage on an inductan- 
ce and a capacitance is the greater, the smaller the resistance R; and 
the quantities ọz and ç can exceed the a-c source voltage ọ many 
times over. 

In a series circuit the resistances are additive. But the “resistances” 
(reactances) of a capacitance and inductance are of opposite sign and 
are different functions of the frequency. At resonance frequency they 
are equal in absolute value and hence cancel each other. 

Thus, at resonance, œ = œ an RLC series circuit has a minimal 
“resistance” (impedance) and carries a maximum current for a given 
amplitude of alternating voltage as compared with that at any non- 
resonance frequency, w 74 aw. 

It is of interest to investigate in detail how the amplitude of 
voltage and the amplitude of current vary in the case of departure 


t . To do 
C 


this, let us take advantage of formula (8.13-3). We find that ọ = b/ V 2, 
whence b = V2 ọ. Substituting this value into (8.13-5), we get 


ERE 1 \2 
p=i y B+ (Zo—z5) 
but joe V 2 = j, and so 
a e 4 (Lon) 
P=jy R+ (Lo—z) 
Finding j from this formula and putting it into (8.13-9) and (8.13-10), 
we obtain 


from exact resonance, that is, when we consider œ = 


yrl (aay ? Y m+ (L-w)" (Try 


Denote by wọ the natural frequency of the circuit. Then o; =g" 


These formulas can now be written in the form 
= w? = - i ws 
PL = 


22 22 
CT V 22 + o — o?) 
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In this form it is quite evident how the amplitude depends on the 
closeness of the natural frequency of the circuit, wo, to the alterna- 
ting-current frequency œ. 


The ratio “= as a function of œ near © =@, is shown in Fig. 205. 
P 


The graph is constructed for the case of inn = 0.05. It is illustra- 
tive of the typical resonance curve. 


If = < 1, then the dependence of £2 and fe on wis mainly deter- 
p 


p 
mined by the second term of the radicand, (œ} — w?)?. When o = 
= @, this term vanishes, and for the assumption that =< 1 
the denominator has a minimum and the amplitude is a maximum. 


F 


20 


OIG, Wo 1.10 


Fig. 205 


The amplitude constitutes 70% of the maximum value when (œ? — 


R2w2 . 
es , that is, for œ? — œ? = + 


—o)? = , whence 


The variation of frequency for which the square of the amplitude 
falls to one half of the maximum value is called the bandwidth of 
resonance. If the amplitude is 70% (0.7 of maximum), then the squa- 
re of the amplitude comes to 0.7? ~ 0.5 of maximum. Therefore the 
bandwidth of the resonance curve œ — @, is R/2L, which means the 
width is equal to a quantity that characterizes the rate of decay of 
oscillations in that circuit (see Sec. 8.9). 

Consequently, the smaller the resistance R, the smaller the band- 
width of resonance and the steeper the curve near © = @. From the 
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formulas (8. = it is evident that the smaller R, the greater the 
maximum +. That is why the phenomenon of resonance is particu- 


larly trois if R is small. 


8.144 INDUCTANCE AND CAPACITANCE IN PARALLEL. 
PARALLEL RESONANCE 


Consider the circuit in Fig. 206, which differs from that of Fig. 204 
in that L and C are in parallel. We take the resistance of the circuit 
to be extremely small and we neglect it. Then @¢ and @, are the 
same and equal to the voltage in the circuit (that is, in the a-c 


: C 


Fig. 206 


source), while the current j is made up of the current jc flowing thro- 
ugh C combined with the current jr flowing through L. Let 9g, = 
= Pce = P = Po cos (wt + a). Using the formulas of Sec. 8.11, 
we find 


je = — Cop sin (ot +a), j = 7> > sin (ot +a) 
Therefore 
j=je+jr= p (7 = — Co) sin (ot +a) 
whence, assuming @ a 
’ g 0 VIC ’ 
remorse ia, O= j ee) 
= (z5—©*) OF P= To Ca oF) 
Low 


In this case too we see a typical resonance relationship: for a given 
current j, the voltage ọ is the greater, the closer wis to œp. It is 
easy to see that when wis close to wo, jz and joare much greater than 
the current j in the circuit. Actually, a circuit containing L and C 
experiences strong oscillations. A small external current suffices 
to sustain much stronger currents in the circuit. 

It will be recalled that in a parallel circuit, conductances (which 
are the reciprocals of resistances) are additive: 

1 4 1 1 
RR R oe 
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The “conductances” (i.e. ratios of current to potential difference} 
of a capacitance and an inductance have opposite sign and depend 
differently on the frequency. At resonance (@ = @p) they cancel each 
other and the total “conductance” is a minimum, which is to say, the 
current is the smallest for a given potential difference and, hence, the 
potential difference Ọ4 p is a maximum for the given current in the 
external circuit. 

In a simplified circuit without resistance, the amplitude of oscil- 
lation grows without bound as œ approaches qp. In reality, the resi- 
stance in the circuit makes the amplitude finite when w = q@. 

If R is connected in parallel with Z and C, then all calculations. 
become very similar to those of the preceding section. But this case 


Fig. 207 


is rarely encountered in practical situations. Ordinarily, the induc- 
tance has a perceptible “resistance” (inductive reactance) and there- 
fore the typical circuit diagram is that shown in Fig. 207. In this 
case the calculations are somewhat longer than in the preceding 
section and we will not carry them through in detail. The result. 


for w close to œ and for small R/L œ is—= JL y Je _. EEEN o EEEN 

j V (Ro/L)? + (03 — @?)? 

It thus turns out that current aiiolineation at resonance in a parallel 
circuit obeys the same law as voltage amplification in a series circuit 
that we discussed in Sec. 8.13. 

There we obtained a formula for the bandwidth of resonance, 
© — p = R/2L, which shows that the slower the decay of oscilla- 
tions, the smaller the bandwidth. This does not occur only with 
respect to electric oscillations. We can consider any system capable 
of oscillation. Let an external force give rise to oscillations in such 
a system and then cease to operate. The system is now on its own. 
The oscillations begin to decay. If the amplitude of oscillation is 
proportional to e-v‘, then the rate of decay may be characterized 
by the quantity y, which has the dimensions of 1/sec. During time 
t = 1/y the amplitude diminishes by a factor of e, or by 63%. 

Let us now consider the resonant step-up of such a system by 
a periodic external force. The amplitude of oscillation at a given 
time is the sum of the amplitudes acquired during the time of step- 
up. In the case of damping, an amplitude acquired a long time before 
will have time to decay and will not play any part or make any 
contribution to the amplitude of oscillation at the given time. 
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The decay time is clearly 1/y. During this time the amplitude of 
free oscillations will have diminished e times, or by 63%. Hence, 
even when the step-up force is constantly operating from t = —o, 
the amplitude of oscillation will still be determined solely by the 
time interval from ¢ — 1/y to t, where ¢ is the time of observation. 
The action of the force at earlier times will have already decayed. 

For the difference between two periodic forces with somewhat. 
distinct periods, Fo sin œt and Fo sin wt, to manifest itself cons- 
picuously, a time T of observation is needed during which their 
phases will have separated by approximately x units: of = @l' + 
+ n so that |œ — wo| = n/T. Consequently, if the oscillations of 
a system “remember” only the action of the force during time 7 = 
= 1/y, then in such a system a difference less than |w~— @o| < 
< n/T = ny in the frequencies of the exciting force hardly affects 
the amplitude. From this we see that the bandwidth of the resonance 
curve is proportional to the decay y. 

On the other hand, since the system “remembers” and accumulates 
the action of a force during time 1/y, the amplitude itself at resonan- 
ce (hence also the height of the resonance curve) is inversely propor- 
tional to y. Calculations confirm this reasoning. 


8.145 DISPLACEMENT CURRENT AND THE ELECTROMAGNETIC 
THEORY OF LIGHT 


Up to now we have almost everywhere considered current flow 
through a capacitor without any reservations. Indeed, if we connect 
a capacitor in an alternating-current circuit in series with an amme- 


ter, the ammeter will indicate a definite current j = Cag. On the 
other hand, no current flows through a capacitor because the plates 
of the capacitor are separated by an insulator (air or a material) 
and so the individual current carriers (electrons) in the left-hand 
conductor and plate will never get over to the right-hand plate and 
conductor. Consequently, no charged particles are in motion in the 
space between the plates, that is, there is no electric current in 
the sense that we have spoken of current up to now. All there is in 
this space is an electric field which varies when the charge on the 
plates varies, which is to say, when a current flows in the right- and 
left-hand conductors. We can now do one of two things: 

(1) either beg the reader’s pardon and explain that wherever we 
have spoken of current flowing through a capacitor (capacitance) 
this was not so; actually there was no current, the only current flow 
being in the conductors to the right and left; 

(2) or make the following assumptions. When current flows in the 
conductors on the right and left, the electric field in the space bet- 
ween the plates must vary. What this means is that a varying elect- 
ric field must be regarded on a par with ordinary current (the moti- 
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on of charged particles). Maxwell, who suggested this view, was able 
to draw conclusions of tremendous significance. 

It had long since been known that electric current (the motion of 
charged particles) gives rise to a magnetic field. But if a varying ele- 
ctric field is similar to an electric current, then an electric field vary- 
ing in a vacuum Should also set up a magnetic field. This hypothesis 
of Maxwell led to a remarkable symmetry between electric and mag- 
netic fields. Faraday experimentally discovered induction, that is, 
the fact that any variation of a magnetic field gives rise to an elect- 
ric field. Maxwell, in strictly theoretical fashion, hypothesized the 
existence of a similar phenomenon in which any variation of an 
electric field gives rise to a magnetic field. Only then did the theory 
of electric and magnetic fields acquire its modern form. 

The mathematical theory of Maxwell is written in the form of diffe- 
rential equations that are too complicated for this book and so we 
do not give them. The solutions of these equations describe the pro- 
pagation of electric and magnetic fields in empty space. Both fields 
must be present at all times: a variation in the electric field gives 
rise to a magnetic field, any change in the magnetic field generates 
an electric field. 

At the time when Maxwell worked, Faraday’s experiments had 
already been completed, the relationship between a varying magne- 
tic field and the emf induced by it was known. Also known was the 
magnetic field of a current. Finally, the relationship between the 
charge on a capacitor and the electric field between its plates was 
likewise known. These findings sufficed for writing down the equa- 
tions for the fields in empty space. 

Maxwell found the rate of propagation of the fields in vacuo. This 
velocity proved to be equal to the velocity of light! From this it 
was natural to conclude that light is nothing other than electromag- 
netic oscillations. Furthermore, the theory predicted the possibi- 
lity of the existence of electromagnetic oscillations of any wave- 
length including the X-rays (whose wavelength is thousands of times 
shorter than that of visible light) and radio waves with very large 
wavelengths. It was thus that the investigations of Faraday and Max- 
well began the work which culminated in the discovery of radio 
waves by Hertz and the invention of radio as a means of communica- 
tion by A. S. Popov. 


8.16 NONLINEAR RESISTANCE AND THE TUNNEL DIODE 


Let us consider a two-terminal network (a “box”) which is similar 
to a resistance in the sense that current flowing through the box 
depends solely on the instantaneous value of potential difference. 
In this respect, the “box” is not like an inductance, where @ depends 
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dj 
dt 
However the “box” differs from an ordinary resistance in that the 
function j (ọ) differs from Ohm’s law, j = 9/R. The “box” has a more 
involved function j (~). This function is called the characteristic 
curve of the box. 

The only general assertion that can be made with respect to j (@) is 
that ọ and j cannot have different signs if batteries or some other 
sources of energy are not hidden in the box. If ọ 
and j are of the same sign, then energy inside the 
box is absorbed during current flow, and the box 
takes up electric energy from the circuit in which 
it is connected. In the box this electric energy ? 
is converted into thermal energy and is dissipa- 
ted. Since @ is constant and ọ < 0 when j < 0 
and ọ > 0 when j > 0, it follows that ọ = 0 for Fig. 208 
j = 0. Otherwise, the functional relation j (¢) 
can be of any kind. For example, for current rectifiers we have 
“boxes” whose characteristic curve is shown in Fig. 208: the current 
flows easily in one direction for a small potential difference and har- 
dly at all in the other direction. As can be seen from the graph, 

f the current is small even for a large 
J negative potential difference. Such are 
the properties possessed by so-called di- 
odes made of two semiconductors. In 

EmA 1958 the Japanese devised a “box” made 
up of specially chosen semiconductors 
the so-called tunnel diode (in reality, 
tmAY this “box” is in the form of a minute 
cylinder just a few millimetres in diame- 
Y ter and altitude), which has an unusual 

curve of j (ọ) with a minimum (see Fig. 

209 in which typical values of @ and j 

are indicated). This curve does not con- 

tradict the principle expressed above: 

the sign of @ is the same as that of j 
everywhere, which means the “box” only absorbs energy. We will not 
go into the physical reasons for such a strange curve but we will 
examine the consequences for a circuit involving a tunnel diode. For 
the sake of brevity we will continue to call it a box. 

We start with the simplest type of circuit consisting of three parts: 
a battery with emf Æ, a resistance R (the ordinary kind that obeys 
Ohm’s law), and the box (Fig. 210). We include the internal resis- 
tance of the battery in R. 

The equation defining the current and distribution of potential 
in the circuit is of the form —E + Rj (4) + ọ = 0, where ọ is the 


on neither is it like a capacitance, where @ depends on \ j dt. 


QOV ON 


Fig. 209 
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potential difference across the box and j (q) is the function defined 
by the properties of the box (see Fig. 209). The current through R 
is equal to the current through the box and so gp = Rj = Rj (Q). 
This equation is conveniently solved by graph. We write it down as 
ọ = E — Rj (g) and in the gj-plane we construct the straight line 


Fig. 210 


ọ = E — Rj. This line may be called the load curve of the battery- 
resistance system. The solution to the problem is given by the inter- 
E—®qQ : 

TA with the 
curve of j (~), which is the characteristic curve of the box. In Fig. 211 
we have a graphic solution of the problem involving one battery and 
three different resistances: small, R,. 
medium, R., and large, R3. 

From the graph we can see that 
for a sufficiently large E we can 
choose an R such that it will not be 
too small or too large and there will 
be three points of intersection, A, B, C 
and thus three solutions! 

Fig. 214 For three solutions to exist, the 
curve j (p) must have a descending 


section of the straight line p= E— Rj (for j= 


portion. It is clear that the line on which—~ > 0 everywhere can 


only once intersect the load curve, no matter what E and R >Q. 
Now let us consider a somewhat more complicated circuit diagram 
involving capacitance in parallel with the box (Fig. 212). For this 


Bat R Box 
(ii 
Fig. 212 


circuit we find that the current through the box, j (ọ), and the cur- 
rent flowing through the capacitance, C 2P , together equal the cur- 


rent flowing through the resistance j (p) + Ci E—ọ 


R ? 
CLEA | m, —j (9) | . The intersection points of the characteristic 


whence 
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curve j (~) of the box agg the load curve ie aa to the 


solutions @ = const, a ? —0. Let us examine the sign of 2? near 
these points. A glance at Fig. 211 shows us that 


2 > 0 for ọọ < P4, 2x0 for p< P< ec 
i <O for Pa <P < Mz, <o for P >fe 


The arrows in Fig. 213 indicate the direction of variation of ọ 
with time. This means the mean solution B is verae we need to 


do is depart slightly to the left or to the right, and £2 appears with 


a sign such that the deviation of @ from gg mene 

A and C are the two stable solutions that correspond to stable 
states of the system. 

The existence of two stable states permits using these boxes in 
mathematical machines as memory cells. By making a lot of such 


Bat R Box 
Z fo ¥, 
SE Sc a ae L C 
Fig. 213 Fig. 214 


circuits and transferring (by an external means) some into the A state 
and others into the C state, we can record (“remember”) any desired 
number or other information. Using such systems, we record infor- 
mation in coded form as AACACACCC..., where each letter A or C 
indicates a state of the appropriate system (the first in A, the second 
in A, the third in C, the fourth in A, etc.). 

We now consider a system (Fig. 214) consisting of an inductance 
and a capacitance connected in parallel with the box. We again 
denote by @ the potential difference across the box, j (ọ) its charac- 
teristic curve, and j, the current flowing through L and C 


E- dpc _, d 
i@) tha, CF =i, P— pe = p= Lt 


We consider the process in the circuit when the current and the 


potential in the box are close to the middle point B of intersection. 
Let 


ae dj : 
p=9s+f, Pc=GatB, j=] (Ps) +f l-0, =] (On) + Af 
where k is shorthand for the derivative 2i when p = Pg. We used 


dp 
the first two terms of the Taylor series to represent current; the mean 
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potential of the capacitance is equal to @y, and p and j (Ọ p) satisfy 


E—g an : , 
the condition j (gg) = R i Substituting these expressions into 


the equations and simplifying, we get 


kf+i= Ff CE =j f—g=LĊ  (8.16-1) 
From these equations we get f = — — jı = — rjı, where 
R 
4 that Fo lone . From the equations (8.16-1) we find 
L Ti =E Orde A and finally 
cal r dj, , 1 0 


w Lae i 


This last equation is the ordinary equation of an oscillatory circuit 
with capacitance C, inductance L and resistance r. 

The resistance r corresponds to the fact that the capacitance and 
inductance are in parallel to two circuits: the circuit involving the 
battery and resistance R and the circuit with box and resistance 
+i. Since these two circuits are connected in parallel, the con- 
ductances (reciprocals of resistances) are additive, whence follows 
the expression for r. 

The currents and potentials in the system break up into a sum of 
two terms: the constant term Ọpg, j (Pg) and the oscillatory term 
ji (d, f (), g (d. Here, for the oscillatory term the role of resistance 


of the box is played by the derivative SY taken with respect to the 
characteristic curve of the box. If the box consisted of an ordinary 
(ohmic) resistance, p= Rj (= R) , the derivative would be equal 


to the resistance. 
What does this unusual characteristic curve of j (ọ) of r box 


(tunnel diode) of Fig. 211 lead to? At point B the derivative J ao < 0, 


which means that with respect to oscillations the box has a negative 
resistance! What is more, eae Fig. 211 it is evident that at the 


point of intersection jk \=|z Ll > Fe since F is precisely the slope 


Ea 
of the load curve j = R P intersecting the characteristic curve at 


the point B. Consequently, the total impedance of the oscillatory 
circuit is 
r= +k <0 


CH. 8 ELECTRIC CIRCUITS AND OSCILLATORY PHENOMENA IN THEM 421 


The equation for an oscillatory circuit involving L, C, r forr > 0 
yielded damped oscillations. For r< 0, this equation will yield 
step-up oscillations that reinforce with ,time. 

Thus, a tunnel diode is capable of generating oscillations in a cir- 
cuit. 

The capability of generating oscillations is a consequence of the 
instability of point B. The oscillation energy is taken from the bat- 
tery. The amplitude of oscillation increases with time by the expo- 
nential law only so long as it may be considered small and we can 
use the Taylor series expansion of the characteristic curve of j (@) 
about the point B. Roughly speaking, the maximum amplitude is 
bounded by the points A and C (Fig. 211). Already by 1961 oscilla- 
tors with efficiencies up to 25% and power outputs of 0.5 milliwatt 
had been tested at a frequency of 7500 megahertz (at a 4-cm wave- 
length). For us, tunnel-diode circuits are interesting from the standpo- 
int of a mathematical consideration of a nonlinear problem, questions 
of power, of stability of solutions and the representation of currents 
in a System as a superposition of a constant solution and oscillations. 


Chapter 9 


a 


Dirac’s Remarkable 


Delta Function 


9.1 VARIOUS WAYS OF DEFINING A FUNCTION 


The functions we have been studying up to now haveordinary been 
defined by formulas. This means that a procedure was always indi- 
cated for computing the values of the function for any given value 
of the independent variable. We could call this an algorithmic rep- 
resentation (algorithm meaning a procedure for computing something). 
To illustrate, take the function y = f (x) = 2x + 3z?. It actually 
amounts to this: “take z, multiply by 2, square z, multiply by 3 and 
then add the two numbers to get the value of y for the given value of z”. 
Trigonometric functions were defined differently, by means of geo- 
metric concepts, measuring arcs and line segments in a circle. 

Up to now we have studied the properties of functions specified in 
this fashion, the laws of their increase and decrease, maxima and 
minima, etc. The study of these properties leads to new modes of 
defining functions. For instance, the function f = e” may be defined 
as a function whose derivative is equal to the function itself: 


with the supplementary condition that f (0) = 1. The sine, the 
function ọ = sin z, and the cosine, or p = cos z, may be defined 
as functions which satisfy one and the same equation: 


d? dp 
dat 9) aga = —¥ 


under different initial conditions: 


d d 
p(0)=0, SE], =4; pO)=1, SP] =0 


These definitions are in many respects more to the point, so to say, 
and more closely related to the applications of the exponential 
function and of trigonometric functions to many problems of physics, 
say, to problems involving oscillations, then are the definitions 


of e = lim (1 + -\" and of the sine and cosine in the circle. 


N—>0o 
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It is curious to note that the definitions of e”, sin z, cos x by means 
of differential equations turn out to be convenient for electronic 
computers. If in a calculation the calculator has to substitute the 
values of e” for different x, he copies them out of a table. When ope- 
rating a computer it is more convenient and faster to have the machine 
compute e% step by step by the approximate formula e(+4*) = 
= e* (1 + Az) in accordance with the equation (or via more exact 
formulas based on the same equation) than it is to refer to a table of 
values. The same gocs for the functions sin z and cos z. It is easier 
to compute them every time:* 


sin (x + Az) = sin z + Acz cos zx, cos (x + Az) = cos x — Az sin < 


Thus, one general approach to the concept of a function lies in 
specifying a procedure for computing it and in subsequently inves- 
tigating it. There is another approach. We can seek a function with 
definite general properties, the aim being later on to attempt (on 
the basis of these properties) to find the formula that describes the 
function at hand. Such is the usual procedure when handling experi- 
mental data and finding empirical formulas by trial. Our object 
here is to construct in this way a remarkable function that is useful 
and important both in mathematics and in its applications. 


9.2 DIRAC AND HIS FUNCTION 


Paul Adrien Maurice Dirac, the celebrated English theoretical 
physicist, came to fame in 1929. He had elaborated a theory capable 
of describing the motions of electrons in electric and magnetic 
fields with arbitrary velocities almost up to that of light. This was 
the quantum theory which also accounts for the fact that the electrons 
in an atom move only in specific orbits with definite energy values. 
Dirac knew an electron possesses a definite rotational moment, or is 
similar to a spinning top, and he took this into account in building 
his theory. When the theory was constructed, it turned out that 
a conclusion could be drawn that Dirac had not foreseen: namely, 
the existence of particles with mass the same as the electron mass 
but with opposite (positive) charge. For two years it was thought 
that Dirac’s theory was good for describing electron motion but the 
conclusion concerning particles with positive charge was erroneous 
and that as soon as he got rid of it the theory would be a very good one. 

But in 1932, a positively charged particle—called the positron 
(also called the antiparticle of the electron)—was discovered! The 
big drawback of Dirac’s theory became its triumph, its principal 
contribution: Dirac’s discovery was the first instance of a new par- 


* Where do you think these formulas come from? Check to see whether they 
accord with the equation for the second derivative of the sine and cosine. 
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ticle being discovered “at the tip of a pencil”. This is an instructive 
example from the standpoint of the relationships of theory and experi- 
ment. Theory rests on the findings of experiment, but a consistent, 
logical and mathematical development of a theory takes the investi- 
gator beyond the confines of the material used as its foundation and 
leads to fresh predictions. 

Dirac is not only one of the best theoretical physicists in the world, 
he is a marvelous mathematician. In his classical “The Principles 
of Quantum Mechanics” Dirac introduced and made wide use of 
a new function which he denoted by 6 (z). It is called Dirac’s delta 

y function or, simply, the delta function.* 
3 The delta function is defined as follows: 
6 (x) = 0 for any x0, that is, for z <0 
and for z œ> 0. When z = 0, 6 (0) = œ. 
Besides, the following condition is sti- 
pulated: 
-00 
\ 6 (x)dx=1 (9.2-1) 


— 00 


ay 0 2 x Figure 215 gives a pictorial view of the 

graph of a function similar to the delta 

Fig. 215 function, ô (x). The narrower we make 

the strip between the left and right 

branches, the higher must it be for the strip (the integral, that is) to 

retain its given value of 1. As the strip becomes ever narrower, we 

approach the condition ô (x) =0 for z= 0, and the function 

approaches the delta function. In one of the following sections, 

these arguments will be utilized in the construction of formulas that 

yield the delta function. Here we continue the study of its general 
properties. 

The most important formula of an integral involving ô (x) is of 

the form 
-+00 

| f(z) 8 (2) dx =f (0) (9.2-2) 

Indeed, since 6 (x) = 0 for z ~ 0, it follows that the value of the 

integral does not depend on the values of f (x) no matter what z = Q. 

The only essential value of f (x) is that where 6=40, that is, for 

x = 0. This means that in the narrow domain where ô (x) ~ 0 

(Fig. 215), ô (x) is multiplied by f (0). Hence, from the condition 

(9.2-1) follows the formula (9.2-2). We can also argue in reverse. We 

can say that 6 (x) is a function such that no matter what form the 


* Academician S. L. Sobolev has given a mathematical justification of 
functions of this kind which are called generalized functions. 
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auxiliary function f (z), we always have the formula (9.2-2). This 
condition alone brings us to all the conclusions concerning the form 
of ô (x) that have been employed in its,definition so far. From for- 
mula (9.2-2) it also follows that ô (x) = 0 for x =Æ 0 and also that* 
E (x) dx = í and also that 6 (0) = o. 


Let us carry through a few more obvious consequences of the def- 
nition of ô (x). By the general rule of a change of variables (discus- 
sed in detail in Sec. 1.7), the function 6 (x — a) is displaced a units 
to the right of ô (x), that is, 6 (x — a) = œ when z = a. According- 


ly, 
+0 


| f(@)8(e@—a) dz =f (a) 


Now it is easy to see, if we consider a curve of the form of Fig. 215, 
that bô (x) is b times higher than 6 (x) and 6 (cz) is |c | times nar- 
rower than 6 (x) so that the area under the curve 6 (cx) is |c| times 
smaller than the area under ô (x). Therefore 


\ f (x) bô (x) dx = bf (0) (9.2-3) 
| 7 @) ô icx) de = -74 (0) (9.2-4) 


and we can say that ô (cx) = rl ô (x). Formula (9.2-3) is quite obvi- 


ous but we can also hope that the reader who has gone through the 
trials and tribulations of the preceding chapters of this book will 
be able to grasp the formula (9.2-4) as well. Formally, it is readily 
obtained by the change of variable 


4 
y=|c] z, dx =~ dy 


Here we also make use of the fact that the function 6 (x) defined 
by formula (9.2-1) is an even function of its argument: 6 (x) = ô (—z). 


Exercises 


1. Show that for a function ọ (x) having a unique zero zp such that @ (zo) = 0 
we have the formula ô (9 (z)) = PIER ô (x — z). For the function p with 


several zeros, 6 (\þp (x)) is equal to the sum of such expressions over all”zeros. 
+00 , 


2. Evaluate ( p (x) 6 (sin z) dz. 


— oo 


* Here, the integral sign without any limits of integration will always 
be understood as being over the range of the variable of integration from — oo 
to +o. 


426 HIGHER MATHEMATICS FOR BEGINNERS 


9.3 DISCONTINUOUS FUNCTIONS AND THEIR DERIVATIVES 


Let us consider the integral of the function 6 (x) as a function of 
its upper limit, that is, the function 
x 


Q(z) = f ô (z) dz (9.3-1) 
It is easy to see that the graph of this function has the form of a step 
(Fig. 216). As long as x < 0, the domain of integration in formula 
(9.3-1) is wholly located where ô (x) = 0. Hence, 8 (x) = 0 (x < 0). 
But if z >Q, then the domain of integration involves the neigh- 
bourhood of the origin where ô (0) = œ. On the other hand, since 


4 


=j 0 / 2 z 
Fig. 216 


for zx > 06 (x) = 0 as well, the value of the integral does not change 
when the upper limit varies from +0.1 to 1 or to 10 or to œo. Hence, 
for z œQ, 
x +20 
0 (x) = ô (x) dx = | ô(x)dxz =í 
as is shown in Fig. 216. 

Thus, with the aid of the delta function we have constructed an 
elementary discontinuous function 0 (x) such that when z< 0, 
0 (x) = 0 and in the domain z > 0, 0 (x) = 1. It is clear that when 
x = 0, 0 is discontinuous between 0 and 1. These simple considera- 
tions enable us to approach the problem of the derivative of a func- 
tion having discontinuities in a more consistent fashion, without 
apparent exceptions and extensive reservations. 

If we did not know about the delta function, we would have to 
say that derivatives cannot be found at points where the function 
is discontinuous. But we have just constructed a discontinuous func- 
tion, 0 (x). The general rule on the relationship between an integral 
and the derivative is: 

x 
if F (x) = \ g (z) dz, then g (zx) = a 
x0 


Let us apply it to the expression (9.3-1) to get 
A) _ § (2) (9.3-2) 


dz 
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Thus we do not need to make an exception for the derivative of 
a discontinuous function. We merely say that at the point of dis- 
continuity the derivative is equal toea “singular” function, the 
delta function. We have learned to handle the derivative of an 
elementary discontinuous function and can now very simply find 
derivatives in more complicated situations. Here are some exam- 
ples. Let 

y=2,r2r<ti;y=x-—2,24>1 (9.3-3) 
We refer to the graph of the function in Fig. 217. The jump occurs 
at x = 1. The magnitude of the jump is y (1 + 0) — y (4 — 0) = 
= — 2. Here we use the notation y (1 + 0) to denote the limiting 
value of y as x approaches 1 from the right (from the direction of 
x > 1), y (1 — 0) denotes the same on the left (see Fig. 217). From 
this we get 


d 
== = 1—26 (z— 1) (9.3-4) 


This notation is better than the dreary statement that 2 = 1 


everywhere except at the point z = 1, where the function has a dis- 
continuity and does not have a 
derivative. 4 

The delta function is a typical 
brainchild of the twentieth century. 
The nineteenth century had a passi- 
on for investing all its arguments— 
true, false and not quite true—in 
the form of “impossibilities”. It 
is impossible to invent a perpe- 
tual motion machine, it is impos- 
sible to determine the composition Fig. 217 
of the stars, it is impossible to 
find the derivative of a discontinuous function. Our present century 
has found numerous constructive solutions to what appeared to be 
impossible in the 19th century. To take an example, the delta func- 
tion resolves the problem of the derivative at a point of discontinu- 
ity (at any rate for a discontinuity in the form of a finite jump). 
Indeed, the notation of (9.3-4) contains in one line the fact of discon- 
tinuity (since 6 is involved), the site of the discontinuity (x = 1) 
and its value [the coefficient (—2) of 6]. 

Integrating (9.3-4) with the condition x = 0, y = 0, we can restore 
the graph of y (x) in its entirety. True, in the case of the function 
(9.3-3) we had it easy in the sense that a simple case was specially 
chosen where the derivative on the left and on the right is expressed 
by a single formula. This of course is not obligatory. Why should the 
derivative be continuous if the function itself suffers a disconti- 
nuity? 
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Let us consider a more complicated example: y = —z?, x < 1; 
y =, x>1. When z< 1, y'= —2zx, for r>1, y' = + 2z. 
The discontinuity is associated with y’ = 26 (x — 1). We can now, 
at our pleasure, adjoin the point x = 1 to the left-hand region 


and then write y’ = — 2x + 26 (t—1),x<1;y = + 227,2>1. 
Or, another version, we can adjoin x = 1 to the right-hand region 
and then, with the same full justification, we can write y’ = —2z, 


x < í; y’ = 2x + 26 (x — 1), x >1. Note how the signs < (less 
than) and < (less than or equal to), > (greater than) and > (greater 


Fig. 248 Fig. 219 


than or equal to) are placed in the formulas. Be careful not to write 
the delta function twice.* We can also write 


—22 (1<1), 
y' = 9 (z)+ 28 (r— 1), where @ (z) = | 


2x (x> 1) 
To verify the notation, integrate the expression of the derivative and 
again obtain the original discontinuous function. 

Sometimes, use is made of the so-called signum function, sgn (x), 
which is defined thus: sgn (x) = — 1 for z < 0 and sgn (x) = + 1 
for x > 0. We can write sgn (x) = el , where |x| is the modulus 


(absolute value) of x. The curve of the signum function, y = sgn x, 
is shown in Fig. 218. It is easy to see that 


x 
sgn z= —1+20(2)=1+2 \ 6 (x) dz (9.3-5) 
Now let us examine the function |z| itself. Its graph is shown in 
Fig. 219. We find the derivatives to be aaa =—1,r<1; Jet 


= +1, x >œ 1, or, briefly, with the aid of the new function 


aca RA = sgn 
de EnS 
* As for the discontinuous function itself, there is no sense in asking for 
its value at the actual point of discontinuity. At any rate, this question is 
meaningless in nearly all applied problems. 
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J5 
o 
as 


From formula (9.3-5) it then follows that 


d2 


This is a very important formula that it would do well to get 
a good feeling of. We know that the second derivative is connected 
with the curvature of a curve on a graph and is equal to zero for the 
straight line. It would appear then that if the graph of |z| consists 
d | x | 
dz? 


is equal to zero everywhere? Of course the crux 


of two straight lines, on each of which 
d? | x | 
dx? 

of the matter lies in the salient point at x = O where the two stra- 
ight lines meet. How are we to be sure that it is the salient point 


d*y Jdr"; y yra? 


= 0, then why not 


simply say that 


Fig. 220 Fig. 221 


that corresponds to the expression of the second derivative 26 (x)? 
To assure ourselves of this, let us round off the salient point: take the 


function y, = + V 2 + a°. The smaller a (see Fig. 220), the closer 
this function is to the broken line y = |z]. It is easy to find out = 
= x d7y, a2 `: ; d2y, 
i er er aa Figure 221 depicts the graph of a 
(both Figs. 220 and 221 are constructed for a = 0.5). It is easy to see 
that this curve becomes higher and narrower as a decreases; the inte- 


2 
gral \ aed dx = 2, whence, in the limit when a = O we obtain the 
2 
expression iz = 26 (x) given above. 


Exercise 


1. Write down the first derivatives of the following discontinuous functions: 
1 /x 
e 


(a) y =z, z <1; y = z — 1, z `> 1; (b) Sg n 
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9.4 REPRESENTING THE DELTA FUNCTION BY FORMULAS 


At the end of Sec. 9.3 we inadvertently obtained a formula, the 
expression for the function 


a2 
Y= Fatale (9.4-1) 


which approaches ô (x)* in the limit as a — 0. Let us examine this 
problem in detail. Let us take the function @ (x) of which we only 
demand that it vanish for x = +oo and that the integral J = 


= | ọ (x) dx be nonzero. It is always possible to make this integral 
equal to one by multiplying @ by an appropriate constant. Suppose 
that this has already been done so that \ p (x) dx = 1. It is clea 
that ọ has a maximum somewhere between —oo and +oo. The 


Fig. 222 


simplest examples are functions that are everywhere positive and 
even, that is, symmetric about the y-axis [this means that @ (x) = 
= »(—2z)]. Here are some concrete instances: 


ex? 


_ 1 o4 1 4 
Pı sae , P2 (2) = TE » Qs (x) = Va 
The graph of each of these functions is bell-shaped (Fig. 222). If 
they are brought to the same height (see below), it is hard to distin- 
guish them at a glance. Incidentally, the last (exponential) function 
is much closer than the others to the axis of abscissas for large |z | 
far away from the maximum.** Now recall what needs to be done to 
increase the height of the bell n-fold and decrease the width m-fold: 
take nọ (mz). If the area under the bell is to be preserved, choose 
n =m. To summarize, then, the function nọ (nz)— 6 (x) as 
n—> œ or, to put it otherwise, 6 (x) = lim nọ (nz). It is also easy 
n -> co 
* Note the “2” in the denominator of (9.4-4); without this two we would 


have 26 (z). esa l 
** The intersection of all three curves Qi, Po, Ẹ3 at just about the same point 


is of course purely accidental. 
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formally to verify that f nọ (nz) dx = \ @ (z2) dz = f ọ (x) dx = 1 


via the substitution z = nz. 
Thus, to the three variants of @ (x) correspond the following three 
representations of the delta function: 


lim lim —=e-™*? (9.4-2) 


lim — r - 
noo % (1 n?z?) noo Vx 


n— co 


n 
2 (1 F n?z2)3/2 ? 


Let us verify that the procedure that was proposed earlier, 
a2 


lim —————_,, 
a0 2 (12 + a2)3/2 i 
fits this definition. To do this, we rewrite 


2 (a2 -+ a2)3/2 zas (Zz) 2a (Zza) 
a a 


and set n = 1/a to get the first representation of 6 in accord with 
(9.4-2). 

We conclude that there is no single definite simple formula that can 
yield 6 (x). Clearly, the fact that ô (0)= oo is not enough. To define ô, 
it still remains to demonstrate that this is precisely the infinity that 
is needed. However 6 (x) can be obtained as the result of a passage to 
the limit (n — oo) from quite well-behaved (well defined) functions 
of x which involve the auxiliary quantity n as a parameter. We must 
stress particularly here that 6 may be obtained by such a limit pro- 
cess from different functions ọ. As long as n is finite, the functions 
nọ (nx) differ from one another and, in particular, 


I= T (x) np (nx) dz = f (0) (9.4-3) 


And only in the limit, as n — œ, do all the distinct functions 
nọ (nx) tend to a single limit ô (x) and the corresponding integrals* 
(9.4-3) tend to f (0): 
lim Z =f (0) (9.4-4) 
N00 
The arbitrariness that is evident in the choice of the original ọ (z) 
from which we obtain ô (x) is in full accord with the essence of the 
matter. In the section what follows we will consider examples of 


* Strictly speaking, if f (z) + oo for certain values of z or as z — œ or as 
z — —oo, then not all ọ (z) can be used to obtain (9.4-4). Furthermore, the 
function f (xz) must not be discontinuous or at least its discontinuities must not 
fall on the point (z = 0), where ô (x) = oo, otherwise we will then have those 
meaningless questions about the value of the function at the point of discon- 
tinuity. 
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the application of ô (x) to physics. The description of some kind of 
action, that is to say, some kind of finite function p (x), with the aid 
of the delta function is possible and desirable precisely when the 
detailed form of the action (which is to say, the true dependence of 
it on x) is inessential, the impor- 

R(T) tant thing being only the integral. 

i The examples given above do 

not exhaust by any means the di- 
verse ọ (x) from which we can 
“manufacture” ô (x). We can even 
give up the symmetry of ọ (x): 
aS we pass to nọ (nx) and in- 
crease n, the distance of the ma- 
ximum from x = O diminishes as 
well; that is, even an asymmetric 
function approaches 6(z). Here 


is an example: —=e--!” pas- 


Via 


ses into the function ee 


st 


Fig. 223 


whose’ maximum lies at x = 1/n. We can give up the notation 
of ọ (x) by means of a simple unified formula that ensures the 
smoothness of ọ (x). Thus, we can take the function @ (x) itself to 
be discontinuous: 


pm = 1/2, —1< z< 1; p =0, r< —1 and x >1 (9.4-5) 


The limit process consists in our taking 


Pa = nl2, —1<nx<1, that is, —4/n < x < 1/n 
(9.4-6) 
Pn = 0, z < —1/n, xœ í/n 


and allowing n— oo. [Sketch the graph of ọ (x) according to (9.4-5) 
and also q,, (x) according to the formula (9.4-6) for n = 3 and 
n = 10.] 

Finally, we can reject the condition that @ (x) be positive. A curi- 
ous and very important example is 


+o 
R (2) = \ cos Ex dẸ = 


4 sinoz 


27 T x 


— W 


The graph of R (x) for given wis shown in Fig. 223. The value R (0) 
is equal to œ/n (the indeterminate form involved in the vanishing, 
simultaneously, of the numerator and the denominator'at x = 0 is 
evaluated in elementary fashion). R (x) passes through zero and chan- 
ges sign for z = + n/ o, +2n/0, +3n/0,... . The oscillations of 
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R (x) damp out as they recede from z = 0 due to the denominator. 
The curve does not go beyond the lines y = +1/x |x | shown dashed 
-+oo 


in Fig. 223. It can be verified that \ R(x) dx =1 for arbitrary o. 


It turns out that as w— oo we can regard R (x) as a delta func- 
tion! This is likely since as œ is increased, the altitude w/n of the 
principal maximum on the R-axis grows, and there is a decrease in 
the width of this half-wave — n/w< x < x/o. But how are we to 
deal with the fact that as w increases, the amplitude of oscillation 


Fig. 224 


, 


does not decrease; as before, R attains + 1/x |z|, the dashed lines do 
not become narrower? Let us consider \ f (x) R (x) dx. The grea- 


ter w, the more frequent the oscillations, the more exactly the positi- 
ve and negative half-waves compensate each other, yet the contribu- 
tion of the first half-wave and the ones closest to it are all the time 
the same. It is for this reason (we do not give the proof) that 
lim E (x) R (x) dx = f (0) but this means that lim R (x) has 


@— 0o @—> 00 


the properties of the delta function. 
Of interest is a similar function: 


N 
A 
t 


k=q 
P (x) = & >) cos te 
k= 


Using the formulas of elementary trigonometry we can obtain the 
expression 

sin (a+) x 
an sin — 

2 
The graph of P (x) for q = 10 is shown in Fig. 224. As q > œ, P (x) 
behaves near x = Q just like R (x) does as w— oo. P (x) is different 
in that its high maxima repeat periodically at x = 0, x = +2n, 
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x = +4n, etc. In other words, P (x) is a sum of delta functions: 
P (x)= 6 (x) + ô (x — 2n) +- ô (2 +2n)+6 (x — 4n) + 6 (tc +4 n)-- ... 


The functions R and P and their connection with the delta functi- 
on are not mathematical oddities. Recall how R and P were construc- 
ted: R is an integral of cosines; P is a sum of cosines. If from cosines it 
is possible by addition (integration is a kind of addition!) to 
construct 6 (x), then 6(x—a) may be constructed from 
cos œw (x — a) = COS wx X Sin wa — Sin wr cos wa, that is, from cosi- 
nes and sines with constant coefficients. But then any function f (x) 
can be represented as a sum of cosines and sines. Any function can be 
replaced by a series of steps f (xi) Az; and each such step is actually 
Ô (x — xj) f (xı) Axı. Thus, with the aid of R and P, that is, essenti- 
ally via delta functions, the possibility is proved of expanding 
functions in a Fourier series (if the function is periodic) and into 
the Fourier integral (if the function is nonperiodic). 

Reread this section when you are in the second or third course of 
the university and are studying Fourier series. Ordinarily, the text- 
books do not mention the delta function. Many mathematicians 
prefer to keep such physical heresy away from their students as long 
as possible, like books by Maupassant are kept out of the hands of 
schoolboys. The realization that actually the delta function is being 
used in the proofs will help you to grasp the meaning of these proofs. 


9.5 APPLICATION OF THE DELTA FUNCTION 


First of all, we will show you how the delta function permits 
abridging and making more convenient the writing of the conditions 


in many problems. 
Let us consider a rod with a variable cross section* to which are 


attached a number of separate point loads (Fig. 225). Let the mass 
per unit length of the rod be expressed by the function p (xz). The 
b 


mass of the rod without loads is \ o (x) dx, with the loads it is 


a 


M= | 0(2)dz+ Sym 


a 


The position of the centre of gravity is 
X= (|x (2) dz + Syrin: ) 
The moment of inertia about the origin is 
I = \ x*o (x) dz + > xim; 


* Before tackling this example, go over Sec. 6.15 once again. 
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But with the aid of the delta function it is possible to include the 
separate masses in the generalized function of the density. We denote 
the new function by n (x). It is defined by the formula 


n (x) = p (x) + $) m: ô (z — 23) 


Indeed, if we consider the general distribution of mass along the rod, 
we can Say that at the points of the loads the density exhibits infinite 
jumps. With the aid of the new function, all the quantities can be 
written in uniform fashion F 

and more succinctly: moza) M,e (TT) 


: f(z) 
M= f n (z) dz, 


1 
X=, | an(e)dr, 


[= \ r ndz 


Theconcept of the deltafunction Fig. 225 

permits combining continuou- 

sly distributed masses and point masses in a single general expression. 
Another example of the use of the delta function refers to the mo- 

tion of a mass point. The basic equation, it will be recalled, is 


d2 


Reread in Sec. 6.5 the material ọn impulse and the motion of a par- 
ticle under the effect of a brief impulse, say, a blow. Recall the 
arguments to the effect that the action of the impulse is independent 
of the law of variation of the force, provided the force is sufficiently 
brief. These considerations are similar to the reasoning of Sec. 9.4 
that the delta function can be constructed out of a variety of func- 
tions ọ (x) and concerning the conditions when it is possible to 
replace a finite function p (x) by the generalized, singular func- 
tion ô (x). 

If the concrete form of the function of the force is not essential in 
the problem of a blow, this means that F (t) may be replaced by the 
delta function, F (4) — J 6 (t — t), where t is the instant of the 


blow, and J = \ F (t) dt is the impulse of the force. We will carry 


out the integration of the equation of motion under the action of 
a unit delta force formally and according to all the rules. Let the 
particle, prior to the blow, be at rest at the origin: t = — oo, x = 0, 
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Die eo 0. The equation is of the form 
dx dv 


Integrating we get 


t 
v (t) =— \ 8(¢—t) dt=— 6 (t—1) 


The velocity is expressed by the step-like function of the time 
(Fig. 226): v = 0,t<T, v =4, t >t. The next step consists in 


‘determining the path. From v ==. we get the answer x= 0, t< T, 


z = = (t — t), ¿œ qt. The graph of the path is shown in Fig. 227. 
Characteristic of the curve z (t) of the path is the salient point at 
t+ = 1. Here again we are convinced that the second derivative of 


Z(t) 


Fig. 226 Fig. 227 


a function having a salient point contains the delta function: the 
function x (t) has a salient point; according to the equation of motion, 


2 
the force is proportional to a ; x (t) with thesalient point was obta- 
ined precisely for a force that was proportional to 6 (¢ — Tt) so that in 
2 . 
the case of a salient point, Cd contains ô, which is what we set out 


to prove. l 
Now let us take the next step. The problem of the motion of a body 


under the action of a given force is a linear problem. This means that 
if there are two solutions z, (¢) and z, ( under the action of two 
distinct forces F, (¢) and F, (t), then the sum of the solutions zs (t) == 
= x, ( + z, (t) is a solution that corresponds to the action of the 
sum of the forces F; (t) = F, (t) + F: (t). This property is a conse- 
quence of the simple fact that the second derivative of a sum of 
functions is the sum of the second derivatives of the functions: 


d2x, d2(z4 +322) __ dry L 1x9 
dt? dt? ~ dt? dt2 
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i : d2x, Fy, (t) d*rg _ F(t) 
Taking into account that ae a ae ee get 
dxa  Fy(t) , Fo(t)e Fs(t) 
dt? m m m 


which is what we set out to prove—that the sum of the solutions, zz, 
describes the motion under the action of the sum of the forces. 
Only one reservation is in order: the solutions of the equations of 
motion depend not only on the law of force but also on the initial 
conditions, that is, the initial position and the initial velocity of the 


mass at hand. If we choose these conditions thus: t = — oo, x, = 0, 
d A 
[t = 0; £ = — œ, z, = 0, = =Q, then the sum of the solutions, 
£z, Will also satisfy the same condition: t = — œ, x, = 0, <3 


Let us now combine the reasoning concerning linearity and the 
familiar solution of the delta function so as to obtain the general 
solution of the equation for a 
force that is arbitrarily depen- 
dent on the time. We partition 
the graph of the force F (t) into 
strips of width At (Fig. 228). 
What does a separate strip loca- 
ted between t and tT + AT rep- 
resent? Let us change the desig- 
nations, leaving ¢ for “current” 
time varying re —oo to -oo, plete 
whereas t will refer to the gi- 
ven chosen strip. The height of the strip is F (t), the width is At, 
the area (the impulse of the force, that is) is F (t) At. Since the strip 
is located at ¢ = t, it is obvious that it can be replaced by the delta 
function with coefficient equal to the impulse F (t)At6 (t — t). We 
already know the solution of the equation of motion for the delta 
function. We denote it by zx, (t, t). The solution as the function of 
time ¢ depends on the instant t of application of the force. Recall that 


ti (t, 1)=0, <T; (t, 1)= > (t—1), tt (9.5-1) 


One of the strips into which the force has been decomposed, from t 
to t + At, is 6 (t — T) with the coefficient F (t) At. Thanks to the 
linearity of the equation, the solution for the force in the form of 
such a strip is obtainable by multiplication of xz; into that coefficient: 
F (t) At x, (t, t). This is the solution as referred to the action of 
a single strip. Now let us take advantage of linearity and write out 
the solution for the function F (t), which we regard as the sum of the 
strips. It is clear here that the summation should actually be repla- 
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ced by the integral: 
+00 


x (t) = \ x, (t, t) F(x) dt 


— oo 


At first glance, this formula is rather strange: the z-coordinate at 
time ¢ is expressed by an integral from —oo to + 0o with respect to 
t, i.e., the force enters into this expression at all instants of time. 
Yet it is clear that the law of force subsequent to time ¢ does not 
affect the preceding motion. However, there is no error in the expres- 
sion zx (t). The properties of the function z, (t, tT) ensure reasonable 
properties of the solution. Indeed, x, (t, t) = 0 when ¿< t. Hence, 
when integrating with respect to t we actually do not need to take 
t >t, since the integrand is identically zero due to the factor 
x, (t, T) being equal to zero. Recalling the expression 2; (t, tT) (9.5-1), 
‘we get 
t 


r(t) => \ (t—1) F(t) dt 


— 00 


This method of obtaining a solution is very important generally. 
To summarize, then: if for a linear system we know a solution refer- 
ring to the action of the delta function, then the solution referring to 
the action of an arbitrary function [F (t) in the example] is obtained 
by simple summation or integration. 

The ideas of linearity and addition (the real term is superposition) 
of solutions apply not only to such simple problems as the motion 
of a point, they hold true in vast areas of mathematics, physics and 
the natural sciences. It sometimes happens that a system is very com- 
plicated and it is impossible to solve the equations even for the most 
simple action by the delta function. A solution corresponding to the 
delta function can occasionally be obtained experimentally. In 
other cases, such a solution can be obtained from physical reasoning 
(see the problem below). Then linearity comes into play and we 
obtain the answer for any acting function. The solution that corres- 
ponds to the delta function [z, (t, t) in our example above] is so 
important that it has a special name, Green’s function of the pro- 
blem. Curiously enough, the English mathematician Green, for 
which the function was named, lived in the 19th century and quite 
naturally knew nothing about the delta function. But it was only 
the introduction of the delta function that clearly and succinctly ex- 
plained the essence of Green's function. 

Examples of this nature abound in mathematics, for we know of 
numerous results pertaining to tangent lines, areas and volumes that 
were obtained before the invention of derivatives and integrals. The 
advance of science lies not only in the attainment of new heights 
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and fresh results, but also in popularizing and simplifying the 
derivations of earlier times. The aim of this book which you are now 
finishing is precisely that: to simplify the understanding of our clas- 
sical heritage—the fundamentals of higher mathematics. 


Exercises 


4. Consider a string held taut by a force k with ends fixed at points z = 0 
and z = l. Regarding the deviation as small, determine by the parallelogram 


F=f 


0 T, l T 
Fig. 229 


of forces law the form of the string under the action of a unit load at point 
z = 2x, (Fig. 229). Obtain the formula for deviation of the string under the 


y 


Fig. 230 


action of a force distributed along its length via an arbitrary law f (x) dynes/cm 
(Fig. 230). 
2. Find the motion of a pendulum under the action of a force expressed 


by the delta function, that is, solve the equation m C —kz + 6 (t — T) 


x 
dt? 
d 


= = 0. Using this solution, find the motion of the 


pendulum due to a force dependent on time via an arbitrary law. 


provided t = —oo, z = 0, 


Conclusion 


What Next? 


Higher mathematics, or, to be more exact, the differential and 
integral calculus makes it possible to solve a large class of problems 
that are not amenable to solution by the methods of arithmetic, 
algebra and geometry. Of tremendous importance is the very formu- 
lation of the new concepts such as instantaneous velocity, accelera- 
tion, impulse. These notions (and numerous others in diverse fields) 
are formulated exactly only in the language of derivatives and inte- 
grals. 

The knowledge which you have gained in reading this book con- 
stitutes only a small portion of the whole of mathematical science 
and a small part of those divisions of mathematics that find appli- 
cations in physics. 

Here I wish to outline in brief the fields of physics and the associ- 
ated divisions of mathematics that you will most likely study in the 
future. 

Up to now the exposition has been that of a textbook and if you 
put your mind to the matter at hand, you will have mastered the 
material in all its details. What now follows is a very short outline of 
difficult problems that lie ahead, and the style is no longer that of 
the textbook. We do not expect to explain the content of mathemati- 
cal physics, but merely to give the reader a general impression about 
the problems of this science and to show how exciting it can be. 

For a better understanding of what follows, let us briefly state 
the general property of the problems we have dealt with up to now. 
These were problems involving the motion of a single particle in 
mechanics, problems on the variation of one or two quantities with 
time: the coordinate and velocity of a body or a charge on a capacitor 
and current in a circuit. We dealt with functions of one variable 
(time). The number of functions was one (current as a function of ti- 
me) or two [the position of a body x (t) and the velocity of the body 
v (t)]. 

Quite naturally follows the purely quantitative generalization: 
problems involving the motion of two bodies, three bodies, etc. 
Which must lead to the problems of the motion of a gas or a liquid, 
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the point being that one gram of hydrogen consists of 3 x 10% mo- 
lecules, hence 3 x 107° separate bodies, no less. 

It must be clear at this point that new methods are needed. Not 
only is it impossible to solve 3 x 10” equations, there is neither 
paper nor time enough to write them down. 

The new fields of hydrodynamics and gas dynamics appear with 
their new method (different from that of the mechanics of a point) 
of posing and solving problems. We ask how many molecules there 
are in some portion of the volume under consideration. 

The solution of the problem consists in determining the distribu- 
tion of density of the gas in space, 0 (x, y, 2), the pressure of the gas 
p (x, y, Z), the velocity of the gas at distinct points of space. Add to 
this that all these quantities are also functions of time, for example, 
p (x, yY, Z, t). What is more, the velocity of the gas is a vector quanti- 
ty, which means that at every point the magnitude and direction 
of the velocity are specified. In other words, we can say that three 
components of the vector are given. Thus, from problems of several 
functions of one variable we pass to functions of several independent 
variables. 

Accordingly, in setting up these equations we have derivatives 
with respect to time and to the spatial coordinates, for instance, 
ce d x, e, ce It will be recalled that this is the notation 
of partial derivatives, that is, when we regard the variation of the 
function when one variable changes and the others remain fixed. Here 
is an example: 


ôo lim p (z, y+ åy, Z, t)—ọ (z, Y, 2, t) 
oy Ay—>0 Ay 


An extremely important division of mathematical physics is the 
investigation of partial differential equations. These equations des- 
cribe the motions of liquids, gases, solids, the propagation of heat 
in media, the phenomena of diffusion of atoms and molecules. 

In all these cases, as we have already pointed out, it is possible 
in principle to continue regarding the separate particles and many 
functions of one variable (time). But there are other physical theo- 
ries, primarily the theory of electromagnetism, where this is not 
possible. 

Suppose we are considering two point charges at rest. The force 
acting between them depends on their position (their distance 
apart). This would seem to be a problem involving six functions 
(£1, Y1, 21) (Le, Yo, Zə) Of one variable (time). To a first approximation, 
the motion of charges introduces but little change: one need only 
take into account that a magnetic interaction appears between the 
charges dependent on their velocities. 

An extremely important fact, which demands a fundamental new 
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approach, is the existence of a lag in interaction— propagation of the 
interaction with the velocity of light. The action of one charge on 
another depends on the position (and velocity) of the first charge at 
some earlier time. The theory in which everything that happens to 
charges at time ¢ + At is fully determined by the state at time t is 
the theory of the electromagnetic field. In this theory, besides sepa- 
rate charges we consider the electric field E and the magnetic field H 
that are given and fill all space. The quantities E and H are vectors 
and at the same time are functions of the coordinates and of time. 
Mathematically, the theory of the electromagnetic field is a theory 
of partial differential equations similar to the theory of elasticity, 
acoustics and gas dynamics. The only difference is that in the latter 
instance the equations are obtained by means of idealization (abstra- 
ction): when we speak of the density of a gas, we ignore the separate 
molecules. It is only in this approximate sense that a gas can be 
regarded as a continuous medium characterized by the continuous 
function 0 (x, y, Z, t). An electric field is indeed a continuous function. 

Hydrodynamics, which developed in the 18th century, prepared 
the mathematical apparatus for the electromagnetic theory. No 
wonder then that at the beginning attempts were made to transfer 
the ideas of mechanics to the electromagnetic theory. A special sub- 
stance called the ether was hypothesized as being responsible for 
electric and magnetic phenomena. We know that the mathematical 
analogy has remained, while the physical meaning of the electro- 
magnetic theory has proved to be different and does not reduce to 
mechanics. 

When speaking of a mathematical theory, one must not only speak 
about the statement of the problem and the initial equations but 
also about the nature of the results. 

We can name two types of solutions for partial differential equa- 
tions. One type is characteristic of a limited volume. This type 
includes natural oscillations with definite frequencies. A body of 
a given shape has a certain set of frequencies. 

Recall the pendulum and its definite frequency of oscillation. If 
an external force acts on the pendulum, we get the characteristic 
phenomena of resonance when the frequency of the external force is 
almost the same as the frequency of the pendulum. All this is found 
in the theory of ordinary differential equations: mae = —kx-+ 
+ f (t). In the theory of partial differential equations, the body has 
many frequencies and behaves like a set or collection of many pendu- | 
lums with distinct frequencies. There are many resonances. You can 
verify this at- once if you have a piano at home. Depress one of the 
keys slowly and soundlessly, so as to release the string without stri- 
king it with the hammer. Now strike the other keys sharply and lis- 
ten to the response of the free string.... 
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The other type of solution of partial differential equations has to 
do with the matter that fills all space (propagation of waves). These 
are the waves of radio and light (in the electromagnetic theory), and 
sound waves in elastic media. Waves have the remarkable property 
of being able to carry information: pressure or an electric field in 
one point (near a receiver) as a function of time turns out to be simi- 
lar to the curve of that same source quantity (transmitter) as a func- 
tion of time. 

It is possible to construct the solutions of equations describing the 
directed beam of a searchlight or a laser. A searchlight beam and the 
jet of water from a hose are strikingly similar. A knowledge of the 
properties of a solution of different kinds of problems has always been 
extremely important in the development of physics. 

For a long time, atomic spectra were a mystery to physicists. It 
was not so much the specific laws and numerical values of the frequ- 
encies but the very fact that one and the same atom emits or absorbs 
via resonance the oscillations of several distinct but quite definite 
frequencies. The similarity to the oscillations of elastic bodies enab- 
led scientists to approach the formulation of the equations of quan- 
tum mechanics. Likewise, the similarity between a stream of parti- 
cles and the solutions for waves found its application in quantum 
mechanics. 

Fundamentally, mathematics ean be regarded as a variety of 
refined logic. The remarkable thing is that having set up the rules 
of this logic and learned them, man has at his disposal a more po- 
werful tool than ordinary “common sense”. 

Using his hands, man makes simple tools with the aid of which 
he makes machine tools, with the aid of which he constructs more 
complicated devices, and using these he does things which he could 
not do with his hands alone. Mathematics is very much like that. 
It develops more and more complicated theories, introduces fresh 
notions and enables us to comprehend and master the most unusual 
phenomena of nature. 

Above I cited some examples that pertain to the theory of equa- 
tions of a definite type. 

Geometry offers another marvelous case. 

Human experience teaches us that in space it is convenient to 
introduce three coordinates: z, y, z. Any further complication would 
seem to be superfluous, “a trick of the devil”. Yet, coordinates can be 
introduced in a different way so that the coordinate — = const cor- 
responds to some curved surface (whereas x = const for arbitrary 
y and z is the equation of a plane perpendicular to the z-axis). 

To summarize, then, we can introduce curvilinear coordinates &, n, 
C and with a lot of effort, agonizingly, learn to compute the distan- 
ces between points and other quantities with the aid of these new 
coordinates. 
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At first glance this is a dull and totally useless effort. One must 
possess a peculiar bent to be able to see beauty in the mere fact of 
overcoming difficulties, in the development of a theory with arbitra- 
ry coordinates of a most general nature. 

And then, like a bolt out of the blue, comes the general theory of 
relativity— perhaps the theories of Lobachevsky, Bolyai and Rie- 
mann were silent flashes of lightning that preceded this thunderbolt. 
Generalized coordinates are just as convenient (or just as inconveni- 
ent) to describe ordinary space (in which Euclid’s geometry holds 
true) as they are to describe curved space. Rectangular coordinates 
z, y, Z are convenient for ordinary space but are no good at all for 
describing curved space. The z, y, z coordinates do not even hint at 
the existence of any other kinds of space. 

The study of curvilinear coordinates which had seemed to be such 
a needless complication actually prepared us for a vast range of 
Spaces whose very existence was totally unknown to us. Then it 
turns out that the force of universal gravitation is linked up with 
the very fact that space is somewhat curved. True, this “somewhat” 
has to do with the conditions here on earth and in the solar system. 
In certain phenomena of a larger scale (catastrophic explosions of 
stars, evolutionary processes in the universe) space may turn out to be 
highly curved. In the study of nature, a diversity of approach is 
desired: the overcoming of mathematical difficulties, the mastering 
of the mathematical apparatus, physical intuition, boldness of con- 
ception, experimentation and observation. All these alloyed toge- 
ther make it possible to advance science. 

Let us return to mathematics, more specifically, to mathematical 
physics. 

One occasionally hears the small-minded remark that “mathema- 
tics is a mill that grinds up only what is put in.” In this way, poor 
results are explained by the fact that the original premises were 
faulty. In reality, the mill quite often turns out much more than is 
put in and the results are somewhat totally unexpected! 

At the end of the course of mathematical physics we can again 
start a new chapter entitled “WHAT NEXT”, but do not lose heart, 
for not far off is the boundary line that marks the end of study and 
the beginning of creativity and the development of new theories. 

I try to picture the reader who in a few moments will close this 
book with a sigh of relief. Most likely, you are finishing school or 
are in your first year at college, a sort of “unicellular protozoan”, to 
quote a popular play of student life. 

May mathematics always remain for you an exact and beautiful 
language, a means of expressing ideas, a way of thought. May mathe- 
matics be more than merely another subject that has to be “passed” 
at an examination and then left behind without a trace. Love 
mathematics and mathematics will love you back. 


Answers and Solutions 


CHAPTER 1 
Sec. 1.2 
1. A(2, 1), B(A, 2), C (0, 3), D(—4, 2), E (—2, 1), F(—3, 0), G(—2, —1), 
H (—1, 2), K(0, —3), L(4, —2), M (2, —1), N (3, 0), O(0, 0). 
Sec. 1.3 
1. See Fig. 231. 2. See Fig. 232. 3. See Fig. 233. 4. r= 1/2, a=45°% r= 
=2 V2, a= —45°; r=3 V2, a= — 135°; r=4 V2, a= 135°. 5. 2, 2 2, 
y 
(2)e. at 


T 


°(4) 


Fig. 231 


2 2, 212. 6. A, (0, 0), Ag (2, 3), As (4, 6) are collinear; A, (0, 0), A» (2, 3), 
Az (—2, — 3) are collinear; A, (0, 0), A, (2, 3), Ag (— 2, 3) are not collinear. 


7. (0, ak (75 +9) (0, a) (—<7 +9). See Fig. 234. 


a a 3 a a 3 a a 3 
8. (a, 0), (+, 9 , (—+, 9 ’ (—a, 0), (—<, — 2 ) ? 
a a 3 ; , { a a 
(+. -4% ) . See Fig. 235. 9. (a) Two cases: (——, 0) , (+ 0) 
aV3 | | : : aV3 
(0, : ). See Fig. 236a; (—+.0), (+, 0), (o, -45). 
= = x ~) . See Fig. 236b; (0, 0), (a, 0), 


(b) Four cases: (0, 0), (a, 0), ( 


(5 ~2¥8) 6, 0), (~a, 0), (—+, 2V3) ; 0,0), (—a, 0, (—4, 


a 13 
2 


) - 10. Az (z1, — y1), A3 (— z1, y1), Ag(—21, — y1). See Fig, 237. 
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y 
y 
(1) 
(4) 
(5)e | e7) Q 
Fig. 232 Fig. 233 
y 
Q 
aq 
T 
Fig. 234 Fig. 235 
a 
(a) (b) 


Fig. 236 Fig. 237 


(3) 
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Fig. 240 
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Fig. 242 Fig. 243 


Fig. 246 
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Sec. 1.4 
See Fig. 238. ° 
Sec. 1.7 
1. See Fig. 239. 2. See Fig. 240. 3. See Fig. 241. 
Sec. 1.8 


1. The first curve is shown in Fig. 242. 2. See Fig. 243. 3. See Fig. 244. 
4. The desired graph is the straight line yz, but not the whole line; only 
the portion between xz=—1, y=—1 and z= +1, y= +1, see Fig. 245. 
5. See Fig. 246. Hint. The parametric equations of the curve are x—t--sint, 
y=1—cost. 


CHAPTER 2 
Sec. 2.3 
At \2 At \ 2 Az dz 
— {2 = _—_—_—_ as — —— = ° — —_— — ` 
1, (a) 2=22, Az= (t+ ; (: > ) 2At, s, Sma, 
At \3 At \3 (At)3 Az (At)? 
iay = paai sf Pe a 98 af — 372 
(b) z=:3, Az (++ : (: > ) 3At, nt EL, 
Ts. The results coincide with the computation in Sec. 2.3. Note that 
in the case z= t? the ratio a. does not depend on At, but when z—#? the 
. Az ; ' , , 2 
ratio ENG contains only (At)?. 2. y’=473. 3. y’=2r4+2. 4. y me 
2b 1 
5. y'= —— . 6. y'= =. 
ý xs 2 z 
Sec. 2.4 


1. Find (1.2)2. Consider the function z= t?; let t=1 and At=0.2; z'=2t, 
z' (1)=2; therefore Az=2-0.2=0.4; (4.2)? —=12+0.4=1.4. The exact value 
is (1.2)2—=1.44. The error is roughly 3%. (1.1)?=1.2. The exact value is 1.24. 
The error is approximately 1%. (1.05)2=1.1. The exact value is 1.1025. The 
error is about 0.2%. (1.01)? —=1.02. The exact value is 1.0201. The error is 
about 0.01%. 2. See Table 1. 


Table 1 


Error in % 


(rounded) 
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Sec. 2.5 


q. See Fig. 247. 2. See Fig. 248. 3. See Fig. 249. 4. See Fig. 250. 5. See 
Fig. 254. 6. y=(3/4)e—1/4, (4/3, 0), (0, — 1/4); y=3e—2, (2/3, 0), (0, —2). 


y 


Fig. 247 Fig. 248 Fig. 249 


7. For the curve y=azx?, the tangent at the point (zo, yo) cuts the coordinate 
axes at the points (zxọ/2, 0) and (0, — yo) (see page 60). For the curve y= az’, 


(Approzima te!) 


(Approzimate/) 


Fig. 250 Fig. 254 


the equation of the tangent at the point (zo, yo) is y = 3az?r — 2yo. The points 
of intersection of the tangent and the axes are (2/3 x9, 0), (0, — 2yo). 


Sec. 2.6 

1. x=0, minimum for a>0, maximum fora<0. 2. z=—1, maximum; 
x=1, minimum. 3. z= — Va (a> 0), maximum; t= Va (a> 0), minimum. 
For a<0 there is neither minimum nor maximum. 4. z= ———, maxi- 


1 


=- 9 
V3 
minimum; (c) a <0, z=0, maximum, z= — VY —a/2, minimum, r= VY —a/2, 
minimum. 


mum; z= minimum. 5. (a) a`> 0, x=0, minimum; (b) a=0, r=0, 
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Sec. 2.8 


2. Table 2 gives the values of the sums for a partition of the interval 
into m parts, where m=10, 20, 50, oo. It is*evident that already for m= 50 
both sums differ but slightly from the limiting value as m —> oo. 


Table 2 


1. 2. 0.11033 ... . 3. F 4. 2(V3—1). 5. S= \ y (a) dz, where 


0 
y=y (x) is the equation of the hypotenuse. Take an arbitrary point A on the 


Fig. 252 Fig. 253 


hypotenuse with coordinates z and y. Draw a vertical line through this point 


(see Fig. 49). From the similarity of the triangles, Z —4. Whence y=} f: 


b hk 
f h h r b 4 1 2 
x 
s=| a x dx ——- \ z dr =- -5 ou 7. S = -> Toyo. 8. S = -7 Toyo. 
0 0 


9. S= | vee dz. 10. 0.7837 for m=5, 0.7850 for m=10. 11. See 
“r 


Fig. 252. 12. See Fig. 253. 
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2 4 0 
=S 2. y(0)=0, y (2)=4, Oty ru) 


i = O = 
=2, y ()=14, y ()=1 <7=1.33 < SAHO 2, 3. g= y (0+ y (1) 
b 


b 1 
=- r 


a 3 


PaA 2 1 1 1 

EREET E N : = ae E EE. 

$y Qazeteesa133. A | yar (5 r+- pe? +02) 
a 


x (b8 — a3) +- p (b2—a?) +q (b—a)=(6 —a) [ er +ab +02) +> p(d-+a) 


+a], By formula (2.13-2) it should be true that 


ydz=(b—2) y=(b—a) [ Fy tzu (FF) +e 70]. 


QR Pees OY 


Substituting y(a), y ( : 5 : and y (b) and comparing it with the expression 

1 A 1 

obtained above, we see that they are identical. 5. L= \ “3 = 
R 


p A\(|2R 1 A A A 
x (-5) i =F ( -r tF) =0.5 Rr’ The mean value of the force 


on this portion is half the force on the ground, F=0.5F. 6. F(R)=Fo, 


F (QR) = Fo; ETOP 0.625%) > 0.5F. 7. F (1) =r (SR) 
4 1 2 4 4 4 _ 109 _ ‘ 
= Fo: gota gftesg Eo Fa =0.505F. Error 1%! 
CHAPTER 3 
Sec. 3.3 


1. Find the derivative z= (ax + b)? after removing the brackets: z= a?r? + 
+ 2abx + b2, 2’ =2a2x + 2ab = 2a (ax +b). Now find the same derivative by the 
rule for finding the derivative of a composite function: z=y?, y=azr+b, 


dz dz dy _ _ S EN a rae 2a 
a a gr Ya = ay = 20 (ax+ b). 2. z’ = Taz LOE ’ Z a OT 
; 1 
=r F1) 
Sec. 3.4 

1. y =z4 = r?r?, y'=2x.1? + r? 2r = 4x3. 2. y'—=(4xr + 1) Vi + (2x2 + zx) 
ae. 3, yr GHIO) (w+ 1)— (29 + 52%) 1 de (224-4245) 

2V (x 1)? — ŒP 

g 

icy z? +227 4-2 


(x2 +. 2)2 
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Sec. 3.5 
1. y’ =5x4— 1273 4 3r? + 142-2. 2. y’ =2 (x28 + 24-1) (32+ 1). 3. y’ =4 (2? - 

j x 
—x+1)3 (2x—1). 4. y’ =10(322—1)9 6z. 5. y’ = —— 
+A Qe—1), 4 y'=10 (822—1262. 5. y= 


Now, .by the general formula 


. 6. It is conveni- 


ent to write y via a fractional power, y=., 


ee 2 
for the derivative of a power, find y= 3/5 7, (a) If x changes by 1%, 
then Ay —n-0.04y; therefore, as z changes by k%, Ay =n-0.01-y-k. In the 
given case, z changes by 10%, Ay=n-0.1y. Since n= , it follows that 


Ay =+--0.1y =0.05y. Therefore y (44) =y (10) + 0.05-5 = 5.25, y (9) = y (10) 


— 0.05.5 = 4.75. We obtain an exact solution. Denote the proportionality 
constant by k; then y=k Vz. Since for z=10, y must be equal to 5, it fol- 
lows that 5= k 1/10, whence k=1.58 (use two decimal places in the compu- 
tations). Therefore y=1.58 Vz, y (11)=1.58 V11 =5.24, y (9) = 4.74. (b) The 
approximate values are y(414)=4.50, y(9)=5.50. The exact. values are 
y (41)=4.54, y(9)=5.56. (c) The approximate values are y (41)—6.00, 
y (9) =4.00. The exact values are y (44) =6.05, y (9)=4.09. 


Sec. 3.6 
£. y= 32? (x2 —1)? + 23.2 (x? —1) 22 = x? (z?— 1) (722-3). 2. y’=3zr* 
x VET 3. y’=5r4 VP 22—1 (23 — 2r)1/5 4 + To L 
1 ; 
x a8 (3—2) pg E at e V22—1. 4. y'= (1— Wi ) 
1 
—-+1 
a ee | 3x2 = 3 ý x2 
x Vx8—2+4 t+ —— | ——. 3. y’ =22V Prte+22—-b=__. 
( vz) 2 Vz 3—2 2VVWr+z 
= 1 jan tl 
me 8 (V+) (7E aya) 1+ (Ve+ee j e . (221) 
r9 177 ,„_ 2242245 „_—412r+5 1/5 
8. y SAna p 9. y =r 10. y as g V23+2 
38e—1) a yo 1 j 1 = 


Te a fe © EEN ng ef en, © 12. =o "nee ee 
2x3 V13 +}2 (z2—1) V 12—11 : Vrtt 3y (c<+1)! 

~ z — Ta 
ei 13. yt Vr 14. E Bie A 


3 ý GFI 4V 242 Vz 6V 2+ 
jo eee 15. ae 16. y'= (22+3)?+2 
6V z2 +07 (1 -} x?) 
4 2x? 


“ae ee Wa 


[PAT ae a 
BAES fr 
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—2x2—x+9 z+1 1 
18. y’ = — r. 19. mea . 20. y'= 
3 (x—1)3 ý 2r—3 j z—1 (1+1) á 
— 423 — 10x22 — 22r — 11 , — 54 2r3 4272-4 ` 1 


3—2 Pai 1. = x Pe m 
o PV (+1)? 8p 1p? Vat co Bras 
“7 Fi 2 22422 i = of ——— z? 


KETENE 

142 Vzr)r V22—1 1 1 \-6/7 

x epee NV gy yA (gy 1 

6 V2 e+ Va} re T 

1 

——— — 2 
eee. 5 4 \1/7 - , 3) x 1 
x (4 sar) ®t (2 veal ; 25. aie a a 


V z— 2r 1—6 y 12? — 4r Ų r2 
JJ —— 
(1+4) ý z+1 = 3(@41) V2? (e+1) 

Sec. 3.7 


1. y’ =2.3-10V* z —. 2. y'=2.3 logi92-2%. 3. y'=2.3 logig 5:5%+1, 
24r 
1\x 
4. y'= —2.3logyo 2 (=) 
Sec. 3.8 
1. y'= — e3. 2. y!’ = 2re**, 3. y! = (322 —3) 8441, 4. y'= : = a. 
2Vx 
5. y’ = ey — 3esX, 
Sec. 3.9 
logio 15 ; ae 
i. 2.3026, 4.6052. 2. logs 415 SS e 3. Differentiating both 
10 
, (uv) v’ PEY ; ,__1 r 
sides, we find PT Se , whence (uv)’=u’v+uv’. 5. y ioe (22) 


=, The same result may also be obtained thus: y=ln 2r=ln 2+ Inz, 


re , ee 1 fas 1 oe 1 pot 
y == (In 2) + (ln zx) gE š 6. y =a 7. y aes n 8. y = z+ a 
9. pa ee 10. y a A a O 2 č 41. y’ 1—z 


C+E @@—1) °° 4 Taai 
12. y’=Inz-+1. 13. y’ =32? In(z+1)+ naa . 14. To find the derivative, 
take the logs of both sides of the equation (any logarithmic base will do, we 


choose natural logarithms): Iny=zlnz. Now take the derivatives of both 
sides of this equation, taking into account that y is a function of z and lny, 


consequently, it is a composite function: Aa =]n z+1, whence we fnd y’ = 
=y (ln z— í) or, finally, y’=z*(Inz+1). The next example is done in simi- 
m zinz dis V «x21 ) 

V z2—1 T i 


lar fashion. 15. y'=xzx 
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Sec. 3.10 


1. y’=2 cos (2x+3). 2. y'= —sin(x—1). 3. y'= — (2x — 1) sin (x?—xz+1). 
4. y’=2sinzcosz. 5. y'= 3 cos 3z cos? x—2 eos z sin z sin 3z. 6. y’ = (sin 22)* 


x [ in sin 22 $e] (see the solution of Problem 14 of Sec. 3.9). 7. y'= 


sin 2x 
=. tan z+——. 8& y'= — ganis, 9. y'= = 
Sec. 3.11 i 
1. (a) y'= — aa v=- 3. y! = EF 4 y'= 
3 = o 2z — 1 1 arctan Vx 


5. 6. e 


"SA a Fi Veta) 


~ 9x24 6x4 2° 
Sec. 3.12 
1. —1, 1. 2. —1. 


Sec. 3.15 
1. To perform the integration, remove the brackets; we get an integral 


of a polynomial: | =(2—1)2 dz = | z(2—224 1) dx = | (2922842) dz 


4 2 a 
=2 -4 4 2240. 2. Write the integrand as follows: Be foe 
2 = 
=2+2— 2. Now it is easy to perform the integration: \ ete ae 


2 
= +22—3ln x+C. 3. Make the change of variable 3r—5=1t, dt=3dz; 


\ cos (82 — 5) dz = = \ cos tdt = sin ttc = sin (32—5)+C. 4. The 


solution is similar to the preceding one. We get —+ cos (22-+1)+C. 


5. + Y (82 —2)8+C. 6. cosr+zsinzr+C. 7. x(Inz—1)+C. Problems 8 to 
11 can be solved by the integration-by-parts formula. However, it is more 


convenient to use the method of undetermined coefficients. 8. + rsin 2x 


—(+ 2-7) cos 2r4+- C. 9. (—23— 3z2—6r—6)e"*+C. 10. (2r+1)cosz 


+ (z?+ z—1)sinz+ C. 11. \ (2x? + 1) cos 3z dx = (a,x? + bız + c1) cos 3z 


+ (aax? +bz +c) sin 3z. Take the derivatives of both sides of the equation: 
(212 +1) cos 3z = (2a,x + b1) cos 3x — (3a,x2 + 3byz + 3c) sin 3z + (2azx + bə) 
x sin 3z + (Basr? + 36,2 + 3c.) cos 3z, or thus: (272+ 1) cos 3z = (— 3a4r?2 — 3bız 
— 3c, + 2a,7 + ba) sin 3z + (Bazz? + 3box + 3c, + 2a4x + by) cos 3z. We must there- 
fore have 222+ 1=3aexr24 3bor + 3c +2aız 4-04, O= — 3aız? — 38byr — 3c, 
+ 2a,x-+ bg. For two polynomials to be equal, the coefficients of identical 
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powers of z must be equal. Equating the coefficients, we get 3a,—2, 3b.+ 
+2a,=—0, 3co-+b,—1, —3a,=—0, — 3b; + 2a,=—0, — 3c, +b, =0. From this 


2 4 5 
system we find a,=0, b,=0, cy=0, a, = zz bi = 9° 2= 37 and so 
\ (Drie (eossede scone (= 2+) Sin SC) AO, eee 
9 3 27 (x —2) (x — 3) 
A B 
Se E Reducing to a common denominator and then dropping 


it, we get A(x—-3)4+B(x—2)=2z or r(A+ B)—3A—2B=2x. Equating the 
coefficients of the same powers of z, we get A+ B=1, —3A—2B=0, whence 
x dx 


A=—2, B=3; | co - \ {= 4. —;} de = —2 In (x — 2) 


z+41 a xzt+41 i oe B 
eM SO Clee ea e G0) ee ee eA 
+B(x—1)=2-+1. Putz=2 in the last equation to get B=3. Then put. 


_ E z+1 ee = _ 
t=1 to get A= —2, | aha = = 2 ln (z 1)+3 1n (z 2)+C. 


14. — ln (z—1)+ln (x—2)+C. 15. Put z=z. Then zz? and dr=2zdz; 
xz dz _ z223 dz zždz zz— 1+1 Eo _ 
eee ee ee 

+z] dz—=2%—2z24+-n(1+2)+C—2—2 Vr+In(i4 V2)4€. 


1 1 
3 sin?z ` sinz 


16. VYzı2z—5+4+C. 17. — £ costa} costz +C. 18. +C. 


2 
19. —Incoszt+C. 20. L arctan — +. C. 24. arcsin Z4 Ce. 22 £ arcsin x 
+ V1—zr24C. 23. z arctan z— -> ln (z24+-41)+C. 24. Perform integration by 
parts setting f=sin3z, dg=e?*dr to get \ e2X sin 32 dx = + e2X sin 3x 
Ta f e2?x cos 3z dx. In the last integral, again perform integration by 
parts, setting f=cos 3z, dg=e**dz to get \ e2X sin 3z dx = = e2X sin 3x 


ee (+ e2X Cos 3+ \ e*Xsin 3x dz) . Regarding the last equation as an 


2 
2x (2 sin 3z—3 cos 3 
equation in \ e2X sin 3z dz, we find \ e2X sin 3x dz = oF sin se 8 08 8) 
95. e* (cos tase 2x) 
Sec. 3.17 


4. y= ax3-+ br2+ cro+d+ (3ax2 + 2bro + c) (x — zo) + (2azo + b) (x — Xo)? 
+ a(x—o)3. The subsequent terms are all equal to zero. The sum of the 
four written terms is equal to the polynomial. 2. y(0)=0, y’(0)=1, 


x3 x2 
y” (0)=2, ..., YM (=n; y=r+ tyr... =2 (1+2 oy .-)= 
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= rex. 3. y=e [14 e-r (x — 1)? +r (e—1)8+ at ie |: 4. First me- 
thod: y (0)=1, Ay = y (Azr)—1. 


4 ES 
2 Z 
y (Az) 2.7183 1.6487 1.2840 1.1334 1+ Ac 
A | : 
=e 1.718 1.297 1.136 1.065 1 
£ 


1 
A 
1.6487 ' | 4.2840 | 4.1334 | 1.064494 
0.6065 | 0.7788 | : 0.8825 | 0.939412 
1.042 — 0.5052 0.2506 0.125082 
1.042 =| 1.010 1.002 | 1.0006 
— = din(ttr) 41 d@@In(itr) 4 
5. Find the derivatives: qe o gag a 
Ae S ... . The values of these derivatives for r=O are 
dr3 (Fr)? 
equal, respectively, to 1, — 1,2 ... . Maclaurin’s formula yields ln (1-+-r)-=r— 
mr2 mr3 
4 4 Si ; r2 r3 l = a Feni 
ft a, £93 EE EN MEE NE, min (1+r)— mr. 2. 3> . 
a Tbe t... r ae wi a emr.e : 
mr2 


for small r, emr differs from the true value by the factor a a pape: pre: 
mr 

blem of Sec. 3.8 on page 121, m= 50, r=0.02;e * =e —°-°!—0.99, the error 

is 1%. m can be any large number so long as mr? is small. The smallness 

of mr3, mr4, ... is ensured. | 


Sec. 3.19. 
2 3 
1. y= EH 142042224 208-4 ot + ste ee yo ln (1-+2)=2—— +5 - 
x4 


——-+....4. y=In2=(2—1)—5 (e124 (e—a... X 
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In the first and second problems the series are suitable for computation if 


Iz|<1; in the third, if 0<z<2. 4 f(e)e(@)=fO)E (+17 (0) 8 O)+ 
+8’ (0) f (0)] e+ -5 [F" (0) g (0) + 2F (0) 8’ (0) +2" (0) F(0)] 27+... - 
Sec. 3.21 


1 1 1 
1. 1. 2. — age 3: Ey 4. OO. 5. 1. 6. 9° 
CHAPTER 4 


Sec. 4.1 


ee 21 p2— 
i. ove . 2. Let the base of the triangle be AC =a, 
the altitude BH =h, and let DEFG be the desired rectangle. From the simi- 


7 A D BH; è EN x£ _h—H,H 
larity (Fig. 254) AC BR’ denoting DE =z, we get a a 


HH =h (1-2) . The area of the rectangle is S (z)=<rh (1-2) =hr— 


whence 


B 
D E 
am HOF" 
Fig. 254 Fig. 255 
h R l a h 
n z*, Solving the equation S’(r)=0, we get T=, then H,H=->. 


3. The desired rectangle is the square S => R2, 4. The radius of the base 


38/40 
of the can is r= = and the altitude, H=2r. 5. t= el . 7. The 


vito? 
time of motion T = a? Fr? + L b2 + (c — z)? where c=41B; (Fig. 255). 
1 2 
'The condition aT o ields ERE EEA EERE . Notin that 
dx : vi Va? +r? v Vb? — (c +x)? e 
x f c— z : sna vi ae 
——————— — S11 Q, SI we find — ——. This is the 
Va? +r? b? + (c— z)? p sinBp v 


Snell law; that is, the point must move like the beam of light passing from 
one medium to another. To prove that we indeed obtain the minimum of 7, 


l ., @T l d2T 
it suffices to write T: It is easy to see that for all z we have T >0. 
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Sec. 4.2 
1. Ynin= 3. 2. For 7=0,. Ymax=0. 3. For 7=0,. Ymax = 1. 


Sec. 4.3 
1 Jt 1 4 4 ? 
L age 2: >: 3. T` 4. an +> and 61——-- 5. a In 2, where a is 
the amount of paint needed for unit area. 6. Za 7. 10 x. 
Sec. 4.4 
To m—n = z. = 
1. n+1° 2. Inm— Ino For m=n-+v In m=Ìn (n+v)=I1n n+ 
v2 Tc! y = Vv \  n+m 
+n (1+) = In n+— oer ee pee © in) ag, se 
n 2n? 


3. (a) Both mean values are equal to e (b) a and Sto . 4. 1f T is 
the period, then it should be true that sin [œ (¢+ 7)-+-a]=sin (wt+ a), whence 
o(t+7)+a=—ot+a+2n, of =2n, T=— . But the period of the function y? 


; T ; 
is equal to === . Hence we have to find the mean value of the function 


y =sin? (wt+a) on the interval from <—0 to t= 


Bol 
(A) 
{ sin? (wt +a) dt 
0 


<| 
| 


zt 

@ 
o @ 
n 

0 


1 1 1 
{5-5 cos 2 (ot +a)} dt=—> 


It 
W 


Sec. 4.5 


1 1 a n 
Mae — 272 
gi | VTF ae, 2.: s=| Vi+ edz. 3. s=4 \ y + dz. 
0 0 0 


4. Making the indicated change of variable, we get S= \ 


V2 
z2 dz z2 dz (= Zil | dz 
7 — o — -—_ ——— = . 
We find \ Rol \ 217) ai =| (+= 7) dz Ea a] 
In the last integral, we write the integrand thus: 
4 1 _ A 4 B 
z2—4  (z—1)(2+1) 2-1 ° z+1 
We find the numbers A and B by reducing to a common denominator and 
1 1 


equating the numerators A (z-+-1)4+B(z—1)=1, whence A=-> , B= Bag 
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2 = 
Finally \ mu sep Inte and so S =[:+5 1n 


z—1 V Tye 
z+1 =a = 
Vite- 4) V2—1 
Vite+1 2 VZ+ 


= 1+ e? -V34 ln 


Sec. 4.6 
1. Partitioning into sections from z=0 to z=0.9 and from z =0.9 to r=2, 


24 e72 0 ae 0.9 4 a 

e e~ g~ e 

we find 51=1.043, S= E \ 
0.9 

integral, we can put ex=t. We finally get S,—2.624, S=S,+S,+ 3.667. 

By the exact formula we find S —=3.627. The error amounts to 1%. 2. S= 

= 1.146. 3. The arc length in question is 


9» 
—_————. dz. In the last 
ex 


ex — 


of2\6 35 / zx \8 ee 1 3 
Blr) talr) +t T (tt aat too 
3A 35 
t+ap5tieaet---} 
Accordingly, for the number x we get: 


4 1 3 


4 a a 
4 4 3 5 35 ; 
(c) nae {thas tge5 + 396 + T8255 eee 


Sec. 4.7 


1. Take the diameter AB for the z-axis and point A for the origin. A sec- 
tion perpendicular to the diameter AB is a right triangle PQR with area 


(see Fig. 115) S (=> PQ.QR=— PQ? tanga. But by a familiar theorem of 


geometry, PQ?=AP.PB =< (2R— zx). Therefore S(zr)= + xz (2R — zx) tana. 


2R 
v= | S (2) de=— R3 tana. 3. V=-2n. 

0 
Sec. 4.8 

1. Ymax=2 for r=0, ymin= —2 for z=2. 2. There are no maxima and 
no minima. The curve cuts the z-axis at the point z=1+ )p 14 % 3.4 and 
the y-axis at the point y= —15. 3. There are no maxima and no minima. 
The curve cuts the z-axis between the points z=0 and z= —1, the y-axis 


at the point y =3. 4. Three roots. 5. Three roots. 6. Two roots. 7. One root. 
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CHAPTER 5 
Sec. 3.3. 


t 
1. T ~ 1660 years. 2. 176.5 g. 3. 53.3 g. 4. We know that N(t)—=Noe ¢, 
where Nọ is the quantity of substance at the initial time t=0. We are 
interested in the time t4, at which time (100—1) %—99% of the substance 
ti 


remaiņed: N (44) = No. Therefore 2 No=Noe t From this we find 
tytn For radium, t= 2400 years, and so tı = 2400 In ap = (years). 


Similarly, in the other three cases we find t, ~250 years, ts ~ 5500 years, 

t, ~ 11000 years. 5. Suppose at the initial time, t=0, there were Nọ atoms 

of radium in 1012 atoms of rock. At the time t—10000, this amount will 
10 000 


equal to 1. Therefore 1=Noe 7499 whence No=et œ 65. In similar fashion 
we find that 106 years ago Nọo= e41? ~ 10181. This is obviously absurd: 1012 
atoms of rock contained 10181 atoms of radium! A still more absurd result is 
obtained if we compute the amount of radium 5x 109 years ago. The absur- 
dity of the result proves the incorrectness of the original premise that the 
present amount of radium may be regarded as the residue of the disinte- 
gration of radium that was present in the earth when the earth was formed. 


CHAPTER 6 
Sec. 6.1 
t t 
1. A(t)=—h \ v2 dt, A is negative since \ v2 dt>0. 2. The motion of 
to to 


the body is periodic with period pat . It is required to determine the 


work over a half-period. Observe that during the first quarter-period the 
velocity is positive and so F= —h; in the second quarter-period, the velo- 
city is negative and so F= +h. In cach of these time intervals the force 
is a constant and so the work is equal to the product of theforce by the 
path covered by the body in that time. For the first quarter-period, A4 = 
= — hb. For the second quarter-period, A, = h (— b) = — hb (negative velocity!). 
The relore the work during the half-period A= 41+ A, = — 2hb. 3. A=bDfow, 
k 


x \ sin Wot cos W4t dt. This integral can easily be taken in the following 


anny. Write down the familiar formulas 
sin (Wot + W4t) = Sin Wot cos Wit + COS Wot Sin yt, 
sin (Wot — 1t) = Sin Wot CoS Mt —COS Wot Sin Wt 
Adding the right and left members, we get 


SIN Wot COS W,t => [sin (Mp -+ 4) t+ Sin (Wp — %1) t]. 


~ 
Co 


1 
wo + 4 


Therefore a = hoa: ( [sin (Wp + %1) t+sin (wo — @;) t] dt = Pott | 
0 
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1 COS (w0 -+ 04) tk cos (Wp — 01) tp” 
te aS osot], In case œ =@p we cannot emp- 
loy a finite formula. But in this case, sin wot cos ot=5 sin 2Wot, whence 
b ¢ 
W : 
A= Poe Sin 2Wot dt = - (1— cos 2wgth) 
i 3 
4. The work done by air resistance is A, (t) = -Ee ya, The work done by 


2 
the force of gravity is A, (t) = “ ‘2, For the ball: A, (14) = —0.00965,. 
A, (10)=- — 96.5, A; (100)=— 965 x 108, A, (1)=0.177, A, (40)=1.77, A, (100)=177. 
For the bullet: A, (1)= —1.18 x 10-3, A, (10)= — 11.8, A, (100) = —118 x 
Xx 108, A, (1)=0.435, A» (10) = 43.5, A, (100)—4350 (the work is expressed in 
__ aSp (vg—v)? b 


joules). 5. A . We determine the power W by the formula 


2 
W= Fv, w= SP Cores. We determine for what velocity v (for a given vy) 
the power will be a maximum. This requires solving the equation a“ = 0. 
We get vi=vo and n=. We are clearly not interested in v= vo since it 
makes the power vanish. The value that interests us is v= (the reader 
can carry out a full investigation with respect to the sign of a For 


vọo=30 m/sec, v=10 m/sec, Wmax=2.6 X105 kgf-m/sec=3500 metric 
horsepower. 6. The work of the force during period is A=cnfsina, 


W = +2 sin a. 


Sec. 6.3 


1. For the z-axis we take the line on which the charges are located; fir 
the origin, the point at which charge e, lies. Let charge e, be at point 


x= + 2a. Equilibrium is possible only at points z where F= —=-=0 Let x 
. ere 4eje . 
be the coordinate of the charge e. Then F= z2 Oa—aye if 0<2z< 2a, 
that is, if the charge e is located between the charges e; and e,, F= -1 
4eye 4eye 


-Ga aF if z <0, and toa + Ga if z> 2a. In the first case, the 


equation F=0 yields x,=2a/3, z= —2a. We discard the second root z> 
since it must be true that x> 0. In the cases of z <0 and zœ 2a, the equa- 
tion F=0 has no solution. Hence there is one position of equilibrium, 


2 
xı=2a/3. Investigate the point zı =2a/3. To do that, compute a at that 


: : d2? : 
point. The evaluation convinces us that if e> 0, then > 0 and the equi- 


librium is stable; but if e< 0, then the equilibrium is urstable. 2. There 
is one position of equilibrium z; outside the charges. If the system of coor- 
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dinates is chosen as in Problem 1, then 24= — 2a. If ee, > 0, then the equi- 
librium is stable; if eje <0, then the equilibrium is unstable. 


Sec. 6.4 
1. The equation of motion is m =P. Using the fact that vp=0 at t=0, 
d F F í i 
we find TEE Therefore OSE dx =— t dt, whence \ d= | t dt 
i m dt m m m 
0 


: ; F F 
since z=0 at t=0. Finally, [=> t2. 2. r=vt +z t 3. z= T+ vot + 
+e. 4. 24.5 metres. 5. The equation of motion is me = mg, whence 


gt? 2x 
we find r= =>, aes sec for z—100 metres. 6. (a) t=3.6 sec; 


(b) ¢=5.6 sec. In each case determine the velocity at the time of touchdown. 
In the case of (a), v=gt-+ vo. Let vig be the velocity at touchdown, then 
Vid = gtta+vo, where tta is the touchdown time. From the equation v= gt + vo 


2 
we find aut +e. Let a ball fall from a height H. Then x=4H at t==tig 
— vot VoF 2H | f 


£ 
vid = gtta Hvo = Vv + 2gH. In the case of (b), v=gt— vo, and the rest is 


analogous. The terminal velocity is the same as in (a). 7. EA t3 =- vot. 


and so 2H =2votta + gt}, whence tta = or this reason, 


6m 
2m f f f 
8. f PRN ae = —— SS SS ——_< = —— {| — 
(a) z ma YS ot, T y > Tmax = no? ? Vmax S hno ’ (b) x ni t 
-5 sinwt. 9. Let the desired velocity be vp. Then the law of motion of 


the body is z= zọ+ vo (t — to) + (t— to). At t=t;, x-2;, therefore z; = 


L4— Ly F 
sed lesi: 
2m (t1 -— to) 


F 
= zo + vo (ty — to) + A (ti— to)? whence vo= 


tı — to 
Sec. 6.6 
1 F? 2 — F 2 K f in? K f? 
° = Sm t+ = (x — Zo). e = Img? sın we; max = 2 


= aceon 292 
3. K -miat sin? Groe Xei (a) A=4.108 kgf-m, W = 300 metric 


horsepower; (b) A=7.108 kgf-m, W=520 metric horsepower. 6. Let us 
determine the work of each force separately. To do this, first 


find the velocity of the body. From the equation m at + 


+a (0—t)= að we find v=v4 St. The work done by the force F, is Ay = 


6 A 
2 204 
= \ at (vo +2 r) dt = aot -+ ~ . Similarly, we find the work A, done 
0 


avp0? _, a4 
2 + 6m 


by the force F,. A,= . Form the product of the impulse by 
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the mean velocity: 


6 
2 2 
n= f| aa- T,= | a0- pa =F 
2 2 
0 0 
i (9) 
\ (+= t) dt 
ER. _* g2 
i 8 =%0T Dm : 


- aĝ? a - aĝ? a 
Tw =F (v+ e). Iv = J (v+ 02) 


It is evident that (J,+/,)v=A,+A, although Iv Æ A4, Inv + Á, as was 

pointed out in Sec. 6.6. 7. At the start of the experiment, the mass m had 
2 

a velocity vo (it was moving with the train) and a kinetic energy K=, 


After the action of the man, the velocity of the mass becomes vg4+ vi, K= 


Lpi? 
otr, where n=, The change in kinetic energy is AK = 


2 2 - 
K — K Worry i, This is the work performed on the mass 


by the train and the man together. To find the work done by the man, note 
{hat the velocity of the mass with respect to the man riding in the train 
was equal to zero prior to the experiment and became equal to vı after the 
2 2 
experiment. Therefore, the work done by the man is 4 = T --0= 7 = 
242 
= . It is now easy to determine the work done by the locomotive, A,: 
A= AK — A1 = mvg = voFt. This latter result can also be obtained by other 
t 


reasoning. Indeed, the work done by the locomotive is A,= \ vF dt. Since the 


0 
t 


velocity v=vo is constant, it follows that A= vo \ F dt=voFt. 8. Prior to 
0 
the experiment, the velocity of the mass m and that of the man were zero. 


After the experiment, the mass m _ acquired a velocity vı, the 
man, a velocity və» We find these velocities from the equations 


m = =: F and M i = —F because if the man acts on a mass m with a 
force F, then the mass m acts on the man with a force —F. We find 
v= Ir AE i -r The work done by the force F on the mass m and on 
; mv? F?t? i E 
the man is A=K;ı +K», where ka zm Í$ the change in kinetic 
Mv PFP? . : ee 
energy of the mass m, K,=—y— = oy is the change in kinetic energy of 
242 
the man. From this we have ania 9. The change in kinetic 


2 
energy of mass m is AKm=mvw +, where n= t. The change in 
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2 
kinetic energy of the man is AKy= “ee + Mvo, where v= = t, 
ga- PP (M+m) 
E 2Mm : $ 
Sec. 6.7 
dt 1 


1. Write the equation thus: whence [taking into account 


“dv B a 


the initial condition v(0)—vo] we find TES | BELLA To be able to per- 


B J yu 
vo 
form the integration, it is necessary to write the integrand as ———> 
vi — v2 
b , 
ai + and determine the numbers a and b (see the exercises in 
vi —v upv 
Sec. 3.15). It is then easy to take the integral. We get ln Y= in A 
TE 
+ 2Bu,t, where Ani t to, Taking antilogs, we find Pit? = Ae? Bost whence 
1— Ug 1— 
AezBut__ 4 


=v] VEEN . For very large t, the quantity e°P®1t ® 1 and therefore for 


such ¢ we will have v ~ v4. Rewrite the solution of the equation in the form 


A— e` Bust , i 

v=- We Subtracting v, from both sides, we get v—vı 
e` 2Boat : ; 

= — 2v1 Ape or ' For very large ¢ in the denominator, we can neglect 

e~*Buit as compared with A. For this reason, for very large t, v—v, 

= —2v ee or v—v — 221 (Yo va) — 2Bort Comparing this with (6.7- 

1 A 1 +0 paring with (6.7-20), 
we find C= Sy) 2. For the case of resistance proportional to the 
velocity, the equation of motion takes the form? = g—— — , where A 
is the expulsive force. In this case, the velocity becomes steady at 
y=, By the Archimedean law, A= Vọp'g, where V is the volume 


of the body, p’ is the density of the liquid. Since m=V, (p is the density 
of the body), it follows that A=mg-p'/p and n=% ( -£ ) . For p¢'>p 
the body comes to the surface (v <0), but for p’ <p it submerges (vi> 0). 


Sec. 6.8 


2. (a) Stopping point is z=; (b) stopping point is z æ 0.95; (c) there 


is no stopping point. 3. First determine the position of maximum 
of u(z). We get umax%9.5 for zrọ=8/3. Noting that the left 
branch of the graph goes up and the right, down, we can construct a rough 
graph of u(x). This graph is enough to solve the problem at hand. (a) Two 
stopping points. These are the values of the smallest roots of the equation 


30—01049 
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—zx3+ 4z*—6. This equation can be solved either by graph or with the aid 
of one of the numerical methods. We get z4 ~ — 1.09, zœ 1.57. The body 
oscillates between the points zı and z. (b) One stopping point, z ~ — 2.04. 
But this stopping point is to the left of the point from which the body 
issued at the initial time. Since the initial velocity is directed rightwards, 
the body will go to the right without having been at the stopping point. 
(c) One stopping point, z= — 2.04. In this case, the body will go to the 
left to the stopping point and then rightwards. 4. (a) There are no stopping 
points. The body will go off to the right. (b) Two stopping points, 


zı= + 9/11, c2= = — 9/11. The motion of the body is in the form of 


x ERSS 
: : s 14+ x2 
oscillations between the points z4 and z. For (a) t= tọ+ Í VES dz. 
0 
¢ . 30-2022 t £202 2022 
For (b) t=to-+ \ V a da; for z< 2%, =t | de 
0.5 x1 


for zı < x< z, where tı is the time at which xz; is reached, and so forth. 
It is to be noted that the integrals remain finite although the integrand 
becomes infinite at the stopping points. 


Sec. 6.9 

1. (a) z=2 sin t; (b) z=cos t; (c) z—cost-+2sint. This solution may be 
written as z=C cos (t+@) where C= V5, a=arctan(—2) ~ — 1.11, i.e., 
z= V5 cos (t—1.11). In all three cases, T=2n. 
Sec. 6.10 

1. We assume the oscillations obey the law z=C cos (@t4-«). Then 
v= —Cwsin(wt+a). Take advantage of the relation kC -y = Fyp, where 


Fi=—h| v|, Fyv=—hv? |v |= —hC303 | sin? (wt +a) | 
Therefore kC AE — —hC303A, where we put A= |sin3 (wt+-a)|. Note that 
sin (œt æ) preserves sign when ¢ varies from t=- to t= TA and 
a . Therefore 
te n-a 
| sin3 (ot +a) dt eo 
E eee eee ee nd 
A= aay = \ sin? (wi-+ a) dt 
10 4 
o 
Setting cos (wt +a)=xz in the last integral, we get 
—1í1 
apad | 2) dr=-4 
Be ee i ({—<z ) dz= 3 
1 
dC hC2@34 hw?4 dC dt 
ee. SS a e- o == —_ — 2 —_ = 
Therefore Ti arh Set anh b, then Ji bC2 whence 7G 
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= "e The solution of this equation is — ee Expressing C in 
terms of t, we find Ge = . Here, Co is used to denote the value of ampli- 
1+ Cobt 


tude at the initial time, t—0; it is determined from the initial conditions. 
Observe that the same law was obtained for decay of velocity in the case of 
a resistance proportional to the square of the velocity [see formula (6.7-12)]. 
2. In this case, the work during a quar- 
ter-period is equal to — fC, and so the 


mean power is —[Cy= — fC 2o. . We 
get the equation kC a = 2208 2 
t IU 
whence ee 2. Piha . From this we have 
dt kr 
C=t,— 22». The oscillations cease 
at time ¢; when C=O, and so n= ee 
(it is assumed that ti » T). 3. Let 
the pendulum at z=0Q0 (position of equ- Fig. 256 


ilibrium) have a potential energy wo 

and a kinetic energy zcro. Deflect the pendulum a certain angle. Its horizontal 
deflection is then z (Fig. 256). In this position, the potential energy u,= 
—=uUg-+mgz, where z=l— ///2— x2; the kinetic energy is equal to = (=) ; 
During the process of oscillation, the sum of the kinetic anid potential energies 
does not change and so u+ mg (— VP 2) +5 (+) =— ug OF (=) = 
= 2g (l— //12— 22). Now take advantage of the fact that z «l (small oscil- 


lations), i.e., -<« 1. This makes it possible to write Vit— zr? as a Maclaurin 


es 2 2 2 
series: veae=iy/ 1- (2) wl (1-35) =- (we retained two 


al 
. ; : dz \ 2 x2 
terms of the series). The oscillation equation takes the form (=) =g7-. 
2 
Take the derivatives of both members with respect to ¢ to get ac. a = 


d d? 
=> —, whence <a. This is the equation of small oscillations 


l 
of the pendulum. 
Sec. 6.11 


1. From the first equation of the system we get Cy cosa=z,)—a. Using this 


fact, it is easy to find from the second equation that Cosin a@a=b 2 — 
1 w1 
Ip—a . ; W V To—a \2 
— . Squaring these relations, we get c3= ( Racha pena ape yl! 
ore q g , we get C3 ay Oo Yo, T 
b wW Vo To—a 
; O, Oo, | o 
+(x »—a)?. Taking the root, we find Co; tan a = ———=——— H "1 
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Sec. 6.13 

- The problem reduces to determining z from the equation In(1+z)= 
arr a . Solve this equation by graph. To do so, determine the point of 
intersection of the curves y—In(1+-z) and ge. From the graph of 


1+-2z 
Fig. 257 it is evident that z~4. Therefore Nmax =0.65æ. 2. r ~ 30,000 km. 


Sec. 6.14 


1. For p=30°, maz = 565 metres, Ymax =81.5 metres; for p=45°, tmax = 
= 650 metres, ymax= 163 metres; for @=60°, ztmax—=—565 metres, ymax= 


Fig. 257 


= 244 metres. 2. The equation of-the flight path is of the form y==z tan p— 


ae ore For a given z=500 metres, we seek ọ for which y becom s 
dy 


a maximum. This requires solving the equation ——=—0. We obtain tang= 


dp 
arr Using the identity cos =tan? p+1, we get eo a 


2 


Using this, we can find, from the. equation of the flight path, Ymaz =p 


2 
28 Setting vọ=80 m/sec, x-=500 metres, we find ymgx—135 metres. 


a 
Sec. 6.15 
1. Putting the origin at the centre of gravity of the rod, we get 


I= \ x*p dx =p \ x? dz =p 75 
1 1 
2 


[2 gat 
Since m=pl, the result can be written as Ip=m 5 . 2. Put the origin at 


the point of contact of pieces of different density so that for the first piece 


2. 2 
a <0 and for the second, z>0. Then toms 3. Choosing the 
2h2 
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system of coordinates as indicated, we get ze=5 L, the moment of inertia 


L 
. . . aL4 o . aL2 e 
about the origin is [= \ x?p (x) dz = 7: Since m=- > it follows that 


2 
ao and therefore rae, But [97 =1—ml?, where =£ L, whence 
mL2 
Io =- ; 


Sec. 6.16 


1. (a) Denote by JL the length of the pendulum. We know that 
mgl 2 mL2 


ony ZE and in our case l= L, I= 5 (see the exercises of Sec. 


6.15). Therefore œ= 4g _4/ 86 | na Ee 
W 4g g 


The value of Z to which a maximum frequency corresponds is determined 


do aen mL? . 
from the formula lmax = ae Since in our case Jọ = ——, it follows 


18 


Vi an 


that AEIR- AA d SO Omax = y ve Knowing @®max, we find 
4 mL? 1 

in = i = — = 2o — 2 

Tmin Omax ° (b) In this case, l 3 L, I Io + ml 18 + 9 mL 


DE A on =. The minimal period here will be the same as in 


case (a) for a different point of suspension and with the same value of Imax. 


CHAPTER 7 
Sec. 7.3 


1. p=1.13p9, p=1.48p9, p=3.67p where Po is the air pressure at gro- 
und level. 2. The pressure is given as a function of the altitude by the 


BA 
formula p= poe °, where pa . For a temperature of —40°C, 
7 
7 =273—40= 233, p= OXI KE _ 6.6 x 108 emisse? Im this tas HS 


=2=6.6 km. For a temperature of +40°C, T=313, b=8.8 x 108 cm?/sec?, 


H =8.8 km. 3. From the equation Z —al we find T=—aT h-+C. 


The constant C is found from the condition that T=T7) at h=—O. We get 
C=T 9, and so T=T )(1— ah). The basic equation for determining the den- 


Botte OE 
sity is —-= —gp. Take advantage of the Clapeyron equation p=p =. 


P 
dh : 
Substituting the expression for T into this equation we find p=p ol =o) : 


RT | 
Set a =b and then p=pby(1—a@h), whence "= an The diffe- 
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dp 


; , d PEEN 
rential equation takes the form p Rewrite it as “oo 


1 a a LER 
dh bo (1— ah) ` 
gdh 


eh BON. i See = 
=- piah" Take the integrals of both sides of ln p= ba In (1—ah)+C. 


Taking antilogs, we get p=(1—ah) °0% e°. Since for h=0, p= po, then 
8 


e°— py and so p=pp(1—ah) * . 4. p= py (14 —0.037 X 10-5h)8*48, p= 1.13p9, 
p= 1.44po, Po = 2.97 po. 


CHAPTER 8 


Sec. 8.2 
t 


1. The current in the circuit decays according to the law jeje Re. 
ti 


A ; 9, 9. RE 9 
At the time of interest, t4, i={o/o and so qo Jom ive , whence 107 
t4 


e i, Taking logs, we find ln 2 


= t 9 
107 =e , whence ti=RCln o” 
a~ 0.105RC. Using this formula we find that R = 107 ohms, t =1 sec; for R= 
=108 ohms, tį =10.5 sec; for R=109 ohms, ti =105 sec. The time t», when 
t he current has fallen off by one half, is determined analogously: 0.5jọ= 

t2 

=joe EC, whence t,=0.693RC. For R=10? ohms, t¿=6.93 sec; for R= 
= 108 ohms, t= 69.3 sec; for R=109 ohms, t,—693 sec. 2. Take advantage 
of the formula (8.1-11) to get o¢,+9r+ 9c, =0, whence pr = — (Pc, + Peo)» 

dPc, 


The current in the circuit is everywhere the same and so j=C, T 


dpo, ~~ 


=C Ae PR oe, We 


=C: R obtain the equations 


1 dPc, 1 . A 
= (Poa t %¢,)) 4 = Ry (Pc, + Pc,)- Adding these equations, 
d (Po, + Pea) Di Pce + Pca CC 

~ RC 


dt Cy+Cy 
citance of two capacitors C, and C, connected in series). Since Pc, t+ Po, = 4 
t 


we get where we put C= (C is the capa- 


at t=0, then from the last equation we find Pot Po, =e RC, It is clear 
dPc; 


dPo d 22 
that Ci — Cy dt =0 or dt (Cipe, — C290) = 0. And So C19c,—©29¢, =. 


=A, where A isa constant. Using the initial condition Pc, =t Pea = Oat t=0, 
t 


we find A=Cya. Thus, 9¢,+9¢,=4e C, Cipe, — Capo, =C1a. From 
t 


R _ Cy Co ~ RC — Ci 


t 


x ( —1te 75), 3. Use the subscript 1 to denote all quantities of the cir- 
cuit prior to increase of all linear dimensions, the subscript 2 to denote 
those same quantities after the dimensions have been increased. Then T= 
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at S — esz = e-n2S, L: _ li PE lo =. 
=R,C1, T2=R:C3, Gian = Gagne OE Mp a ue 


nl, R; ; Rı i 
=0 no n” For this reason, T,= RC,=— nC,=R,C,=T,. The time 
constant remained unchanged. 

Sec. 8.8 
1. cosa= Po . 2. The potential difference on the plates of 


L, 
ETEN 
the capacitor is equal to ọ. For the circuit shown in Fig. 198, pe+ 9L + 


+ Qc=0 or, noting that pg= — Eo, L Ži p= Ep. Since j=0 2 , then 


d2 


2 
LC Pt p= Bo. Write this equation in the form LC 
d2z 


Set z=qg—E£p; then the equation takes the form LC Tn Its solu- 
tion is z==Á cos wt + B sin wt, where w=1/V LC. Therefore ọ =A cos wt + 
+B sin ot+ Eo. When t=0, p=0, j=0. Using this fact, we find A= — Ep, 
B=0. Finally, p= Eo (1—cos œt). The maximum value of @ is obtained for 
cos gt=—i1, i.e. when t=n/o=T/2 (in one half-period), Pmax=2E0. 
3. The capacitance energy is W=Cq?2/2=—4CE2/2=2CE%. The energy re- 
leased by the voltage source is P=qEo = CE0 =2C E}. 


Sec. 8.9 
sci ct WO: SES Ft oot 
1. j (j= To ® sin wt, where A= JE ' = TE A2. For the three 
given cases we get j (t)—= —1.0025~9-9' sin t; 7 (t)—= — 1.031e7 -25t sin 0.978; 
j (t)= — 1.15e7 0-5t sin 0.87¢. 2. j (t)=jo (cos or—-5 sin wt) e~**, See 1 for 


the formulas for A and w. For the specified cases, j (t) =e 9-95 (_ cos t+ 
+ 0.05sint); j (t) = e~9:75#(— cos 0.97t + 0.26 sin 0.972); j (t) =e70-5t 
x (— cos 0.86t +0.58 sin 0.86t). 3. If R is great, then the current flowing 
through the resistance is small, i.e., the current flows mainly through the 
inductance. Therefore, the greater R, the closer is the circuit to that of 
Fig. 196, where o=Q cos (wt-4+-@). If R is great, then in the circuit of 
Fig. 200 we can assume that @ is of the same form but go is a slowly time- 


varying quantity. Take advantage of the relation “= —h. But h=Rj?, 


where jı is the current flowing through the resistance R, j1=9/R. There- 


—% _ Picos (otta) z9 aP FO i 
fore ae n R , h= 2R ° Thus, qT OR” as that 
__ Cpi dP _ dpo _ _ Po dpo _ 
P = z7 We find -gr = EP o a. OR whence -u Re And 
t 
eads ORG, aaan 
SO Po = Ae ; \= sao ° 
Sec. 8.10 


1. p (t)=e7# + tet; p (t)== — 0.082 9-894 4 4.03e- 9-174, p (t) = —0.01e7?: 4 
+1.01e-0.1t 2, @ (t)=e7t+2tet; p (t) = —0.37e73:73t 41.3767021. 
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CHAPTER 9 
Sec. 9.2 


_4. Near the point z=zọ we expand the function ọ (zx) in a series to wit- 
hin second order of smallness: g (t)=@ (x9) +.’ (x0) (z — 2X9) =’ (z0) (z — z0). 


Thus, denoting ọ'(zọ) =c, t—xp=y, we get 5(g (x) =ô (n= 77 8) = 


4 
Tear 2. The function g(z)=sinz vanishes for zy=kn, 
k=0, +1, ..., + œ; |’ (29) |=] cos xy |=| cos kn] =1; therefore 6 (sin z) = 
--oo -+0o -o0 
= > ô (x — kn) and \ p (x) 6 (sin x) dr = >> p (kr). 
h=— oo —0o kh=—0o 
Sec. 9.3 
1. (a) y’ (xz) =1—6 (c#—1). (b) Solution: y(+0)=1, y(—0)=0, jump of 


eix 


PTEI ; therefore we finally 


y at r=0: Ay=1. For z 0. y'(z)=— 


el/x 


have y’ (r)=6 O- agpi 


Sec. 9.5 


1. Equating to zero (equilibrium!) the sum of the projections of the 
force on the y-axis, we obtain, for the case of small deviations (y « l): 


1—k Ypk- 0, whence 


Ti l— zı 
o k k \  24(l—2z) 
n)=1]( 7 +i) =a 8 
(et \/( kk \_ 2(l—z) z 
(2) (5) - oe 
y (x, zı) = 


l— r \ k k \__ zı(l— r) 
Gae En a 


This function y (z, xı) is called Green’s function of the problem of the string. 
For an arbitrarily distributed force f(z), the deviation of the string is given 
l 


by the formula y (x)= \ f (x1) y (x, x4) dz,. Observe that using Green’s func-. 


0 
tion we obtained a solution for the function y (x) without even knowing what 
k ? 
2. The general solution of the equation without a compulsive force is z (t)= 
=c sin ot +c, cosot, o= k/m, where c} and c, are arbitrary constants. 
Since the delta function is nonzero only when t= q, the solution of the equa- 
tion with a delta-like force and a state of rest at t= — œ is of the form. 
(t) | 0, —o<t<t 
£ = 
cı sin wt +c CoS at, t<t<-+oo 


Sade, l ; d@y _ f(z) 2 = 
equation it obeys | this equation has the form ae ad (0)=0, y ()=0 |. 
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The delta-like force imparts a unit impulse to the body, and so when a delta 
force acts on a body at rest, the body acquires an initial velocity vọ= 


= OP . The initial position remains equal, to zero. The solution of the 


m 
oscillation equation at time t=t with such initial conditions is 
0, —o<ct<t 
x(t, t)= : ee = 
(t, 1) i mp 2 (t—1), tT t <+ 
In other words, in the preceding formula, = ; o=, The 
solution of the problem with an arbitrary force f(t) is given by the formula 


+00 t 
(t= \ f(T) x(t, T) dt= \ f(t) — sin o (t— 1) dt 


— 00 — 00 


10. 


11. 


. y=lnz 
. y=loggz 
-y=sing 


«e y=Ccosz 


y=tanz 


y=cotz 


Appendix 


Greek Alphabet 


Eta . H, 
Theta ©, 0 
Iota I, t 
Kappa K, x 
Lambda A, A 
u M, p 

dy _ 

dz 

dy 

dr 

dY a-y 

ag OOR 

dy _ Ş 

de ° 

dy = = 

8 Jogio0 a:a 

dy 1 

dr x 

dy 0.434 1 

dx logoa z 

dy 

Jz CS7 

dy ; 

de ee 

dy 1 

dx  cos2z 

dy 1 


dr  sin2z 


QATAR OTe 


Tau T, T 
Upsilon Y, v 

hi ,Ọ 
Chi X, X 
Psi Y, Yp 
Omega Q, œ 


= 


= 


) 
j 
j 
j 
, | aniei "m coskz4C 
| 
j 
j 
J 
J 
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: dy 1 
-y=arcsinzr —=— 
dr VW/1—22 

sakana eS . ° 
kg dz y1— z2 

= dy 4 
- y=arctan z Fe BET: 

= dy 1 
« y=arccot z a ia 


Table II. Integrals of Some Functions 


| de=2+40 
xati 
| 22 e CURE 
dz 

| Z=mete 

d 1 
(sinh (az +b)+C 
f a diera TC 


anekx dir=- ange — Z \ gn-lekx dr 


dx 4 Rx 


e 
(pee p pa 
Rx gj d ene i C 
e"x sin az oa TT a a Cos ac) + 


kx 
k —— E : 
e” x cos ere ET ee en eee 


cos kz dir= sin kz+ C 


dx 1 
anthro Re 


dx B 1 
coszkx k 
1 


tan kz +C 


sin? kz dz = se sin 2kz-+C 


2° 4k 
cos? kx jp pees sin 2kz-+C 
2 4k 
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‘ zn n ` 
xn sin kz dz = —-y cos bete \ xnl cos kz dz 


sin (k—l)x sin(k+l)z 
aay aa To 
|k -~ [2] (if [k]=]Z|, see No. 15) 
ee ee 
2 (k— l) 2(k+1) 
[A|<|2| (if | &l=|72], see No. 16) 
cos(k+l)zx cos(k—l)z 


sin kz cos lz apy a e if |k|/-~ll| 


22. \ tan kz dx = —=In cos kx +C 


qn n : 
18. | z^ cos kx dz =-ņ sin kx — -5 \ z”-1 sin kz dz 
{ sin kz sin lz dz = 


20. cos kx cos lz dz = 


4C if 


cot kz dir= ln sin kz +C 


24. \ Var Fö dea YV (ax+b)3 +C 
dz _2Vax+b 

2 ee 

ü T Var+b a 

26. \ ot arcsin —+C 


VY a2 — x2 
27. \ r V iTi de — 2 Bar — 2) Varo) | 6 


+C 


15a2 
28. \ V2 ždi =- (z VY a2 — z2 + a2 arcsin =| +C 


2- r2 ee Z r2 
5. | eee al AoE, 


z V2Fmdr= VF ms+C 


—— = In (14 V 2Fm)+C 
x m 


32. | Vite yafaa] Taa EAT, 
. | V= Fndz 
= [s V22+m+m ln (z+ Vz2+m)]+C 


2— q2 nny 
34. (Lt eya arccos Z +c 
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ii \ x2 — a2 Og aS 
dz 1 z 5 
36. \ ma ar arccot zte 
dx 2 2ax-+-b . 
37. — = arctan —— +C if 4ac—b2>0 
f axz*+-br-+-e /4ac—b2 Vitae i - 
‘| dx _ 1 ñ 2ax + b— V b2—4ac +c 
ax*+br-+c b2—4ac 2ar+ b+ Vb2—4ac 
if 4ac—b2 <0 
38 dx E 2ax+ b 
i \ (az2-+-br+-c)® — (n—1) (4ac —b2) (ax? -+ bx + c)n- 
a (2n —3) 2a dz 
(n — 1) (4ac — b?) \ (ax? + bx-+-c)n-1 
x dz 1 b dz 
a 2 as es eae ee à 
39. \ ae be se 2a In (az? + bz-+c) Da \ aaor oc (see No. 37) 
dz 1 x? b ax 
oe \ x (ax? bx-+-c) = oe n az2+br+c -5 | ax?-+-bx-+c (566 Noe S) 
At dz _ 1 
i \ zm (ax? pbr} e) = (m—1) exm-1 (az2+ bx +-c)n-1 
sae A a a, l oee oe 
(m—1)c \ gm-2 (az2+ bx+c)n (m—1)c xm- (ax? 4 bx +c)” 
(m> 1) 
n __n(ax-+b) n-——; 
42. \ y ar pbdr= mary: y az+b+C 
43. fz dz _n ee. 1 c 
yar+b (n—i)a Yar+Fb 
44. \ ln z dr =z lnzr—r+C 
45. \ (ln z)%dxr=z (ln x)"—n \ (ln x)n-1 dz 
46. \ arcsin — dx= xz arcsin —+ yaC 
47. \ arccos— dr=x arccos — -— Va—r+1C 
48. f arctan — dz = z arctan— - = In (a2?-+ 72) 1C 
49. f arccot — dr= < arccot =+- In (a2 + z2) +C 
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Table III. Series Expansions 


mins 


1. (14+2)™=1+me+ 
m (m—1) (m— 2) z3 


Tee N (—1<r<tp 
3 5 4? 
2. sin oe Py, (any =) 
x zt xê 
3: cost=1—S > +a at: (any z) 


1 2 17 
4. tan z a r+? +357 +8357 +.. 


T IT 
(-7<:<$) 
e  x% 23 x4 
2. f=—At+7tatatat:: (any z) 
x2 3 zt 
6. In os aay a Se a aa (—1<zr< 1) 
r? 8 zt 
7. In ({1—z)=—z ie a cy a (—1<2< 1). 
1-3-25 41-3-0-27 
8. arcsin r=7--- cae 5.4.5 Porr h is (—i<r<1) 
3 5 
9. arctan s=- 4E 4... (—1<2< 1) 
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Table IV 
x | e” | e ~*~ | x ° e” | ge 
| 

0 4.000 1.000 2.4 11.023 0.0907 
0.1 1.105 0.905 2.6 13.464 0.0743 
0.2 1.2214 0.819 2.8 16.445 0.0608 
0.3 1.350 0.741 3.0 20.086 0.0498 
0.4 1.492 0.670 3.2 24.533 0.0408 
0.5 1.649 0.607 3.4 29,964 0.0334 
0.6 1.822 0.549 3.6 36.598 0.0273 
0.7 2.014 0.497 3.8 44.701 0.0224 
0.8 2.226 0.449 4.0 54.598 0.0183 
0.9 2.460 0.407 4.9 90.017 0.0114 
1.0 2.718 0.368 5.0 148.41 0.00674 
1.4 3.004 0.333 5.95 244.69 0.00409 
1.2 3.320 0.301 6.0 403.43 0.00248 
4.3. 3.669 0.273 6.5 665.14 0.00150 
1.4 4.055 0.247 7.0 4096.6 0.000912 
1.5 4.482 0.223 7.9 1 808.0 0.000553 
1.6 4.953 0.202 8.0 2981.0 0.000335 
1.7 9.474 0.183 8.5 4914.8 0.000203 
1.8 6.050 0.165 9.0 8103.1 0.000123 
1.9 6.686 0.150 9.5 13 360 0.000075 
2.0 7.389 0.135 10.0 29 026 0.000045 
2.2 9.025 0.1108 


1.0 0 2.2 0.788 5.0 1.609 
1.4 0.0953 2.4 0.875 5.9 1.705 
1.2 0.182 2.6 0.956 6.0 1.792 
1.3 0.262 2.8 1.030 6.5 1.872 
1.4 0.336 3.0 1.099 7.0 1.946 
1.5 0.405 3.2 1.163 1.5 2.015 
1.6 0.470 3.4 1.224 8.0 2.079 
1.7 0.531 3.6 1.281 8.5 2.140 
1.8 0.588 3.8 1.335 9.0 2.197 
1.9 0.642 4.0 1.386 9.5 2.251 
2.0 0.693 4.95 1.504 10.0 2.303 
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sin x 


0.000 
0.0998 
0.199 
0.296 
0.389 
0.479 
0.565 
0.644 
0.717 
0.783 
0.841 
0.894 
0.932 
0.964 
0.985 


0.997 


0.9996 
0.992 
0.974 
0.946 
0.909 
0.863 
0.808 
0.746 
0.675 
0.598 
0.516 
0.427 
0.335 
0.239 
0.141 
0.0416 
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1.000 0.000 
0.995 0.100 
0.980 0.203 
0.955 0.309 
0.921 0.423 
0.878 0.546 
0.825 0.684 
0.765 0.842 
0.697 1.030 
0.622 1.260 
0.540 1.557 
0.454 1.965 
0.362 2.002 
0.268 3.602 
0.170 5.798 
0.0707; 14.101 
—0. 0292 | —34. 233 
—0.129 | --7.697 
—0.227 | —4.286 
—0.323 | —2.927 
—0.416 | —2.185 
—0.505 | —1.710 
—0.589 | —1.374 
—0.666 | —1.119 
—0.737 | —0.916 
—0.801 | —0.747 
—0.857 | —0.602 
—0.904 | —0.473 
—0.942 | —0.356 
—0.971 | —0.246 
—0.990 | —0.143 
—0.999 | —0.0416 


Table VI 
tan x 
—0.0584 | —0.998 0.0585 
—0.158 | —0.987 0.160 
—0.256 | —0.967 0.264 
—0.351 | —0.936 0.375 
—0.443 | —0.897 0.493 
—0.530 | —0.848 0.625 
—0.612 | —0.791 0.774 
—0.688 | —0.726 0.947 
—0.757 | —0.654 1.158 
—0.818 | —0.575 1.424 
—0.872 | —0.490 1.778 
—0.916 | —0.401 2.286 
—0.952 | —0.307 3.096 
—0.978 | —0.211 4.637 
—0.994 | —0.112 8.860 
—1.000 | —0.0124| 80.713 
—0.996 0.0875 | —11.385 — 
—0. 982 0.187 — 5.267 
—0.959 0.284 | —3.381 
—0.926 0.378 | —2.449 
— 0.883 0.469 | —1.886 
— 0.832 0.554 | —1.501 
—0.773 0.635 | —1.218 
—0.706 0.709 | —0.996 
— 0.6314 0.776 —0. 814 
—0. 551 0.835 | —0.660 
— 0.465 0.886 | —0.525 
—0.374 0.927 | —0.403 
—0.279 0.960 | —0.291 
—0. 182 0.983 | —0.185 
—0.0831 0.997 | —0.0834 
—0. 0168 1.000 0.0168 


sin x | Cos x 


INDEX 


abscissas, axis of 16 
absolute value 21 
absorption of light 248, 253 
absorption equation and its solution 
250 
acceleration 104 
of gravity 270, 322, 324 
Achilles 357 
acoustics 442 
activation energy 357 
aether (see ether) 
air, density of 102 
air density 
of atmosphere 345 
distribution of 344ff 
algebra (“Recreational Algebra” by 
Perelman) 120 
algebraic functions with constant 
exponents, derivatives of 117ff 
algorithm 422 
algorithmic representation of a func- 
tion 422 
alpha particle 226, 255 
alpha rays, attenuation of 254 
alternating current 402ff 
mean value of 407 
alternating-current experiments 406 
alternating-current oscillatory circuit 
ammeter 408 
ampere, 361 
definition of 
amplitude 303 
of oscillations 303 
analysis, dimensional 253 
angle of departure 330 
. angstrom (unit) 253 
anode 359 
antiderivative 
tion) 86 


100 


(see primitive func- 


antiparticle 423 
approximate approach 235 
approximate calculations 241 
compared with exact calculations 
201 
approximate formulas for are length 


approximate solutions 252, 315 
approximate theory 235 
approximations (first, second, third, 
zeroth) 154 
arc length 195ff 
approximate formulas for 199 
approximation of 199 
by series 202 
examples of 201 ff 
Arccos 134 
Arccot 134 
Archimedean law 296 
Arcsin 1314 
arcsin 132 
arcsine 132 
Arctan 1314 
arctangent function 132 
area(s) 
of a circle 191 
computing 189ff 
of an ellipse 1914 
of a solid of revolution 204 
of a sphere 207 
under a curve 68 
under one arch of a sine curve 191 
argument 13 
arithmetic progression 119 
Arrhenius, Svanté August 357, 358 
Arrhenius law 358 
atmosphere, equilibrium in (condi- 
tion for) 344 
attenuation of charged-particle flux 
of alpha and beta rays 254ff 
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average velocity 95 
Avogadro law 346 
Avogadro number 239, 347, 354, 358 
axis 
of abscissas 16 
of ordinates 16 
z-axis 16 
y-axis 16 


ballistic pendulum 304 
bandwidth of resonance 412 
bell-shaped graphs 430 
beta particles (see electrons) 256 
beta rays, attenuation of 254 
binomial expansion 168 

(using Maclaurin’s series) 168 
binomial theorem 168 

for integral and fractional exponents 

167 ff 
Bohr, Niels 222 
Boltzmann, Ludwig 355 
Boltzmann constant 347, 354 
Bolyai, Janos 444 
Boyle, Robert (law of Boyle-Mariotte) 
345, 

breakdown potential 375 
Brown, Robert 353 
Brownian movement 353 
buildup time 382 


calculations 
approximate 241, 251 
exact and approximate (relation- 
ship between) 251 
californium 226 
capacitance 363 
dimensions of 394 
energy of 394 
and inductance compared 390 
and inductance in parallel 413ff 
storage of electric energy in 409 
capacitance circuit, oscillation in 
(with a spark gap) 373ff 
capacitor 101, 362 
charge on 401 
current flowing through 369 
discharge of through a resistor 369ff 
energy of 376, 395 
capacity, thermal 377 
catonary curve 196 
cathode, emission current of 358 
cathode-ray oscillograph 404 
Cavalieri, B. 205 
Cavalieri’s principle 205 


INDEX 


cell 
ideal 365 
memory 419 
voltaic 364 
Celsius (degrees Celsius) 346 
centre of gravity of a rod 333, 
335 
centre of mass of a rod 335 
cgs system of units 259 
chain reaction(s) 
in chemistry 357 
in fission of uranium 236 
change of variable 
in a definite integral 145 
under integral sign 139 
characteristic curve 417 
characteristic points of a graph 
208 
charge 
on capacitor 101 
elementary 3614 
chemical reactions, 
circle 33 
area of 194 
circumference of 196 
equation of 35 
circuit 
capacitance (see capacitance circuit) 
without capacitance 396 oo, OM: : 
electric (see electric circuit) ‘gi $ 
inductance (see inductance circuit) 
LC 403, 406 
oscillatory (see oscillatory circuit) 
393ff 
ring 392 
tunnel-diode 4214 
circular frequency 303 
circumference of a circle 196 
Clapeyron law 346, 347, 351, 354, 
356 
coil 366 
coil inductance 367 
collision 
of molecules 354 
of two balls 354 
composite function 109 
derivative of 109 
compound interest 122 
compression of a curve 40 
computation 
of derivative by first principles 80 
series suitable for 163, 164 
computational problems and higher 
mathematics 67 
computer, computations by 248 
computing areas 189ff 
computing volumes 204ff 
condensation, rate of 359 


rates of 356ff 


INDEX 


condition, initial 241 
conductance 363, 414 
cone, volume of 13 
conjugation 187 
conservation of energy, law of 286, 
297 
constant 
Boltzmann 347, 354 
dielectric 373 


time, 371 
universal gas 346, 359 
convergent series 162 
convex down (of a curve) 32, 198 
convex up (of a curve) 32, 198 
convexity 
direction of 198 
of a parabola 32 
point of 174 
sense of 198 
coordinate(s) 16 
curvilinear 444 
generalized 444 
geometric quantities expressed in 
terms of 18 
origin of 16 
rectangular 444 
z-coordinate 45 
corner (see salient point) 183, 
cos z, tables of 480 
cosines, line of 127 
cosmic velocity 
first 323 
second 325 
third 325 
coulomb 101, 3614 
Courant, Richard 10 
critical mass 242, 243, 247 
of uranium 247 
critical size 247 
critical value of radius 242 
cross section 248 
effective 253, 254 
for fission 238 
cubic equation 34 
cubic parabola 33 
Curie, Iréne 236 
Curie, Marie 220 
Curie, Pierre 220 
current, j 101, 361 
alternating (see alternating currents) 
40 2ff 
decay, time of 393 
displacement 415 
maximal values of 408 
curvature 190ff 
radius of (of a curve) 197 
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curve 
area under 68 
cagenary 196 
characteristic 417 
compression of 40 
convex down 32, 198 
convex up 32, 198 
French 60 
load 418 
parametric representation of 42, 
43, 3314 
radius of curvature of 197 
scale of, altering 36 
slope of and the derivative 63 
tangent to d8ff 
translation of 36 
curve sketching 41, 207ff 
curvilinear coordinates 444 
curvilinear trapezoid 205 
cusp 185 
cuspidal maxima 186 
cuspidal minima 186 
cycloid 44 


damped oscillations 307, 397ff 
daughter element (long-lived, 
lived) 2314 
decay time of a current 393 
deceleration 290 
decrease of functions 64ff 
decreasing function 64 
definite integral 74ff, 75, 81 
change of variable in 145 
derivative of with respect to upper 
limit 80 
deflection plates 406 
delta (Greek letter) 47 
delta function 424, 427 
applications of 434 
representation of by formulas 430 
delta-process (A- proces) (see four- 
step rule) 107 
denominate quantities 62 
density 
air, distribution of 344ff 
of air 102 
energy-flux 250 
of fissionable substance 242 
per unit length 333 
a aaa (relationship between) 


short- 


density distribution 347 

molecular kinetic theory of 350ff 
departure, angle of 330 
derivation of a formula 248 
derivative(s) 50, 64 
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of algebraic functions with constant 
exponents 417ff 
approximating values of a function 
y 
of a composite function 109 
computation of by first principles 80 
of cosine 128 
of cotangent 130 
of a definite integral with respect 
to upper limit 80 
of a derivative 67, 102 
examples of 99ff 
fifth 150 
finding (compared with 
tion) 87 
finding (its simplicity) 137 
fourth 150 
of a function as the limit of a ratio 
of increments 48ff 
of a function (obtained algebrai- 
cally, from first principles) 51 
of an implicit function 133ff 
integral of 81ff 
of an integral 93 
of an inverse function 108 
on the left 187 
negative 64 
notation 50 
nth 150 
partial 135, 136 
positive 64 
of a power function 50 
of a product of functions 142ff 
relationship between integral 
and 79 
table of 474 
with respect to a coordinate 102 
with respect to time 99 
on the right 186 
second 67, 102, 150 
of sine 128 
and the slope of a curve 63 
of a sum of functions 106 
of tangent 130 
techniques for finding 54 
third 150 
vanishing 67 
derivative function (definition) 55 
deuterium reaction for nuclear energy 
278 
dielectric constant 373 
differenee, potential (see 
difference) 366 
difference of potential (see potential 
difference) 362 
differential(s) 108 
treated as algebraic 


integra- 


potential 


quantities 


INDEX 


differential equation(s) 104, 245 

of second order 279 
differential notation (of derivatives) 50 
differential sign 106 
differentiation 54 

(easier than integration) 137 
dimensional analysis 253 
dimensions 

of capacitance 394 

of inductance 394 

of integral in distance-velocity 

example 77 

of a quantity 253 
diode, tunnel 416, 417, 421 
Dirac, P.A.M. 423, 424 
Dirac’s delta function 422, 424 
direction of convexity 198 
discharge 

of a capacitor through a resistor 


glow 376 
discontinuities 182ff 

absence of in polynomials 163 
discontinuity (see discontinuities) 
discontinuous functions and their 

derivatives 426ff 

disintegration (see radioactive decay) 

probability of 2417 

rate of 2214 

series 228ff 
displacement current 415 
distance 45 

practical computation of 72 

(from rate of motion) 68 
distribution, density 347 
domain of integration 82, 92 
dot notation (of derivatives) 514 
double-index notation 20 
dummy variable 78 
dynamics, gas 441, 442 
dyne 259 


e (the number) 12/ff 
three definitions of 124 
e, e, et, å 12 
e* (see aa function) tables of 
47 


earth escape velocity 325 
earthed (said of a conductor, see 
grounded) 362 

effective cross section 253, 254 
efficiency of a rocket 328, 329 
Einstein, Albert 225, 353 

on modern methods of teaching 225 
einsteinium 226 
elasticity, theory of 442 
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electric circuit(s) 
and oscillatory phenomena in them 
361 ff 
principal elements of 361 
electric current in an electron tube 359 
electric field, varying 415 
electric heaters 407 
electric meters 409 
electric potential 362 
electric power (generated by thermo- 
electric cells) 360 
electricity, quantity of 361 
electron(s) (see beta particles) 256 
emission of 359 
electromagnetic field, theory of 442 
electromagnetic theory of light 415 
electromotance 364 
electromotive force 364 
electron tube 
electric current in 359 
electron emission in 359 
electrostatics, equilibrium in 277 
element 
daughter 2314 
parent 228, 231 
“Elements of Applied Mathematics” 
(by Zeldovich, MySkis) 165 
elementary charge 361 
elementary integrals 138ff 
ellipse 37 
area of 190 
ellipsoid of revolution 206 
emission of electrons 359 
emission current of cathode 358 
empirical formulas 16 
energy 266 
activation 357 
of a body at infinite distance 270 
kinetic 285ff 
law of conservation of 286, 297 
mean potential (of a molecule) 352 
nuclear (see nuclear energy) 
of nuclear fission 237 
oscillation 307 
potential 267, 271, 272 : 


thermal (conversion into electric 
energy) 360 
total 297 
energy-flux density 250 
equation(s) 
absorption (and its solution) 250 
basic (of rectilinear motion of 


a rocket) 3214 
of a circle 35, 36 
cubic 34 
differential 101, 215 
differential (of second order) 279 
of the first order 215 


ordinary differential (theory of) 442 
partial differential 441-443 
quadratic 30 
soliftion of when derivative depends 
on desired function 215 
of a straight line 22, 24 
equilibrium 
in atmosphere, condition 344 
in electrostatics 277 
mechanical 345 
stable 273, 274 
thermal 345 
unstable 273 
equilibrium position 273 
erg 209 
escape of neutrons 240 
escape velocity 
earth 325 
solar 325, 326 
ether 508 
evaporation 358 
rate of 359 
evaporation heat 358 
exact calculations (see approximate 
calculations) 254 
exact solutions 235, 314, 315 
exhaust velocity 321 
expansions 
binomial 167 
series 548 
(using Maclaurin’s series) 168 
experiments, alternating-current 406 
ae function 65, 148ff, 173, 
22 


integral of 139 

notation for 123 

peculiarity of 120 
exponential law 123 
exponential growth 239 


factorial 154 
factorial notation 154 
farad, 363 
Faraday, Michael 416 
fermium 226 
field, electromagnetic (see 
magnetic field) 
“Figures For Fun” (by Perelman) 120 
fire, range of 331 
first cosmic velocity 324 
first principles, computation of deri- 
vative by 80 
fission 
cross section for 238 
nuclear (energy of) 237 
spontaneous 236 
of uranium 236 


electro- 
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flux of light energy 250 
Flyorov, G. N. 236 
force 258 
electromotive 364 
kilogram 322 
negative 260 
positive 260 
forced oscillation 314 
formula(s) 
approximate (for arc length) 199 
empirical 16 
for integration by parts 141 
for surface area of a solid of revo- 
lution 206 
symmetric with respect to x and a 168 
Tsiolkovsky’s 321, 323 
Fourier integral 434 
Fourier series 434 
four-pole network 367 
four-step rule (see A-process) 106 
fraction, periodic 162 
free frequency 311 
free path length 3514 
free path time 351 
French curve 60 
frequency 40, 302 
circular 303 
free 311 
natural 311, 403 
friction 260, 261, 
fuel (of rocket) 3214 
function(s) 
algebraic, derivatives of 117ff 
algorithmic representation of 422 
approximating values of by a deri- 
vative 55ff 
composite 109 
derivative of 109 
computing values of by means of 
series 156ff 
decrease of 64ff 
decreasing 64 
defined implicitly 133 
defining (ways of) 422 
delta 424, 427 
applications of 434 
representation of by formulas 430 
derivative (definition) 55 
difference between values of for two 
values of variable 85 
Dirac’s delta 422 
discontinuous (and their derivatives) 
426ff 


ex 172 

exponential 65, 118ff, 173, 224 
integral of 139 
notation for 123 
peculiarity of 120 
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general approach to 423 
generalized 424 
graph of 22 
graphical representation of 22 
Green’s 438, 472 
implicit 133 
erivative of 133ff 
increase of 64ff 
increasing 64 
inverse 38, 108 
inverse trigonometric 131ff 
linear 23, 24, 25, 65, 96 
logarithmic 39 
maxima of (investigation of) 174 
minima of (investigation of) 174 
order of decrease of 169ff 
order of increase of 169ff 
periodic 40 
primitive (see antiderivative) 86 
power 1414ff, 173 
principal value of 132 
product of, derivative of 142ff 
quadratic 97 
rate of change of 55 
represented by infinite series 156 
of several variables 441 
signum 428 
trigonometric 4127ff 
erivatives of 127ff 
power series for computing 
values of 159 
ways of defining 422 
functional relationship 13 
fundamental property of limits 52 


gamma rays 257 
gas constant 346, 359 
gas dynamics 441, 442 
gaseous state 350 
gauss 392 
general formulas 315 
general methods and individual prob- 
lems 171 
general problem 305 
(finding potential in a circuit) 395 
general solution 213, 306 
generalized coordinates 444 
generalized functions 424 
“Geometria indivisibilibus” (Cavalie- 
ri) 205 
geometric progression 120, 160ff 
chief property of 120 
growth in 239 
geometric quantities expressed in 
terms of coordinates 18 
geometry 443 
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geometry of indivisibles (see Geo- 
metria indivisibilibus) 205 
Giorgi system of units 361 
glow discharge 376 
Goethe on mathematicians 99 
gram-molecule 346 
graph(s) 
bell-shaped 430 
characteristic points of 208 
of a function 22 
of third-degree polynomial 208 
graphical representation of functions 
22 


gravitation 269 
leaving earth’s field of 327 
Newton’s law of 271, 325 
gravitation constant 272 
gravity 
acceleration of 270, 322, 324 
for body inside earth 269 
centre of 333, 335 
Greek alphabet 474 
Green, George 438 
Green’s function 439, 472 
grounded (said of a conductor, see 
earthed) 362 
growth 
exponential 239 
in geometric progression 239 


Hahn, Otto 236 

half-life 218 

harmonic oscillations 124 

heat, evaporation 358 

heating value of gasoline 321 

henry 367 

Hertz, Heinrich 303, 416 

hertz 303 

higher mathematics and computational 
problems 67 

horsepower, metric 259 

hydrodynamics 441, 442 

hydrogen iodide, HI, 357 

hyperbola 33, 34 


ideal cell 365 
imaginary unit 124 
impedance 411 
implicit function 133 
derivative of 133ff 
“impossibilities” and nineteenth cen- 
tury 427 
impulse 280ff 
total 284 
unit 322 
increase of functions 64ff 
increasing function 64 


increment 47 
indefinite integral 83ff - 
independent variable 13 
indices (see index) 
index 20, 
individual problems and general 
methods 171 
indivisibles, geometry of 205 
inductance(s) 366 
and capacitance compared 390 
and capacitance in parallel 443ff 
coil 367 
dimensions of 394 
energy of 388, 390, 394 
large number of (connected in paral- 
lel) 409 
and mass compared 367 
self- 367 
storage of electric energy in 409 
unit of 367 
inductance circuit 38(ff 
breaking 385ff 
induction 416 
inductive reactance 391 
inertia of a rod, moment of 333, 338, 
339 
infinite geometric progression 162 
infinite series 153 
infinity (see symbol oo 103) 
minus 35 
plus 35 
inflection, points of 198 
initial condition 211 
instantaneous thermal capacity 388 
instantaneous velocity 47-50, 55 
integral(s) 68, 76, 136 
definite 74ff, 81 
change of variable in 145 
derivative of with respect te 
upper limit 80 
derivative of 93 
of a derivative 81 ff 
dimensions of in distance-velocity 
example 77 
elementary 138ff 
examples of 99ff 
of the exponential function 139 
Fourier 434 
general properties of 139ff 
indefinite 83ff 
properties of 90ff, 139ff 
reduction of to dimensionless form 
147 
relationship between integral and 
derivative 79 
on the sign of (plus or minus) 94 
table of 475 
volume expressed by 103 
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integral sign 75 
change of variable under 139 
integrand 76 
becomes infinite 149 
integration 
complexity of compared with finding 
derivatives 87 
domain of 82, 92 
interval of 76 
limits of 76 
lower limit of 76 
(more difficult than differentiation) 
137 
by parts, formula for 141 
upper limit of 76 
variable of 76, 78 
intercept (x-intercept, y-intercept) 24 
interest, compound 122 
internal resistance 365 
interval of integration 76 
inverse function 38, 108 
derivative of 108 
inverse trigonometric functions 13/ff 
investigating maxima and minima of 
functions by second derivative 
174 ff 


Ioffe, A. F. 360 


jet propulsion 321 
Joliot, Frederic 236 
joule 259, 362 


Kamerlingh Onnes, Heike 392 
Kelvin (Lord Kelvin) 346 
Kelvin (degrees Kelvin) 346 
kilocalorie 271 

kilogram-force 322 
kilogram-mass 322 
kilogram-metre 259 

kinetic energy 285ff 
Kurchatov, I. V. 236 


law(s) 

Archimedean 296 

Arrhenius 358 

Avogadro’s 

of Boyle-Mariotte 345, 351 

Clapeyron 346, 347, 354, 356 

of conservation of energy 286, 297 

of distribution (in altitude) of 
number of molecules 352 

exponential 123 

of gravitation, Newton’s 325 

of inertia 279 


INDEX 


of a lever 334 
Newton’s first. 279 
Newton’s second 279, 323 
Newton’s third 285 
Ohm’s 13, 363 
Snell 458 
LC circuit 403, 406 
leakage resistance 391 
leaving earth’s me of gravitation 327 
Leibniz, G. W. 
Leibniz (Newton- Leibniz theorem) 79 
lever, laws of 334 
l’ Hospital’s rule 172 
lifetime 
of an atom 218 
mean (radioactive) 218, 219, 220, 
371 
light 416 
absorption of 248, 253 
electromagnetic theory of 415 
yellow 254 
light energy, flux of 250 
limit(s) 49 
fundamental property of 52 
of integration (lower, upper) 76 
two meanings of 76 
limiting cases 315 
line 
of cosines 127 
secant 58 
of sines 127 
slope of 26 
linear function 23, 24, 26, 65, 96 
linear problem 436 
linear relationship 23, 1514 
linearity 438 
in z (see natural logarithms) 124 
tables of 479 
ln 2, In 3, In 10 126 
load curve 418 
Lobachevsky, N. I. 
local maximum 34 
local minimum 34 
logarithm(s) 39, 4124ff 
natural 124, 126 
logarithmic function 39 
logic and mathematics 443 
Lomonosov, M. V. 350 
loop oscillograph 404 
lower limit of integration 76 


444 


Maclaurin’s series 154 
use of in binomial expansion 168 
magnetism, terrestrial 393 
Mariotte (law of Boyle-Mariotte) 345, 
351 


INDEX 


mass 
critical 242, 247 
of uranium 247 
kilogram 322 
of a rod 333 
centre of 335 
subcritical 244, 245 
supercritical 244, 245 
mathematical theory 442 
mathematicians, Goethe on 99 
mathematics 
compared to a mill 444 
“Elements of Applied Mathema- 
tics” (by Zeldovich, MySkis) 
165 
essense of for students 444 
higher (and computational prob- 
lems) 67 
as a type of logic 443 
maxima (see Maximum) 
cuspidal 186 
investigation of 174 
other types of 182ff 
solved by elementary mathematics 
181 
maximum 64ff, 66 
local 34 
relative 34 
maximum point 29 
Maxwell, James Clerk 355, 416 
mean lifetime 218, 219, 220, 371 
mean potential energy of a molecule 
352 


mean quantities 407 
mean value(s) 95ff, 193ff 
of alternating current 407 
of voltage 408 
mechanical equilibrium 345 
mechanics 258ff 
memory cell 419 
mendelevium 226, 227 


Mendeleyev, Dmitri 226 
meter, electric 409 4 
method(s) 


general (and individual problems) 
174 
for taking roots 169 
of teaching, modern (Einstein on) 
225 
trapezoid 73 
metric horsepower 259 
microfarad 363 
minima (see minimum) 
cuspidal 186 
investigation of 174 
other types of 182ff 
solved by elementary mathematics 
184 
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minimum O64ff 
local 34 
velative 34 
minimum point 29 
‘mirror 6’ (0) 135 
mks system of units 259 
mksa electromagnetic system of units 
361 
models of guns (on radioactive decay) 
222 
modulus 21 
mole 346 
molecular kinetic theory of density 
$ distribution 350ff 
moment of inertia (of a rod) 333, 338, 
339 | 
momenta (see momentum) 285 
momentum 280 
motion 45 
Brownian (see Brownian movement) 
nonuniform 45 
reaction 3214 
rectilinear (of a rocket, basic equa- 
tion of) 321 
thermal (of molecules) 344ff 
under action of an elastic force 296 
under action of a force dependent 
solely on the velocity 289 
uniform 45, 287 
uniformly accelerated 47, 79 
movement, Brownian 353 
multiplication of neutrons in a large 
system 237 
MySkis, A. D. 165 


nanofarad 363 
natural frequency 311, 403 
natural logarithms 124, 126 
nature, the study of (approach to) 444 
negative derivative 64 
net work(s) 
four-pole 367 
two-terminal 367, 403 
two-terminal pair 367 
neutron(s) 226 
escape of 240 
B of in a large system 
23 
neutron flux 240 
Newton, Isaac 79, 134 
Newton-Leibniz theorem 70 
Newton’s binomial theorem 168 
Newton’s first law 279 
Newton’s law 297 
Newton’s law of gravitation 271, 325 
Newton’s second law 279, 323 
Newton’s third law 285 
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nineteenth century and “impossibili- 
ties” 427 
nonlinear problem 421 
nonlinear resistance 416 
nonuniform motion 45 
normal 197 
notation 
differential 50 
dot 51 
double-index 20 
factorial 154 
importance of pictorial modes of 106 
prime 541, 110 
(leads to confusion) 110 
nuclear energy via deuterium reaction 
278 


nuclear fission, energy of 237 
nuclear reactor 247 
number 
Avogadro 239, 347, 354, 358 
e 121 ff 
three definitions 123 
Reynolds 290, 293 


ohm 364 
Ohm’s law 13, 363 
orbital velocity 324 
order of increase and decrease of func- 
tions 169ff 
ordinary differential equations, theory 
of 442 
ordinates, axis of 16 
origin of coordinates 16 
oscillation(s) 301ff 
amplitude of 303 
in a Capacitance circuit with spark 
gap 373ff 
damped 307, 397ff 
forced 3114 
general solution to a problem invol- 
ving 313 
harmonic 124 
period of 342 
of a suspended rod 341 
theory of 124 
oscillation energy 307 
oscillatory circuit 393ff 
alternating-current 409ff 
oscillogram 407 
oscillograph 404 
cathode-ray 404 
loop 404 
single-beam cathode-ray 406 
oxidizer 3214 


parabola 26, 97 
convexity of 32 


cubic 33 
(path of a shell) 334 
parallel resonance 413 
parameter 43, 331 
parametric representation of a curve 
42, 43, 331 
parent element (long-lived, 
lived) 228, 234 
partial derivative 135, 136 
partial differential equations 441-442 
theory of 442 
particular solution 2413, 306 
path of a projectile 329ff 
path length, free 354 
pendulum 3414 
ballistic 304 
simple 342 
Perelman 120 
period 7 
of oscillation 342 
of sine function 128 
periodic fraction 162 
periodic function 40 
Perrin, Jean 354 
Petrzhak, K. A. 236 
phase shift 407 


short- 


_ picofarad 363 


plate (see anode) 359 
plates, deflection 406 
point(s) 
characteristic (of a graph) 208 
of convexity 174 
of inflection 198 
maximum 28 
minimum 28 
salient 182ff, 183, 185, 283 
polynomial 
of degree three 34 
(does not have discontinuities) 163 
graph of third-degree 208 
Popov, A. S. 416 
positive derivative 64 
positron 423 
potential 362 
breakdown 375 
electric 362 
potential difference 362, 366 
obtaining a large 387 
potential energy 267, 271, 272 
knowing (to find force) 268 
of two electric charges 272 
power 258, 259, 407 
of current 389 
(developed by external force) 318 
electric (see electric power) 
in general case of arbitrary phase 
shift 408 
thermal (see thermal power) 377 


INDEX 


power function 114ff, 173 
- power series for computing values of 
trigonometric functions 159 
pressure (density and pressure, rela- 
tionship between) 345 
prime notation 
(of derivative) 51 
(leads to confusion) 110 
primitive function (see antideriva- 
tive) 86 
principal value of a function 132 
principle, Cavalieri’s 205 
“The Principles of Quantum Mecha- 
nics” (Dirac) 424 
probability of disintegration 217 
problem(s) 
computational (and higher mathe- 
matics) 67 
formulation of 105 
general (see general problem) 304 
individual (and general methods) 
171 
linear 436 
nonlinear 421 
statement of 105 
teakettle 184 
n see four-step rule) 
107 
product of functions, derivative of 
112ff 
progression 
arithmetic 119 
geometric 119, 160ff 
chief property of 120 
infinite geometric 162 
projectile, path of 329ff 
propellant (of a rocket) 321 
proportionality, sign of 117 
propulsion, jet 324 
proton 226 


quadrants 17 

quadratic equation 30 
quadratic function 97 
quantities, mean 407 
quantum mechanics 225 
quantum theory 423 


radian 127, 303 

radio 416 

radioactive decay (see disintegration) 
217ff, 224, 225 

radioactive disintegration, rate of 222 

radioactive family 228 

investigating the solution for 231 

radioactive radiations, protection 

against 255 
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radioactive series. investigating the 
solution for 231 
radioaetive substances 220 
radium 236 
radius 
critical value of 242 
of curvature of a curve 197 
range of fire 334 
rate of change of a function 55 
rate of radioactive disintegration 221, 
222 
rays 
alpha 254 
beta 254 
gamma 257 
reactance 411 
inductive 394 
reaction(s) 
chain 357 
chain (in fission of uranium) 236 
chemical, rates of 356ff 
complex chain 357 
reaction motion 324 
reactor, nuclear 247 
reciprocal second 303 
“Recreational Algebra” (by Perelman) 
120 
rectangular coordinates 444 
relationship 
functional 13. 
between integral and derivative 
79 


linear 23, 150 
relative maximum 34 
relative minimum 34 
relativity, theory of 444 
representation 
of a curve, parametric 42, 43 
of functions, graphical 22 
repulsion of nuclear fragments 237 
resistance 363 
internal 365 
large 401 ff 
leakage 391 
nonlinear 416 
resistivity 392 
resonance 311, 312, 410, 412 
bandwidth of 412 
(in electricity) 403, 404 
parallel 413ff 
series 409ff 
resonance curve 412 
resonant step-up 414 
Reynolds number 290, 293 
rho (Greek letter) 102 
Riemann, G. F. B. 444 
ring circuit 392 
rocket, efficiency of 328 
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rocket launching (energy 


required, 
time of flight) 270 


rod 
centre of gravity of 333 
mass of 333 


moment of inertia of 333 
oscillation of a suspended 341 
roots, method for taking 169 
rough solution 252 
rule 
four-step (see A-process) 106 
l’Hospital’s 172 
Rutherford, Ernest 220 


salient points 182ff, 183, 185, 283 
saturated vapour 359 
scale of curve, altering 36 
Schiller, J.C.F. 43 
Seaborg, Glenn 226, 228 
secant line 58 
second, reciprocal 303 
second cosmic velocity 325 
second derivative 67, 102 
self-inductance 367 
Semenov, N. N. 357 
sense of convexity 198 
series 149ff, 153 
approximation of arc length by 202 
for computational purposes 163 
computing the values of functions 
by means of 156ff 
condition for applicability of 160 
convergent 162 
Fourier 434 
functions represented by infinite 156 
infinite 153 
Maclaurin’s 154 
use of in binomial expansion 168 
(not suitable for computation) 165 
power (for computing values of 
trigonometric functions) 159 
Taylor’s 154, 160 
series disintegration 228ff 
series expansions 478 
series resonance 409ff 
sigma (Greek letter) 75 
sign 
differential 106 
integral 75 
of proportionality (~) 117 
“very much less than” 1214 
signum function 428 
simple pendulum 242 
sin z, tables of 480 
sines 
line of 127 
period of 128 
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single-beam cathode-ray oscillo- 
graph 406 
slope of a curve and derivative 63 
of a line 25 
Slutsky, B. 10 
Snell law 458 
solar escape velocity 325, 326 
Sobolev, S. L. 424 
solid of revolution 
area of 204ff 
formula for surface area of 206 
volume of 204ff 
solution(s) 
approximate 252, 315 
of equation when derivative depends 
on desired function 215 
exact 235, 314, 315 
general 213, 305, 306 
particular 213, 306 
rough 252 
steady state 234 
spark gap 373ff 
spontaneous fission 236 
sphere 
surface area of 207 
volume of 13 
stability 272 
stable equilibrium 273, 274 
state 
stationary 232 
steady 232 
static case 315 
stationary state 232 
steady state 232 
steady-state solution 234 
straight line, equation of 22, 24 
Strassmann, Fritz 236 
subcritical mass 244, 245 
subinterval of time 69 
sun 
falling into (compared with getting 
away from) 328 
mass of 325 . 
superconducting state 392 
supercritical mass 244, 245 
superposition 438 
surface area of a sphere 207 
symbol oo (see infinity) 103 
symmetric (a formula symmetric 
with respect to zx and a) 168 
system of units 
cgs 259 
Giorgi 361 
mks 259 
mksa electromagnetic 364 


table(s) 
of cos z 480 
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of derivatives 474 
of eX, e-* 479 
of integrals 475 
of In z 479 
of sin z 480 
of tan z 480 
tan z, tables of 480 
tangent to a curve 58ff 
tau (Greek letter) 100 
Taylor’s series 154, 160 
teaching, modern methods of (Ein- 
stein on) 225 
teakettle problem 184 
temperature distribution 345 
terrestrial magnetism 393 
theorem 
binomial 168 
binomial for integral and fractional 
exponents 167ff 
Newton-Leibniz 79 
Newton’s binomial 168 
‘theory 
approximate 235 
of elasticity 442 | 
electromagnetic (of light) 415 
of electromagnetic field 442 
mathematical 442 
molecular kinetic (cf density distri- 
bution) 350ff 
nial differential equations 
4 


of oscillations 124 
of partial differential equations 442 
quantum 423 
of relativity 444 
thermal energy (conversion 
electric energy) 360 
thermal equilibrium 345 
thermal motion of molecules 344ff 
thermal capacity 377 
instantaneous 388 
third cosmic velocity 325 
time 
buildup 382 
decay (of a current) 393 
- free path 351 
time constant, RC 371 
transformer as pure inductance 409 
translation of curve 36 
trapezoid, curvilinear 205 
trapezoid method 73 
trigonometric functions 127ff 
derivatives of 127ff 
inverse 13/ff 
power series for computing values 
of 159 
Tsiolkovsky, K. E. 321, 323 
Tsiolkovsky’s formula 321, 323 
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tube, electron (electron emission in) 
359 


tuning (a radio set) 312 

tunnel diode 416, 417, 421 
tunnel-doide circuit 421 
two-terminal network 367, 403 
two-terminal pair network 367 


uniform motion 45, 287 
uniformly accelerated motion 47, 79 
unit(s) 

imaginary 124 

system of (see system of units) 
unit impulse 322 
units (see system of units) 
universal gas constant 346, 359 
unstable equilibrium 273 
upper limit of integration 76 
uranium 220, 236 

fission of 236 


value(s) 
mean 193ff 
principal (of a function) 132 
vapour, saturted 359 
variable 
change of under integral sign 139 
dummy 78 
independent 13 
of integration 76, 78 
velocity 45, 46, 69 
average 95 
cosmic (first, second, third) 325 
earth escape 325 
escape (earth, solar) 325 
exhaust 321 
first cosmic 324 
instantaneous 47-50, 55 
orbital 324 
second cosmic 325 
solar escape 325, 326 
third cosmic 325 
“very much less than” (sign) 121 
vibrations 311 
viscosity 290 
volt, V 362 
voltage 364 
maximal value of 408 
mean value of 408 
voltaic cell 364 
voltmeter 408 
volume(s) 
computing 204ff 
of a cone 13 
ofa solid (expressed by integral) 
103 
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volume(s) z-axis 61 
of a solid of revolution 204ff x-intercept 24 
of a sphere 13 


water flow 211 y-axis 16 
water head 2413 yellow light 254 
watt 259 y-intercept 24 
waves (as carriers of information) 443 
wedge 
definition of 207 
volume of 207 Zeldovich, Ya. B. 165 


work 258 zeroth approximation 1541-152 
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